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We give a general result concerning the rates of convergence of
penalized empirical risk minimizers (PERM) in the regression model.
Then, we consider the problem of agnostic learning of the regression,
and give in this context an oracle inequality and a lower bound for
PERM over a finite class. These results hold for a general multivari-
ate random design, the only assumption being the compactness of
the support of its law (allowing discrete distributions for instance).
Then, using these results, we construct adaptive estimators. We con-
sider as examples adaptive estimation over anisotropic Besov spaces
or reproductive kernel Hilbert spaces. Finally, we provide an empir-
ical evidence that aggregation leads to more stable estimators than
more standard cross-validation or generalized cross-validation meth-
ods for the selection of the smoothing parameter, when the number
of observation is small.

1. Introduction.

1.1. Motivations. In this paper, we explore some statistical properties of
penalized empirical risk minimization (PERM) and aggregation procedures
in the regression model. From these properties, we will be able to obtain
results concerning adaptive estimation for several problems. Given a data set
D,,, we consider two problems. Let us define the norm ||g||? := [ g(z)?Px (dx)
where Px is the law of the covariates and let E[-] be the expectation w.r.t.
the joint law of D,,. The first problem is the problem of estimation of the
regression function fy. Namely, we aim at constructing some procedure f,
satisfying

E|lfa = foll® < ¢(n) (1.1)

where 1 (n), called the rate of convergence, is a quantity we wish very small
as n increases. To get this kind of inequality, it is well-known that one has
to assume that fp belongs to a set with a small complexity (cf., for instance,
the ”No free Lunch theorem” in [11]). This is what we do in Section 2 below,
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where an assumption on the complexity is considered, see Assumption (Cjp)
on the metric entropy.

However, this kind of “a priori” may not be fulfilled. That is why the
second problem, called agnostic learning has been introduced (cf. [17, 23]
and references therein). For this problem, one is given a set F' of functions.
Without any assumption on fp, we want to construct (from the data) a
procedure f which has a risk as close as possible to the smallest risk over
F. Namely, we want to obtain oracle inequalities, that is inequalities of the
form

Ellf = foll* < Cmin|If = foll* + é(n, F),

where C' > 1 and ¢(n, F') is called the residue, which is the quantity that we
want to be small as n increases. When F' is of finite cardinality M, the agnos-
tic problem is called aggregation problem and the residue ¢(n, F') = ¢(n, M)
is called rate of aggregation. The main difference between the problems of
estimation and aggregation is that we don’t need any assumption on fy for
the second problem. Nevertheless, aggregation methods have been widely
used to construct adaptive procedures for the estimation problem. That is
the reason why we study aggregation procedures in Section 3 below. We will
use these procedures in Section 4 to construct adaptive estimators in several
particular cases, such as adaptive estimation in reproductive kernel Hilbert
spaces (RKHS) or adaptive estimation over anisotropic Besov spaces.

In Section 3, we also prove that the “natural” aggregation procedure,
namely empirical risk minimization (ERM) (or its penalized version), fails
to achieve the optimal rate of aggregation in this setup. This result moti-
vates the use of an aggregation procedure instead of the most common ERM.
Moreover, we provide an empirical evidence in Section 5 that aggregation
(with jackknife) is more stable than the classical cross-validation or gener-
alized cross-validation procedures when the number of observations and the
signal-to-noise ratio are small.

The approach proposed in this paper allows to give rates of conver-
gence for adaptive estimators over very general function sets, such as the
anisotropic besov space, with very mild assumption on the law of the co-
variates: all the results are stated with the sole assumption that the law of
the covariates is compact.

1.2. The model. Let (X,Y),(X1,Y1),...,(Xy,Ys), be independent and
identically distributed variables in R x R. We consider the regression model

Y = fo(X) + o, (1.2)
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where fo : R? — R and ¢ is called noise. To simplify, we assume that the
noise level o is known. We denote by P the probability distribution of (X,Y)
and by Px the margin distribution in X or design, or covariates distribution.
We denote by P™ the joint distribution of the sample

D, = [(Xlay;) ; 1< Sn]a

and by P, = P"[|X"] where X" := (Xy,...,X,), the joint distribution of
the sample D,, conditional on the design X" := (X1,...,X,). The expecta-
tion w.r.t. P, is denoted by E,,. The noise € is symmetrical and subgaussian
conditionally on X. Indeed, we assume that there is b. > 0 such that

(G1)(b:) :  Elexp(te)|X] < exp(b?t?/2) VYt >0 (1.3)
which is equivalent (up to an appropriate choice for the constant b.) to
(G2)(b.) : Ple > t|X] < exp(—t%/(2b%)) ¥Vt > 0.

Assumption (1.3) is standard in nonparametric regression, it includes the
models of bounded and Gaussian regression. An important fact, that will
be used in the proofs, is that for €1,...,¢, independent and such that &;
satisfies (G1)(b;) for any i = 1,...,n, the random variable }_i" ; a;e; satisfies
(G1)(X a2b?) for any ay,...,a, € R and thus the concentration property
(G2)(vV/2Y a2b?). Other equivalent definitions of subgaussianity are, when
€ is symmetrical, to assume that Elexp(e?/b%|X)] < 2 for some b. > 0, or
(E[eP| X))V < be/f for any p > 1.

Concerning the design, we only assume that X has a compact support,
and without loss of generality we can take its support equal to [0,1]¢. In
particular we do not need Px to be continuous with respect to the the
Lebesgue measure. Note that the problem of adaptive estimation with such
a general multivariate design is not common in literature. In the so-called
“distribution free nonparametric estimation” framework, when we want to
obtain convergence rates and not only the consistency of the estimators, it
is, as far as we know, always assumed that |Y| < L a.s. for some constant
L > 0, see for instance [15], [30], [31], [29] and [27], which is a setting less
general than the one considered here.

REMARK. The results presented here can be extended to subexponential
noise, that is when FElexp(|e|/b:)|X] < 2 for some b. > 0, but it involves
complications (chaining with an adaptative truncation argument in the proof
of Theorem 1 below, see for instance [7] or [44], among others) that we prefer
to skip here.



4 S. GAIFFAS AND G. LECUE

2. PERM over a large function set. We consider the following prob-
lem of estimation: we fix a function space F and we want to recover fy
based on the sample D,, using the knowledge that fy € F. The set F is
endowed with a seminorm |- |z. To fix the ideas, when d = 1, one can
think for instance of the Sobolev space F = W of functions such that
1f1Z = [ f&)(t)2dt < +oo, where s is a natural integer and f(*) is the s-th
derivative of f. In this case, the estimator described below is the so-called
smoothing spline estimator, see for instance [46]. Several other examples are
given in Section 4 below.

2.1. Definition of the PERM. The idea of penalized empirical risk mini-
mization is to make the balance between the goodness-of-fit of the estimator
to the data with its smoothness. The quantity | f|r measures the smoothness
(or “roughness”) of f € F and the balance is quantifyied by a parameter
h > 0.

DEFINITION 1 (PERM). Let A = (h,F) be fixed. We say that f) is a
penalized empirical risk minimizer if it minimizes

R (f) + peny (f) (2.1)

over F, where peny(f) := h?|f|$ for some a > 0 and where

Raf) o= IV = fI2 = - D2(% — (X))

i=1

is the empirical risk of f over the sample D,,.

The parameter « is a tuning parameter, which can be chosen depending
on the seminorm |- |z, see the examples in Section 4. For simplicity, we shall
always assume that a PERM fy exists, since we can always find fy such that
Ry (fr)+peny(fr) < inf per{ Ry (f)+pen,(f)}+1/n which satisfies the same
upper bound from Theorem 2 (see below) as an hypothetic f\. However, a
minimizer may not be necessarily unique, but this is not a problem for the
theoretical results proposed below. PERM has been studied in a tremendous
number of papers, we only refer to [43, 44], [36] and [15], which are the closest
to the material proposed in this Section.

In Theorem 2 below we propose a general upper bound for PERM over
a space F that satisfies the complexity Assumption (Cj3) below. The proof
of this upper bound involves a result concerning the supremum of the em-
pirical process Z(f) := on™/2 3" | f(X;)e; over f € F which is given in
Theorem 1 below.
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2.2. Some definitions and useful tools. Let (E, || -||) be a normed space.
For z € E, we denote by B(z,d) the ball centered at z with radius 6. We
say that {z1,...,2,} is a d-cover of some set A C E if

Ac |J B(z,9).

1<i<p

The J-covering number N (0, A, | - ||) is the minimal size of a d-cover of A
and

is the d-entropy of A. The main assumption in this section concerns the
complexity of the space F, which is quantified by a bound on the entropy
of its unit ball Bx := {f € F : |f|r < 1}. We denote for short Hs(d, A) =
H(0,A, | |loo) where || floo := SUPgc(o,1]¢ |f(z)|. We denote by C([0,1]¢) the

set of continuous functions on [0, 1]<.

ASSUMPTION (C). We assume that F C C([0,1]¢) and that there is a
number 3 € (0,2) such that for any ¢ > 0, we have

where D > 0 is independent of 4.

This assumption entails that, for any radius R > 0, we have

Hao (5, Br(R) < D( )"
where Br(R) :={f € F : |f|7 < R}. Assumption (Cjg) is satisfied by barely
all smoothness spaces considered in nonparametric literature (at least when
the smoothness of the space is large enough compared to the dimension, see
below). The most general space that we consider in this paper and which
satisfies (Cp) is the anisotropic Besov space B, ,, where s = (s1,...,54) is a
vector of positive numbers. This space is precisely defined in Appendix A.
Each s; corresponds to the smoothness in the direction e;, where {e1, ..., eq}
is the canonical basis of R?. The computation of the entropy of Bg , can be
found in [39], we give more details in Appendix A. If § is the harmonic mean
of s, namely

d
Z -, (2.3)

then B  satisfies (Cg) with 3 = d/5, given that 3 > d/s, which is the usual
condition to have the embedding BS, C C([0,1]%).

W |~
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REMARK. Under the restriction 3 € (0,2), the Dudley’s entropy integral

satisfies diam(B,|-[|ls)
lam( O F,||*||co
Hoo (0, BF)dd < o0,
[ \Hoc(6, Br)

where diam(Bz, || + ||oo) is the Loo-diameter of Bx. This is a standard as-
sumption coming from empirical process theory. It is related to the so-called
chaining argument, that we use in the proof of Theorem 1. However, in or-
der to consider a larger space of functions F, we could think of function
spaces with a complexity § > 2. In this case, using a slightly different chain-
ing argument (cf. [45]), the quantity appearing in the upper bound of some
subgaussian process is of the type f;lyg(BF’H’”"o) / Hoo (0, BF)dd which con-
verges whatever (3 is. However, such considerations are beyond the scope of
the paper and are to be considered in a future work.

2.3. About the supremum of the process Z(-). The beginning of the proof
of Theorem 2 is, as usual with the proof of upper bounds for M-estimators,
based on an inequality that links the empirical norm of estimation and the
empirical process of the model. This idea goes back to key papers [42] and
[4], see also [43, 44] and [36] for a detailed presentation. In regression, it
writes, if f is a PERM and if fy € F:

If = follZ + pen(f) Zn(f = fo) + pen(fo),

< 2
~—n
where

Zo(f) == % 3 f(X)ei (2.4)
=1

This inequality explains why the next Theorem 1 is the main ingredient
of the proof of Theorem 2 below. Then, an important remark is that (1.3)
entails

_ 2 )
20%(| f1I7
for any fixed f, z > 0 and n > 1, where || f||2 :=n~1 3, f(X;)? and where
we take for short b := ob.. This deviation inequality is at the core of the
proof of Theorem 1 below. Let us introduce the empirical ball By,(fo,d) :=

{f:If = folln < 0} and let us recall that P, := P"[|X"] is the joint law of

the sample D,, conditionally to the design X™ = (X1,..., Xy,).

PalZu(f) > 2] < exp ( (2.5)

THEOREM 1. Let Z,(-) be the empirical process (2.4) and assume that
(F,|-|7) satisfies (Cg). Then, if fo € F, we can find constants z; > 0 and
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D1 > 0 such that:

sup Zn(f — fo)
seFnBa(fod) ||f — folln P2 (1 + | f|7)P/2

P, [ z} <exp(—D122677%) (2.6)

for any 6 > 0 and z > z; (we recall that B € (0,2)).

The proof of this Theorem is given is Section 6, it uses techniques from
empirical process theory such as peeling and chaining. It is a uniform version
of (2.5), localized around fy (for the empirical norm). In this theorem, we
use the “weighting trick” that was introduced in [42, 44]: we divide Z,,(-) by
Ilf— folln and | f|+ in order to counterpart, respectively, the variance of Z,(-)
and the massiveness of the class F. This renormalization of the empirical
process is also at the core of the proof of Theorem 2.

2.4. Upper bound for the PERM. Theorem 2 below provides an upper
bound for the mean integrated squared error (MISE) of the PERM, both
for integration w.r.t. the empirical norm || f||? = n=1 3", f(X;)? and the

norm [|f|[* == [ f(z)*Px (da).

THEOREM 2. Let F be a space of functions satisfying (Cg). Let A =
(h,F) and f\ be a PERM given by (2.1), where h satisfies

h = an~"/C+0) (2.7)
for some constant a > 0 and where a > 23/(8 + 2). If fo € F, we have:
Enllfx = foll? < CL(1+ [ fol)n =2/ GHD)

for n large enough, where C1 is a fixed constant depending on a, B, a and
b. If we assume further that ||fx — folloo < @ a.s. for some constant Q > 0,
we have

E"||fx = foll® < Co(1+ | folF)n=2/ G+

for n large enough, where Cy is a fixed constant depending on C1 and Q).

REMARK. Theorem 2 holds if we truncate fy by some constant @ such
that || follco < Q. Such a truncation cannot be avoided in such a general
regression setting. Indeed, the PERM is, without truncation, in general non
consistent, see the example from Problem 20.4, p. 430 in [15].

REMARK. Theorem 2 holds for any design law Py, even for the degen-
erate case where Py = d, for some fixed point = € [0,1]¢, where ¢ is the
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Dirac probability measure. Of course, in this case, the rate n=2/(2+8) be-
comes suboptimal, since the estimation problem with such a Px is no more
“truly nonparametric”’. Indeed, for a discrete Px with finite support, it is
proved in [16] that the optimal rate is the parametric rate 1/n using a local
averaging estimator.

2.5. About the smoothing parameter h. It is well-known that in practice,
the choice of the parameter h is of first importance. From the theoretical
point of view, in order to make fy rate-optimal, h must equal in order to a
quantity involving the complexity of F: see condition (2.7) on the bandwidth
and the Assumption (Cg). This problem is commonplace in nonparametric
statistics. Indeed, the role of the penalty in (2.1) is to make the balance
with the massiveness of the space F. Without this penalty, or if A is too
small, fy roughly interpolates the data, which is not suitable when the aim
is denoising (this phenomenon is called overfitting).

Of course, the complexity parameter 3 is unknown to the statistician,
and even worse, it does not necessarily make sense in practice. So, several
procedures are proposed to select h based on the data. The most popular
are the leave-one-out cross validation (CV) and the simpler generalized cross
validation (GCV), which is often used with smoothing spline estimators
because of its computational simplicity, see [46] among others. Such methods
are known to provide good results in most cases. However, there is, as far
as we know, no convergence rates results for estimators based on CV or
GCYV selection of smoothing parameters. In Section 4 below, we propose an
alternative approach. Indeed, instead of selecting one particular h, we mix
several estimators computed for different h in some grid using an aggregation
algorithm. This aggregation algorithm is described in Section 3. We show
that this approach allows to construct adaptive estimators with optimal
rates of convergence in several particular cases, see Section 4. Moreover, we
prove empirically in Section 5 that the aggregation approach is more stable
than CV or GCV when the number of observations is small.

3. PERM and aggregation over a finite set of functions. Let us
fix aset F'(A) := {fx: A € A} of arbitrary functions, and denote by M = |A|
its cardinality.

3.1. Suboptimality of PERM over a finite set. In this section, we prove
that minimizing the empirical risk R,(-) (or a penalized version) on F'(A)
is a suboptimal aggregation procedure in the sense of [41]. According to
[41], the optimal rate of aggregation in the gaussian regression model is
(log M) /n. This means that it is the minimum price one has to pay in order
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to mimic the best function among a class of M functions with n observa-
tions. This rate is achieved by the aggregate with cumulative exponential
weights, see [9] and [22]. In Theorem 3 below, we prove that the usual PERM
procedure cannot achieve this rate and thus, that it is suboptimal compared
to the aggregation methods with exponential weights. The lower bounds for
aggregation methods appearing in the literature (see [22, 32, 41]) are usu-
ally based on minimax theory arguments. The one considered here is based
on geometric considerations, and involves an explicit example that makes
the PERM fail. For that, we consider the Gaussian regression model with
uniform design.

AsSUMPTION (G). Assume that ¢ is standard Gaussian and that X is
univariate and uniformly distributed on [0, 1].

THEOREM 3. Let M > 2 be an integer and assume that (G) holds. We
can find a regression function fo and a family F(A) of cardinality M such

that, if one considers a penalization satisfying | pen(f)| < C\/(log M)/n,Vf €
F(A) with 0 < C < 0(24v2c¢*)™! (¢* is an absolute constant from the Su-
dakov minorization, see Theorem 7 in Appendix B), the PERM procedure
defined by

fu € argmin(R,,(f) + pen(f))
fEF(A)

~ log M
o= foll* 2 min [1f = foll* + Cy| %

for any integer n > 1 and M > My(o) such that n=!log[(M —1)(M —2)] <
1/4 where C3 is an absolute constant.

satisfies

This result tells that, in some particular cases, the PERM cannot mimic
the best element in a class of cardinality M faster than ((log M)/n)/2. This
rate is very far from the optimal one (log M)/n.

Let F(A) be the set that we consider in the proof of Theorem 3 (see
Section 6 below), and take pen(f) = 0. Using Monte-Carlo (we do 5000
loops), we compute the excess risk E|f, — fol? — mingepp [|f — fol|? of
the ERM. In Figure 1 below, we compare the excess risk and the bound
((log M) /n)'/? for several values of M and n. It turns out that, for this set
F(A), the lower bound ((log M)/n)/? is indeed accurate for the excess risk.
Actually, by using the classical symmetrization argument and the Dudley’s
entropy integral, it is easy to obtain an upper bound for the excess risk of
the ERM of the order of ((log M)/n)'/? for any class F(A) of cardinality M.
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M =50 M =100 M =200

— Excess risk g . — Excess risk — Excess risk
-+ ((log M) / n)(1/2, 29" “+ ((log M) / m)~(/2; “+ ((log M) / n)™(2/2;

0.25
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0.20

0.15
I

FIiG 1. The excess risk of the ERM compared to ((log M)/n)'/? for several values of M
and n (x-axis)

3.2. Aggregation. For each fy € F(A), we compute a weight 6(f) € [0, 1]
such that Y ycp 0(f)) = 1. These weights give a level of significance to each
fx € F(A). The aggregated estimator is then the convex combination

Fi=3"0(f)h (3.1)

A€A

where the weight of f € F(A) is given by

o exp(—an(f)/T>
H(f) T ZAEA exp ( — an(f)\)/T) ’

where T > 0 is the so-called temperature parameter and where R,,(f) is the
empirical risk of f. This aggregation algorithm (with “Gibbs” or “exponen-
tial” weights) can also be found for instance in [9, 20, 21, 33, 35, 47, 48]. See
also [13] for adaptation by aggregation in a semiparametric model.

The next theorem is an oracle inequality for the aggregation method (3.2).
It will be useful to derive the adaptive upper bounds stated in Section 4
below.

(3.2)

THEOREM 4. Assume that for any f € F(A), we have ||f — folloo < Q
for some @Q > 0. For any a > 0, the aggregation method (3.2) satisfies

~ . logn)Y/2log M
nf _ 2 < (1 o 2 (
E"[[f = foll” < ( +a>fg1;(nA)Hf fol>+(C+T) - )

where C' is a constant depending on a,Q and o.

When T is too large, the weights (3.2) are close to the uniform law over the
set of weak estimators, and of course, the resulting aggregate is inaccurate.
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When T is too small, one weight is close to 1, and the others close to 0: in this
situation, the aggregate does barely the same job as the ERM procedure.
This is not suitable since Theorem 3 told us that ERM is suboptimal. Hence,
T realize a tradeoff between the ERM and the uniform weights procedure.
It can be simply chosen by minimization of the empirical risk. We know
empirically that it provides good results, see [13]. Namely, we select the
temperature

T — argminz (Y; _/f:(T) (Xz))Qa (33)

where f(7) is the aggregated estimator (3.1) with temperature 7' and where
T is some set of temperatures. This is what we do in the empirical study
conducted in Section 5.

4. Examples of adaptive results. In this section, we construct adap-
tive estimators for several regression problems using the tools from Section 2
and 3. This involves, as usual with algorithms coming from statistical learn-
ing theory, a split of the sample into two parts (an exception can be found
in [35]). The main steps of the construction of adaptive estimators given in
this section are:

1. split, at random, the whole sample D,, into a training sample
Dy, = [(X;,Y:) : 1 <i<m],
where m < n, and a learning sample
Dy = [(Xi, Ye) s m + 1 <i < n;

2. choose a set A of parameters and compute, using the training sample
Dy, the corresponding class F(A) = {fy : A € A} of PERM (see
Definition 1 in Section 2). Each A depends on the considered problem
of adaptive estimation, see below;

3. using the learning sample Dy,,), compute the aggregation weights and

~

the aggregated estimator f,, respectively given by Equations (3.2)
and (3.1).

Then, using Theorem 2 (see Section 2) and Theorem 3 (see Section 3),
we will derive adaptive upper bounds for estimators f,, constructed in this
way. Throughout the section, we shall assume the following.

ASSUMPTION (Split size). Let ¢ be learning sample size, so that £ +m =
n. We shall assume from now on, to simplify the presentation, that ¢ is a
fraction of n, typically n/2 or n/4.
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4.1. About the split, jackknife. The behavior of the aggregate f,, can de-
pend strongly on the split selected in Step 1, in particular when the number
of observations is small. Hence, a good strategy is to jackknife: repeat, say, J
times Steps 1-3 to obtain aggregates {?T(Ll), e 7?,(LJ)}, and compute the mean:

This jackknifed estimator provides better results than a single aggregate, see
Section 5 for an empirical study, where we show also that it gives more sta-
ble estimators than the ones involving cross-validation of generalized cross-
validation. By convexity of f +— ||f — fo||?, the jackknifed estimator satisfies
the same upper bounds as a single aggregate: each of the adaptive upper
bounds stated below also holds when we use the jackknife.

For the set of weak estimators considered in this paper, the split of the
data is not a theoretical artefact. Indeed, if one skips Step 1 (compute F'(A)
and f, using the whole sample D,,), then f, has a very poor performance.
An empirical illustration of this phenomenon is given in Figure 2. Herein, we
show the aggregation weights (3.2) when the data is splitted and when it is
not splitted. We consider an univariate design and cubic smoothing splines.
Namely, we compute the set F'(A) of PERM (see (2.1)) with F = {f €
L2([0,1]) : [ f@(t)dt < 400} and penalty pen(f) = h? [ fP)(t)dt, where
@ stands for the second derivative of f. We do that for several smoothing
parameters h in a grid H, so that A := {(h,F) : h € H}. We used the
smooth.spline routine in the R software to compute F'(A). In Figure 2, the
x-axis is related to the value of h: it is the value of the parameter spar from
the smooth.spline routine. The vertical line is the value of spar selected
by cross-validation. The conclusion from Figure 2 is that, when the data is
not splitted, an overfitting phenomenon occurs: the aggregation algorithm
does not work, since it does not concentrate around a value of spar. Of
course, the resulting aggregated estimator has a very poor performance.

4.2. How to derive the adaptive upper bounds. In every examples con-
sidered below, the scheme to derive adaptive upper bounds is as follows.
Say that (Fs : 3 € B) is a set of embedded functions classes (Fg C Fp if
B < B') where each Fj3 satisfy Assumption (Cg). Let B,, be an appropri-
ate discretization of B. Let ?n be the aggregated estimator obtained using
Steps 1-3 (see the beginning of the section), with parameter A = A, =
{(n=2/C+8) F5): B € B,} and let M, be the cardinality of F(A,). Let E™
and E(™) be the expectations with respect to, repectively, the joint laws of
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Fic 2. Aggregation weights with split (left) and without split (right) and smoothing pa-
rameter obtained by cross-validation (vertical line)

Dy, and Dy, so that, by independence, we have E"[] = E™ [E()[]]. Let
fo € Fp, for some 3y € B. Using Theorem 4, we have

< . C(logn)'/?log M,
EM|[f, — foll? < — foll?
[ — foll —CfeI?%Rn) 1f — foll* + -
_ C(logn)/?1og M,
<Ol — folp + CUBM oM,

where \, = (n=2/G+/) Fs ) with 3, € B, chosen such that Fg, C Fp,
and n=2/(2+Fn) < O n=2/(2+F0)  Then, integrating w.r.t. to E™ and using
Theorem 2, we have, if M,, is no more than a power of n:

E™[f, — foll2 < CE™|| fr, — foll? + o(n=2/+60)
< Oyn~2/(@H+6n) 4 O(Hfz/(uﬂo)) < Cyn 2/ (2+Po)

This prove that, if fy € Fg, for some By € B, we have E”||?n — foll? <
Cyn~2/(2+60) thus f,, is indeed adaptive over (Fp:p € B).

4.3. Sobolev spaces, spline estimators. When F is a Sobolev space, the

PERM (2.1) with a = 2 is a very popular smoothing technique: see, among
others, [46] and [14]. The most simple example is when d = 1 and

F=Wi(0.1) = {7 € 0.1 : 7l o= [ £ < oo,
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where s is some natural integer and f(*) stands for the s-th derivative of f.
In this case, the PERM is called a smoothing spline, since in this situation
the unique minimizer of (2.1) is a spline, see for instance [46] or [15]. When

s = 2 (cubic splines), the routine smooth.spline from the R software (and
for other softwares as well) neatly computes the solution to (2.1) using the
B-spline basis, and chooses the parameter h via generalized cross-validation
(GCV).

The d-dimensional case is easily understood with the definition of W3 ([0, 1]¢)

as the space of functions f € L2([0,1]%) with all derivatives of total order s
in L2([0,1]%). Namely,

W5((0,1%) := {f € L2(10, %) : [ £z 0.0y < o0},

where

vsomn = 2 ) (Dcf@)dz, (4.1)

[0,1)¢

where for k = (ki,...,kq) we use the notations k! := [[L, k;! and |k| :=
>4 | k; and where Dy is the differential operator 9°/(8! ---9%¢). When
d > 1, the PERM for the choice F = W3([0,1]%) is called a thin plate spline,
see again for instance [46] or [15], where the practical computation of such
PERM is explained in details. The usual assumption s > d/2 gives the
embedding W5([0,1]%) C C[0,1]¢ and that Assumption (Cj) holds, see [6].
The situation where s is not an integer is a particular case of what we do
in Section 4.5 below. The case where F is a Sobolev space is actually a
particular case of both the next sections. Indeed, it is well known (see [46]
for instance) that a Sobolev space is a Reproductive Kernel Hilbert Space
(RKHS) for an appropriate kernel choice, and that it is also a Besov space
B3 5.

4.4. Reproductive Kernel Hilbert Spaces. Reproductive Kernel Hilbert
Spaces (cf. [2]), RKHS for short, provide a unified context for regularization
in a wide variety of statistical model. Computational properties of estimators
obtained by minimization of a functional onto a RKHS make these functions
space very useful for statisticians. In this short section, we briefly recall some
definitions and computational properties of RKHS.

Let X be an abstract space (in this paper, we take X = [0,1]%). We say
that K : X x X — R is a reproducing kernel, RK for short, if for any integer
p and any points 1, ...,z in X', the matrix (K (x4, 2;))1<4,j<p is symmetric
positive definite. Let K be a RK. The Hilbert space associated with K, called
Reproducing Kernel Hilbert Space and denoted by H, is the completion of
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the space of all the finite linear combination >, a;K(zj,-) endowed with
the inner product (3-; a; K (x;, ), 2o 0k K (Yk, ) ik = 225 1 aibi K (25, yi). We
denote by | - |k the associated norm on H.

The representer theorem (see [28] for results on optimization in RKHS) is
at the heart of minimization of functional onto RKHS. The solution of the
minimization problem

fe a}l;ggin{Rn(f) +h2(f13, (4.2)

is the linear combination
B n
f() = ZaiK(Xi, ‘), where a@ = (ai)lsign = (KX + nhzln)*lY,
=1

where Ky is the Gram matrix (K (X;, X;))i1<i j<n, where Y = (Y1,...,Y})
and where I,, is the identity matrix in R™. They are many different ways to
simplify the computation of the coefficients a, see for instance [1].

In order to derive convergence rates for the estimator defined in (4.2) from
Theorem 2, we use some results about covering numbers of RKHS obtained
in [10] (other results on the entropy of RKHS can be found in [8, 38]). Let
now assume that Py is a Borel measure. If K is a Mercer kernel (this is a
continuous reproducing kernel), the RKHS associated with K is the set

Hik = {f € Ly(Px): f :jz::lajv,/}j s.t. jz::l)\j_la? < oo},

where (A;);>1 is the sequence of decreasing eigenvalues of the operator

Lo - LQ(PX) I LZ(PX)
K f o= [y K ) f(y)dPx(y)

and (1;)j<1 the sequence of corresponding eigenvectors. According to Propo-
sition 9 and Theorem D in [10], if for any k£ > 1 the k-th eigenvalue of L
is such that

A < Ck™! (4.3)

for some C' > 0 and [ > 1/2 then the entropy of Bx(R) := {f € Hk :
|f|lx < R} satisfies for any 6 > 0:

Ha (6. B (R)) < (220,

where C} is slightly greater than 6CI'. In this case, Theorem 2 and the
arguments from Section 4.2 gives the following result.
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COROLLARY 1 (Adaptive upper bound for RKHS). Let f be defined
by (4.2) with a reproducing kernel K such that the eigenvalues of the operator
Ly satisfy (4.3). Then, if h = an™ "D and || f — follee < Q, we have

E™|f = follZ2(pyy < Ca(1+ | fold, Jn 2/ @)

when n is large enough.

Now, let L = [lnin, lmax] where lpin > 1/2 and (H; : 1 € L) be a family of
nested RKHS. Assume that the kernel of each H; satisfies (4.3). Letf, be the
aggregated estimator defined by Steps 1-8 with A, = {\ = (n=/C+D 1) -
l € Ly} and Ly, := {lmin, lmin + (logn) ™Y, ... lLnax }- We have, if fo € H; for
somel € L,

EnHTf\n - fOH%Q(PX) < 02(1 —+ ’fo‘%_ll)n—Ql/(Ql-i-l)

when n is large enough.

4.5. Anisotropic Besov spaces. In nonparametric estimation literature,
Besov spaces are of particular interest since they include functions with in-
homogeneous smoothness, for instance functions with rapid oscillations or
bumps. Roughly, these spaces are used in statistics when we want to prove
theoretically that some adaptive estimator is able to recover the details of
a functions. When one considers a multivariate regression, the question of
anisotropic smoothness naturally arises. Anisotropy means that the smooth-
ness of fy differs in function of coordinates. As far as we know, adaptive
estimation of a multivariate curve with anisotropic smoothness was previ-
ously considered only in Gaussian white noise or density models, see [19],
[24], [25], [37]. There is no results concerning the adaptive estimation of the
regression with anisotropic smoothness on a general random design.

In this Section, we construct, using Steps 1-3, an adaptive estimator over

anisotropic Besov spaces By, where s = (81,...,8q) is the vector of smooth-
nesses. If {e1,...,eq} is the canonical basis of R?, each s; is the smoothness

in the direction e;. A precise definition of B , is given in Appendix A. Let s
be the harmonic mean of s, see (2.3). Let us introduce two vectors s™" and
s™MaX in Ri with positive coordinates and harmonic means ™" and 3™ re-
spectively. Assume that s™® < s™% which means that s™® < s™2 for any
i € {1,...,d} and assume that 3™ > d/min(p,2). In view of Theorem 5
and the embedding (A.1) (see Appendix A), we know that Assumption (Cjp)
holds for every B , such that s > s™" with § = d/s (and every BS ., since
By, C Bj ), where 5 is the harmonic mean of s. Consider the “cube of

smoothness”

S = H [smin | gmax) (4.4)
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and consider the uniform discretization of this cube with step (logn)~!:

d
S, = H {sMn 4 k(logn)™' 1 <k < [(sP — s ™) logn]}, (4.5)
i=1

and the set of parameters

A(S) = { = (n~*/) pBs ). s5€8,}.

Now, we compute, following Steps 1-3, the aggregated estimator ?S with
set of parameters A(S) (see the beginning of the section). Following the
arguments from Section 4.2, we can prove in the following Corollary 2 that f s
is adaptive over the whole range of anisotropic Besov spaces {B;, : s € S}.

COROLLARY 2. Assume that ||f — follee < Q for every f € F(S). If
fo € B}iq for some s € S, then

E[£7 = follfa(py) < On=22/@0
when n is large enough, where C' is a constant depending on S,d and Q.

In Corollary 2 we recover the “expected” minimax rate n=28/(25+d) of
estimation of a d-dimensional curve in a Besov space. Note that there is no
regular or sparse zone here, since the error of estimation is measured with
L?(Px) norm. A minimax lower bound over B, , can be easily obtained using
standard arguments, such as the ones from [40], together with Bernstein
estimates over By | that can be found in [18]. Note that the only assumption
required on the de51gn law in this corollary is the compactness of its support.

5. Empirical study. In this Section, we compare empirically our ag-
gregation procedure with the popular cross-validation (CV) and generalized
cross-validation (GCV) procedures for the selection of the smoothing pa-
rameter h (see Section 2.5) in smoothing splines (we use the smooth.spline
routine from the R software, see http://www.r-project.org/). Concerning
CV, GCV and smoothing splines, we refer to [46] and [14]. Those routines
provide satisfactory results in most cases, in particular for the examples
of regression functions considered here. However, we show that when the
sample size n is small (less than 50), and when the noise level is high (we
take root-signal-to-noise ratio equals to 2), then our aggregation approach
is more stable, see Figure 4 below. Here in, we consider two examples of
regression function, given, for x € [—1,1], by:



18 S. GAIFFAS AND G. LECUE

e hardsine(z) = 2sin(1 + z)sin(272? + 1)
e oscsine(z) = (z + 1) sin(4nz?).
We simply take X uniformly distributed on [—1, 1] and Gaussian noise with

variance o chosen so that the root-signal-to-noise ratio is 2. In Figure 3 we
show typical simulation in this setting, where n = 30.

Fic 3. Ezamples of simulated data, for fo=harsine (left) and fo=oscsine (right)

In Figure 4, we show the mises E|| fo — foll? computed by Monte Carlo
using 1000 simulations of the model. The tuning of the estimators in both
examples is the following: for GCV, we simply use the smooth.spline rou-
tine with default selection of h by GCV. For CV, we use the same routine,
with the option cv=TRUE so that CV is used instead. For aggregation, we use
Steps 1-3 (see Section 4). Step 1 is done with m = 3n/4 and ¢ = n/4. For
Step 2, we use the smooth.spline routine to compute a set of weak estima-
tors, using the option spar=x, where x lies in the set {0,0.01,0.02...,1}.
The parameter spar is related to the value of the smoothing parameter h.
For Step 3, we compute the weights with temperature given by (3.3) (over
the training sample) and the set 7 = {10,20,...,100}. Then, we repeat
steps 1-3 J = 100 times and compute the jackknifed estimator, see Sec-
tion 4.1. This gives our aggregated estimator.

On Figure 4, we plot the MISEs (the mean of the 1000 MISEs obtained
for each simulation) for sample sizes n € {20, 30, 50,100} and in Figure 5
we plot the corresponding standard deviations. The conclusion is that for
small n, aggregation provides a more accurate and stable estimation than
the GCV or CV. When n is 100 or larger, than the aggregation procedure
has barely the same accuracy as GCV or CV.
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6. Proofs of the main results. We recall that P,, stands for the joint
law of the training sample D,, conditional on X" := (Xy,...,X,), that is
P, := P"[-|X"].

PrROOF OF THEOREM 1. First, we use the peeling argument: we decom-
pose By (fo,0) into the union of the sets S; for j > 0, where for §; := 62-/8

S] = Bn(f()v 5]) - Bn(an 5j+1)7
and decompose F into the union of the sets
Br(2"%) — Bp(2*V/F) = {f € F: 2000 < | f|r < 2¥/F},

for k > 1, where B£(2¥/8) = {f € F : |f|r < 2¥/8} This gives that the left
hand side of (2.6) is smaller than

Z(f = fo)
P,| s >
= [fﬁcfzgﬁ TR
+3 3P swp 2L — fo) > 2],

1-3/2
St Lresinr@o) || f = follh (L + |1 £)8/2

which is smaller than

S P, sup Z(f = fo) > 26,3, k)| = 3" Py,
§,k>0 fE€B(fo,6;)NBx(2k/5) §,k>0

where 2(4, j, k) := 2(5]1-_/6/22’“/2*1/2. Let us consider, for any § > 0, a minimal
S-covering F (6, k) of the set Bx(2¥/7) for the | - ||so-norm. Assumption (Cj)
implies
|F(6,k)| < exp (D(2K/9/8)P) = exp(D2F57P).
Moreover, without loss of generality, we can assume that F(8, k) C Br(25/9).
For any ¢ € N and j, k fixed, we introduce
FO .= F(8; ;, k) where §; ; := §;27/F = 527 (H+)/B, (6.1)

and, for any f € B(2¥/%) we denote by m;(f) an element of F(*) such that
17:(f) = flloo < di5. We have

P < P sup |Z(mo(f) = fo)| > =(6.,5, k) /2]
fE€Bn(fo,0;)NBF(2%/5)
+ P, sup 1Z(f = mo())] > 2(6,5,k)/2]

FE€Bn(fo,6;)NBx(2F/5)

=: Pjy1+ Pjga.
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First, we consider Py 1:

Pua <P sup  |Z(mo(f) = fo)l > 2(3,5.k)/2].
FEFONBL(fo,85)

We use (2.5) and the union bound over F(©) together with the fact that
f € Bu(fo,9;) to obtain:

o 2(8 itk
| O exp (ZX 00K _ o (P (p g
P]7k71 S ‘F ’eXp ( 45]2 ) p ( 55 (D az /8))7
where a := (2b%)~!. Now, in order to control Pjj», we use the so-called

chaining argument, which involves increasing approximations by the covers
F® see (6.1). Let us consider

for i > 1 (E; > 0 since 3 € (0,2)). By linearity of Z,(-) and since )~ E; =
1, we have

Pira €Y Pu|  sup  |Z(m(f) = mea ()] > Biz(0,5.k)/2]

i>1 fE€Bn(f0,65)
|fl7<2k/8
=Y Pijka2
i>1

Now, since

7 (f) = mica ()l < N7 f) = miea1 ()0
<||mi(f) = flloo + lmi-1(f) = flloo
< Big 4 Gim1y = 0ij(1+ 29,

and since the number of pairs {m;(f), m—1(f)} is at most

3D9itith
7),

FO] s |FE] < exp (555

we obtain using again (2.5):

2.2 ;
S (i) (i-1) —aEiz7(0,5, k)
Fijhe < [FV| X |F !XGXP<462j<1+21/ﬁ)2)
9i+j+k

o8

:exp( (3D/2 — Clz2)>
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where € = Cy(s,d,a) := a(2/0-1/2 —1)/(8(1 + 2'/%)2) > 0. Then, if we
choose 21 : (3/01)1/2 we have for any z > z; and D; := Cy/2:

z: ik < }: ( jkl%-§:113k2)

J:k>0 J,k>0 i>1
< Z (exp(—D12j+kz25_ﬁ) + Z exp(—D12i+j+k22(5_ﬂ)>
J,k>0 i1
and the Theorem follows. O

PROOF OF THEOREM 2. For short, we shall write f instead of fy, and
pen(f) instead of pen,(f). In view of (2.1), we have

1Y — Fliz +pen(f) < |[Y = fll7 +pen(f) Vf e F, (6.2)
which is equivalent to
1f = FIls +pen(f) S 2(Y = f. f = f)u +pen(f) VfeF,

where (f,g)n =n~ 13", f(X;)g(X;). This entails, since fo € F, that

2
If = follz + pen(f) < —=Z(f — fo) + pen(fo) (6.3)
\/>
where Z(-) is the empirical process given by (2.4). Recall that B,(fo,?)
stands for the ball centered at fy with radius ¢ for the norm || - ||,. Let us
introduce the event
7(f —
Z(z,0) := { sup = fo) < z}. (6.4)

reFBafod) |f — folln P21 + | f] )52~

In view of Theorem 1, see Section 2.3, we can find constants z; > 0 and
D1 > 0 such that:

P.[2(2,6)%) < exp(—D12%577),

I = fol? < 2pen(fy). When 2n=2Z(f — fo) > pen(fy), we have, for any
z > 0, in view of (6.3), whenever f € By(fo,d) for some § > 0, that on

Z(z,9),

for any § > 0 and z > z. When 2n"Y2Z(f — fo) < pen(fy), we have

If = follz + pen(f) < fo folla P2+ 1 F1)7.
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If |f|7 < 1, this entails
IF = foll7 + pen(f) < (a7?(2%42) ) 4 1)n,
Otherwise, we have

_ _ 3/2
Hf—ﬁﬂi+mmﬁ)§2¢gz

1F = foll 21717,
and we use the following lemma.

LEMMA 1. Letr, I, h,e be positive numbers, 3 € (0,2) and o > 25/(8 +
2). Then, if
P2+ R < epl=PR2[P2, (6.5)

we have

r< (gah—ﬂ)Q/@a-i-aﬁ—Zﬁ), I< <E2h—(ﬁ+2))2/(2a+aﬁ—2ﬁ)

and consequently

r2 + 27 < 2(€ah75)4/(2a+aﬁf2ﬁ)‘

The proof of this Lemma is given in Section 7 below. It entails, since
h=an~ Y+ and a > 26/(6 + 2), that

I = folla + h2| 15 < 2((2%/242)a™ )/ Gatal=20)y,=2/(0+2),
Thus, when f € B,(fo,), we have on Z(z,0):
1F = foll% + pen(f) < p(2)*h?

where
p(2)2 = Cu(1 + 20 | o/ (atap—20))

and (' is a constant depending on «a, 3 and a. Let us assume for now that
Ilf — folln < ¢ for some § > 0, and let us introduce

Z1(2,0) := Z(z,0) N Z(z1,p(2)h),

where z1 is a constant coming from Theorem 1. On Z;(z,d), we have

If = foll + pen(f) < p(z1)*h*. (6.6)
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Indeed, we have f € By (fo,d) thus, on Z(z,0), || f— follZ+pen(f) < p(z1)*h?
and so ||f — fol|> < p(2)2h2. Thus, on the event Z (21, p(z)h), we have (6.6).
Moreover, Theorem 1 yields

Po[Z1(2,0)%] < exp(—D12267%) + exp(—D1 23 (p(2)h) ~P). (6.7)

Now, in view of (6.2) and since fy € F, we have the following rough majo-
ration:

<2(|If = Yz + pen(£)) + 2 fo — Y5
< 2(|lfo = YII7 + pen(fo)) + 2llfo = Y7
< 40®|lell7 + 2 pen(fo), (6.8)

If = foll% + pen(f)

which entails

Ea[(If = foll2 +pen(f))’] < oC(e)? + 8hY fo[3

where C(¢)? = 32(E[e?]/n+2(E[?])?). Putting all this together, we obtain,

by a decomposition of E,[||f — fol|2 + pen(f)] over the union of the sets

{If = folln < 0} N 21(2,9), Zl(zy5)€and {Ilf = folln > 6} that

En[ll f=foll2 + pen(f)] < p(21)°h?
+(0%C(e) + 2V2H | fol ) (Pul21(2, ) + Pulll = folln > 8]/7).

In view of (6.8), if § > 2pen(fy)V1 then we have {||f—fo|? > 62} C {||¢]|2 >
(62 — 8)/(40?)}. Thus, using the subgaussianity assumption (1.3), we have
PIIF = folln > 8]/2 < exp(— (52 — 6)%/(80%)) < (exp(~Ca(logn)")) = o(h?)
if one chooses § = logn. Now, using (6.7) with this choice of § and z =
(log n)+5/2 we have also P,[Z1(z,6)0)/2 < exp(—Cs(logn)?) = o(h?). This
concludes the proof of the first upper bound of Theorem 2.

To prove the upper bound for the integrated norm || - || instead of the
empirical norm || - ||,,, we decompose ||f — fol|> = A1 + Az where

Av = (IF = foll* = 8(ILf = follz + pen(f)) and Ag :=8(|| f — foll7 + pen(f)).
The first part of Theorem 2 provides
E"[A) < C1(1+ | folg)n= D).

Recall that we assumed that ||f — fo|lco < @ a.s. for the second part of the
Theorem. To handle A1, we use the following Lemma.
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LEMMA 2. Let (F,|-|7) and h satisfy the same assumptions as in The-
orem 2. Define Fg == {f € F : ||f — follo < Q}. We can find constants
z0, Do > 0 such that for any z > zp:

PR[3f € Fq : |If = foll* = 8(If = foll7 + pen(f)) = 10zh?]
< exp (— Donh?z),

where zg and Dy are constants depending on a,a, 3 and Q.

The proof of Lemma 2 is given in Section 7. Using together Lemma 2 and
the fact that 4; < Q? a.s., we have by a decomposition over the union of
{A; > 1020h%} and {A; < 1029h%}:

E™[A1] < 1020h% 4 o(h?).

This concludes the proof of Theorem 2. O

fs I
fi

fa

Fic 6. Ezample of a setup in which ERM performs badly. The set F(A) = {f1,...,fm}
is the dictionary from which we want to mimic the best element and fo is the regression
function.

PROOF OF THEOREM 3. We consider a random variable X uniformly dis-
tributed on [0, 1] and its dyadic representation:

400
X =5 xWak (6.9)
k=1

where (X® : k > 1) is a sequence of i.i.d. random variables following
a Bernoulli B(1/2,1) with parameter 1/2. The random variable X is the
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design of the regression model worked out here. For the regression function
we take
2h if 2(M) =1

6.10
hoif ) =, (6.10)

fo(z) = {

where x has the dyadic decomposition x = 3~ £®)2=F where 2(¥) ¢ {0,1}
and

- C logM.
4 n
We consider the dictionary of functions Fy; = {f1,..., far}
fi(x) =229 —1, vje{1,...,M}, (6.11)

where again (z() : j > 1) is the dyadic decomposition of & € [0,1]. The
dictionary Fs is chosen so that we have, for any j € {1,..., M — 1}
5h? 5h?
1 = foll 2o,y = —- t1 and [ fu - ollZ2(o,17) =5 —htl
Thus, we have

5h?
min\f5 = foll 2o, = s = follZ2oy) = o ok

This geometrlcal setup for F'(A), which is a unfavourable setup for the ERM,
is represented in Figure 6. For

fn = fT}ZERM € argmin (R, (f) + pen(f)),
feFym

where we take R, (f) = 23", (Vi — f(X:))? = ||V — f||2, we have

n

Bl fa = foll72oy) = . omin1f; = follZ2goap + hPfn # fu).  (6.12)
Now, we upper bound P[fn = fM]. If we define
N; g Ug; and ¢¥) = 2xY) —1
we have by the definition of h and since CZ-(j) e{-1,1}:

Ry — farl Y~ 1)

3

3¢ — ¢My —1)

4
ZNJ'—NM—g\/IOgM.
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This entails, for Ny;_; = maxi<j<n—1Vj, that

M-1

Plfa=ful = P[ () {1V = farllz = IV = £i11% < pen(f;) — pen(far) }]
=1
- 6C
< P[NM > Ny — —\/logM}.
o
It is easy to check that Ni,..., Ny are M normalized standard gaussian

random variables uncorrelated (but dependent). We denote by ¢ the family
of Rademacher variables (Ci(]) ci=1,...,n;5=1,...,M). We have for any
6C /0 < v < (2v/2¢*)7! (¢* is the “Sudakov constant”, see Theorem 7),

Plfn = fu < E[P(NM > Npyoq — @W’C)}

< P[Nus > —1y/log M + E(Nys1[¢)] (6.13)
+ B[P{ER10) ~ N 2 (7~ ) iog ¢}

Conditionally to ¢, the vector (Ni,..., Njy/—1) is a linear transform of the
Gaussian vector (e1,...,e,). Hence, conditionally to ¢, (Ny,..., Nyr—1) is
a gaussian vector. Thus, we can use a standard deviation result for the
supremum of Gaussian random vectors (see for instance [36], Chapter 3.2.4),
which leads to the following inequality for the second term of the RHS
in (6.13):

PLEN Q) ~ Na1 > (- ) iog h[¢
< exp(—(3C/a —7/2)* log M).

Remark that we used E[NJZIC] =1 for any j = 1,...,M — 1. For the first
term in the RHS of (6.13), we have

P[NM > —~y/log M + E(NM_ﬂCﬂ
< PN > =29\/log M + E(Nas_1)] (6.14)
+ P{ —yV/log M + E(Ny_1) > E(NM—HC)]

Next, we use Sudakov’s Theorem (cf. Theorem 7 in Appendix B) to lower
bound E(Nps_1). Since (Ny,...,Np—1) is, conditionally to ¢, a Gaussian
vector and since for any 1 < j # k < M we have

BI(Ne — Nyl = -3 (¢ — )2

=1
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then, according to Sudakov’s minoration (cf. Theorem 7 in the Appendix),
there exits an absolute constant ¢* > 0 such that

1/2

CENu-lg > _min (5 Z(d’“ —¢)?) " Vg M.

Thus, we have

12 . 1/2
“E[Na_1] >E[I]n7;g (g Zl@ﬁ‘“’—cf”)?) | Vieg M1

where we used the fact that /= > 2/v/2,Vz € [0, 2]. Besides, using Hoeffd-
ing’s inequality we have E[exp(s€UF)] < exp(s?/(2n)) for any s > 0, where
k) .= p1 Yo Ci(k)ci(j). Then, using a maximal inequality (cf. Theorem 8
in Appendix B) and since n~!log[(M — 1)(M — 2)] < 1/4, we have

(6.15)

N | —

[maXfZC ] < (togf(v — (s —2))) " <

J#k M

This entails

¢ E[Nay 1] > (log M)I/Q.

Thus, using this inequality in the first RHS of (6.14) and the usual inequality
on the tail of a Gaussian random variable (N is standard Gaussian), we
obtain:

P[Ny > — 2yy/log M + E(Nay1)| < P[Nas > ((¢'V2) ™" = 29)/log M|
< P[NM > ((¢*V2) ™' = 27)/log M} (6.16)
<exp (— ((¢'V2) ! = 29)%(log M)/2).
Remark that we used 2v/2¢*y < 1. For the second term in (6.14), we ap-
ply the concentration inequality of Theorem 6 to the non-negative random
variable E[Ns_1|¢]. We first have to control the second moment of this vari-

able. We know that, conditionally to ¢, N;|¢ ~ N(0,1) thus, N;|¢ € Ly,
(for more details on Orlicz norm, we refer the reader to [45]). Thus,

j < Kbyt .
I, max Nilcllv, < Koy (M) max [INj[Clu,
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(cf. Lemma 2.2.2 in [45]). Since ||NJ|C||1%2 =1, we have || maxi<j<pr—1 Nj[C[[y, <
K+/log M. In particular, we have E[max;<j<y—1 N7|¢] < Klog M and so
E(E[Ny—1/¢])* < Klog M. Then, Theorem 6 provides

P[ = 7vlog M + E[Ny 1] > B[Ny [¢]] < exp(—7%/co),  (6.17)

where ¢y is an absolute constant.
Finally, combining (6.13), (6.16), (6.14), (6.17) in the initial inequality
(6.13), we obtain

Plfn = fu] < exp(—(3C/o —~)*log M)
+exp (= ((¢*V2) 7! = 29)%(log M) /2) + exp(—+*/co).

Take v = (12v/2¢*)~L. It is easy to find an integer My(o) depending only
on o such that for any M > My, we have P[f, = fu] < ¢1 < 1, where ¢;
is an absolute constant. We complete the proof by using this last result in

(6.12). 0

PrROOF OF THEOREM 4. We recall that we have a dictionary (set of func-
tions) F'(A) of cardinality M such that ||fyx — folloo < @ for all A € A. Let
us define the risk

R(f) = E[(Y — f(X))?]
and the linearized risk over F'(A), given by
R(0) := > O\R(f)
AEA
for 0 € O, where we recall that

0 :={0 R0, >0 > 0,=1}.
AEA

We denote by R, (f) the empirical risk of f over the sample D,,, which is
given by

Ru(f) == (Yi— f(Xi)?,
i=1

SHES

and we define similarly the linearized empirical risk

Ru(0) :== > OrRn(fr)-

AEA
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The excess risk of a function f is given by R(f) — R(fo) = [|f — foll?. By
convexity of the risk, the aggregate f = >, 01 fx defined in (3.1), satisfies,
for any a > 0,

R(f) — R(fo) < R(®) — R(fo)
< (1+ a)(Ru(6) — Ru(fo))
+R(0) = R(fo) = (14 a)(Ru(6) — Rn(fo)).
where it is easy to see that the Gibbs weights § = (§A)AEA = (é(fx))AeA are
the unique solution to the minimization problem

, T
min {Rn(G) + o ,\%\0)\ log QA}7

where T is the temperature parameter, see (3.2), and where we use the
convention 0log0 = 0. Let A be such that f; is the ERM in F(A), namely

Ro(f5) = min Ra(fy).

Since

where K (A|u) denotes the Kullback-Leibler divergence between the weights
0 and the uniform weights u := (1/|A|)xca, we have

~ ~ T

Ru(0) < Ru(0) + =K (Blu)
n
~ ~ ~  Tlogl|A
— Ru(0) + 3 Brlogfy + Tlog |A]
AEA n
Tlog |A Tlog |A
< Ru(es) + OT%H = Ru(f5) + LH7

where e\ € © is the vector with 1 for the A-th coordinate and 0 elsewhere.
This gives

R(?) - R(f(]) < (1 + a) r)\nellr\l(Rn(f)\) - Rn(fO)) + (1 + Q)M

~ o~

+R(0) — R(fo) — (1 + a)(Ra(0) — Rn(fo)),
and consequently

N ) T log |A|
_ 2 ~ _ 2 Z ol
E|f — foll _(1+a)§1€1£1||fx foll*+ (1 +a) -

~ ~

E[R(0) — R(fo) — (1 + a)(Rn(0) — Ru(f0))]-
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Since R(-) and R,, are linear on ©, we have

R(6) — R(fo) — (1+ a)(Ru(8) — Ru(fo))
< max (R(f) — R(fo) — (1 + a)(Ru(f) — Ru(fo))).

fer(a)
Thus, we have
og |A|
Tn

where Ry, := Elmax e pa){R(f) — R(fo) = (1 +a)(Rn(f) — Rn(f0))}]- Now,
we upper bound R,. Introduce the random variables

Zi(f) = (F(Xq) = fo(X2))* + 20eil (es] < K)(fo(Xi) — f(X2),

Zi(f) = 20l (lei] > K)(fo(Xs) — (X)),

and the two following processes indexed by f € F(A):

BIf — ol < 1+ @) uin 173 — foll? + (14 )"

+ Ry, (6.18)

n

&)= Y (Bl — 1+ ) 2i) and &) = 0 Zs
=1

n =1

We use the symmetry of € to get

R < E[f%) <N+ E[f%) ).

First, we upper bound FE[maxjcp) ¢(f)]. The random variable {(f) is
bounded and satisfies the following Bernstein’s type condition (see [3]):
Vf e F(A),E[C(f)?] < (Q? + 40?)E[C(f)]. We apply the union bound and
the Bernstein’s inequality (cf. [45]) to get, for any § > 0,

5+<1E[2i(f)]}

P[ max{ >5}< Z P[ ZEZ — Zi(f) > +a

Jert jer(ny sl
< M exp(—Cnd),
where C 1= a[8(Q*+ 0%(1+a)?+ (4Q/3)(1+a)(Q+2K)]~L. Hence, a direct
computation gives

~ 4log M
E| . (N <~ (6.19)
Now, we upper bound E[max e p(s) C(f)]. We have
B max {(f)] <4Q(1+ ) E[lel1(|2] > )
<4Q(1 + a)oP(le] > K)'/? (6.20)

<4Q(1 + a)o exp(—K?/(2b2)). (6.21)
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Finally, combining equations (6.18), (6.19)) and (6.20) with K = b./2logn,
concludes the proof of Theorem 4. O

7. Proofs of the lemmas.

PROOF OF LEMMA 1. Since 3 € (0,2) we have a > 23/(3 + 2) > 3/2.
Thus, inequality (6.5) gives

log(r? 4+ h%I*) < log(e) + (1 — g) log(r) — (1 — %) log(r?)
— glog(h) +(1- % log(r?) + % log(h?1%)
< log(e) + (g -1- g) log(r) — = log(h) + log(r? + h?I%)

and consequently
pltB/2=B/a < p—B/a

which entails r < (e*h=#)2/a+aB-28) Now, using this inequality together
with h21* < er1=P/2]P/2 provides the upper bound for I. The last inequality
easily follows. O

PROOF OF LEMMA 2. [The proof consists of a peeling of F into subspaces
with complexity controlled by Assumption (Cg) and the use of Bernstein’s
inequality.] Let us denote for short F instead of Fg. Since f € F, we have

PIIF = foll2 = 8(IF = fol2 + pen(f)) > 102h7)
<PEfeF:|f - fol® =8I — foll2 + pen(f)) > 1021?]
< P[4+ Y Pl4y],

k>2
where
Ay = {3f € F, pen(f) < 2%/Pp?
1f = foll? = 8(I.f = foll% + pen(f)) > 102h%}
and for k > 2,

Ap = {3f € F, 2207D/FR2 < pen(f) < 2°/%p2
1f = foll* = 8(ILf = foll> + pen(f)) = 10zh%}.
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Hence, since z > zp > 1 and o/ = 2/(6 + 2) > 1/2 since 3 < 2, we have
P[Ag] < Py for any k > 1, where
Py := P[3f € F, pen(f) < 2°F/0p2 .
1f = foll® =8Il = follz > 2eh? + 42252,

Now, let F(, k) be a minimal §-covering for the norm || - ||~ of the set
{f € Fipen(f) <2°M0n} = {f € F: |f|5 < 2¥/F},
where we recall that pen(f) = h?|f|%. Assumption (Cj) entails
|F(3,k)| < exp(D2%67P). (7.1)
Since for any f1, fo € F such that || fi — fal|co < &, we have

If1 = fol> <2l fa = fol®+26° and 2|1 — folz > 2IIf2 — foll2 — 262,

we obtain

Py < P[3f € F(6,k) : 2|1 f — foll> = 41f — foll + 66° > 22h% + 42°%/71?]
< 3 xP[If = fol> = If = fol? = te(2)],

fFEF(4,k)

where ti(2) = zh%/2 + 2°%/Bp2 — 362/2 + ||f — fol|?/2. Let f € F(6,k)
be fixed. We introduce the random variables U; := (f(X;) — fo(X;))?, so
that ||f — fol|2 = 30, U;/n and E[U;] = ||f — fol/*>. Note that the U; are
independent, such that 0 < U; < @?, and Var[U;] < E[U}] < Q*E[U;] <
Q?||f — fol* Hence, if tx(2) > || f — fol|?/2, Bernstein’s inequality entails

n

PIf = fol* = If = foll7 > tu(2)] = P[Z(Ui — E[th]) = ntk(z)]
=1
—ntg(2)° )
Q?|If = fol* + Q% (2)/3)
—3n(zh? + 20k/B+1p2 _ 352)
5 )

gexp(Q(

<exp

By taking 0 := (2°%/8h2/3)1/2, we have t3(2) > ||f — fol|?/2 and (7.1)
becomes
|F(0,k)| <exp (Dlnh22k(1_°‘/2)>,
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where we used (2.7) and took Dy := D3%/2 /aP*+2. Hence, for Dy := 3/(28Q%),
we have
Py < exp (Dinh?280-0/2) — Donk? (5 + 204/9)).

Now, we choose

log(min(Dy/ Dy, 1)/2)} ]
(1—a/2—a/B)log2 ’

where [z] is the integer part of x, and where we recall that o > 28/(6 + 2),
so that 1 —a/2 —a/F < 0. The conclusion of the proof follows easily by the
decomposition Y ;<1 Pr = > 1<perx Pe + D p>Ki Pr, if 2 > 21 for the choice
z1 1= 2(2Ka/,8 — D12K(lia/2)/D2). ]

o |

APPENDIX A: FUNCTION SPACES

In this section we give precise definitions of the spaces of functions consid-
ered in the paper, and give useful related results. The definitions and results
presented here can be found in [39], in particular in Chapter 5 which is about
anisotropic spaces, anisotropic multiresolutions, and entropy numbers of the
embeddings of such spaces (see Section 5.3.3) that we use in particular to
derive condition (Cjy), for the anisotropic Besov space, see Section 2.

A.1. Anisotropic Besov space. Let {ej,...,es} be the canonical ba-
sis of R? and s = (s1,...,54) with s; > 0 be a vector of directional smooth-
ness, where s; corresponds to the smoothness in direction e;. Let us fix
1 <p,q<oo. If fis a function in R%, we define A’fo as the difference of
order k > 1 and step h € RY, given by Al f(z) = f(z + h) — f(z) and
AFf(z) = A} (AY ) (2) for any 2 € RY. We say that f € LP(R?) belongs
to the anisotropic Besov space B;q(Rd) if the semi-norm

d

1 . dt\1/a
R —S; k; -
[ Flss, ey =D ( / (AR 1))

=1

is finite (with the usual modifications when p = oo or ¢ = 00). We know
that the norms

1fllBs, = [1Fllo + 1f15s,

are equivalent for any choice of k; > s;. An equivalent definition of the
seminorm can be given using the directional differences and the anisotropic
distance, see Theorem 5.8 in [39]. Following Section 5.3.3 in [39], we can
define the anisotropic Besov space on an arbitrary domain  c R? (think of
Q) as the support of the design X) in the following way. We define B, ()
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as the set of all f € LP(Q) such that there is g € BIf’q(Rd) with restriction
g|Q to Q equal to f in LP(Q2). Moreover,
100 =, ot gl mo

where the infimum is taken over all g € B;jq(Rd) such that g|Q? = f. In an
equivalent way, the space B; ,(€2) can be defined using intrisic characterisa-
tions by differences, see Section 4.1.4 in [39], where the idea is, roughly, to
restrict the increments h in the differences Aﬁ so that the support of Afl f
is included in €.

In what follows, we shall remove from the notations the dependence on
), since it is does not affect the definitions and results below. Moreover, for
what we need in this paper, we shall simply take {2 as the support of the
design X. Several explicit particular cases for the space By, are of interest.
If s =(s,...,s) for some s > 0, then By is the standard isotropic Besov
space. When p = ¢ =2 and s = (s1,...,s4) has integer coordinates, B3, is
the anisotropic Sobolev space

o f

5
Ox;

<ol
2

If s has non-integer coordinates, then B3 , is the anisotropic Bessel-potential
space

B;Q:Wf:{feﬁ:i“
=1

o= {re 3 o+ 6P, < o).
=1

The results described in the next section are direct consequences of the
transference method, see Section 5.3 in [39]. Roughly, the idea is to trans-
fer problems for anisotropic spaces via sequence space (one can think of
sequence of wavelet coefficients for instance) to isotropic spaces. This tech-
nique allows to prove the statements below. Note that another technique of
proof based on replicant coding can be used, see [26]. This is commented
below.

A.2. Embeddings and entropy numbers. Let us first mention the
following obvious embedding, which is useful for the proof of adaptive upper
bound (see Section 4.2). If 0 < s; < s coordinatewise, that is 0 < s1; < s
for any ¢ € {1,...,d}, we have

B, C B3 (A1)

. . _ ~d i i :
This simply follows from the fact that B;, = N{_; B, ;, where B}’ ; is the

corresponding Besov space in the i-th direction of coordinates, with norm
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LP extended to the other d — 1 directions (see Remark 5.7 in [39]) together
with the standard embedding for the isotropic Besov space.

As we mentioned below, Assumption (Cg) (see Section 2) is satisfied for
barely all smoothness spaces considered in nonparametric literature. In par-
ticular, if 7 = B, is the anisotropic Besov space defined above, (Cp) is
satisfied: it is a consequence of a more general Theorem (see Theorem 5.30
in [39]) concerning the entropy numbers of embeddings (see Definition 1.87
in [39]). Here, we only give a simplified version of this Theorem, which is
sufficient to derive (Cj3). Indeed, if one takes sy = s, po = p, g0 = ¢ and
s1 =0, po = 00, go = 00 in Theorem 5.30 from [39], we obtain the following

THEOREM 5. Let 1 < p,q < oo and s = (s1,...,5q) where s; > 0, and
let 5 be the harmonic mean of s (see (2.3)). Whenever § > d/p, we have

By, C C(Q),

where C() is the set of continuous functions on €, and for any § > 0, the
sup-norm entropy of the unit ball of the anisotropic Besov space, namely the
set

Upq=1{f€Bpy: \f‘Bqu <1}

satisfies

Hyo(8,Ug,) < D55/, (A.2)

where D > 0 is a constant independent of 4.

For the isotropic Sobolev space, Theorem 5 was obtained in the key pa-
per [6] (see Theorem 5.2 herein), and for the isotropic Besov space, it can
be found, among others, in [5] and [26].

REMARK. A more constructive computation of the entropy of anisotropic
Besov spaces can be done using the replicant coding approach, which is done
for Besov bodies in [26]. Using this approach together with an anisotropic
multiresolution analysis based on compactly supported wavelets or atoms,
see Section 5.2 in [39], we can obtain a direct computation of the entropy.
The idea is to do a quantization of the wavelet coefficients, and then to code
them using a replication of their binary representation, and to use 01 as a
separator (so that the coding is injective). A lower bound for the entropy can
be obtained as an elegant consequence of Hoeffding’s deviation inequality
for sums of i.i.d. variables and a combinatorial lemma.
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APPENDIX B: SOME PROBABILISTIC TOOLS

For the first Theorem we refer to [12]. The two following Theorems can
be found, for instance, in [34, 36, 45].

THEOREM 6 (Einmahl and Masson (1996)). Let Z1,...,Z, be n inde-
pendent non-negative random variables such that E[Zf] <o’ Vi=1,...,n.
Then, we have, for any § > 0,

n n52
P[;Zi - E[Z;] < —né} < exp ( — T‘z)

THEOREM 7 (Sudakov). There exists an absolute constant ¢* > 0 such

that for any integer M, any centered gaussian vector X = (X1,...,Xn) in
RM  we have,

c'E[ max X;| > e/log M,

1<j<M
where € := min{‘/E[(Xi - X;)?li#5e{l,.. ,M}}
THEOREM 8 (Maximal inequality). Let Y1,...,Yy be M random vari-

ables satisfying Elexp(sY;)] < exp((s®0?)/2) for any integer j and any
s > 0. Then, we have

E[ max Y;] < o+/logM.

1<<m Y

REFERENCES

[1] AmaTO, U., ANTONIADIS, A. and PENSKY, M. (2006). Wavelet kernel penalized
estimation for non-equispaced design regression. Stat. Comput., 16 37-55.

[2] ARONSzZAJN, N. (1950). Theory of reproducing kernels. Trans. Amer. Math. Soc., 68
337-404.

[3] BARTLETT, P. L. and MENDELSON, S. (2006). Empirical minimization. Probab.
Theory Related Fields, 135 311-334.

[4] BIRGE, L. and MASSART, P. (1993). Rates of convergence for minimum contrast
estimators. Probab. Theory Relat. Fields, 97 113-150.

[6] BIRGE, L. and MASSART, P. (2000). An adaptive compression algorithm in Besov
spaces. Constr. Approx., 16 1-36.

[6] BIRMAN, M. S. and SOLOMJAK, M. Z. (1967). Piecewise polynomial approximations
of functions of classes Wy'. Mat. Sb. (N.S.), 73 (115) 331-355.

[7] BiTouzg, D., LAURENT, B. and MASSART, P. (1999). A Dvoretzky-Kiefer-Wolfowitz
type inequality for the Kaplan-Meier estimator. Ann. Inst. H. Poincaré Probab.
Statist., 35 735-763.

[8] CARL, B. and STEPHANI, 1. (1990). Entropy, compactness and the approzimation of
operators, vol. 98 of Cambridge Tracts in Mathematics. Cambridge University Press,
Cambridge.



38

[22]

23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]

S. GAIFFAS AND G. LECUE

CaATONI, O. (2001). Statistical Learning Theory and Stochastic Optimization. Ecole
d’été de Probabilités de Saint-Flour 2001, Lecture Notes in Mathematics, Springer,
N.Y.

CUCKER, F. and SMALE, S. (2002). On the mathematical foundations of learning.
Bull. Amer. Math. Soc. (N.S.), 39 1-49 (electronic).

DEVROYE, L., GYORFI, L. and Lucost, G. (1996). A probabilistic theory of pattern
recognition, vol. 31 of Applications of Mathematics (New York). Springer-Verlag, New
York.

EINMAHL, U. and MASON, D. M. (1996). Some universal results on the behavior of
increments of partial sums. Ann. Probab., 24 1388-1407.

GATFFAs, S. and LECUE, G. (2007). Optimal rates and adaptation in the single-index
model using aggregation. Electronic Journal of Statistics, 1 538-573.

GREEN, P. J. and SILVERMAN, B. W. (1994). Nonparametric regression and gen-
eralized linear models, vol. 58 of Monographs on Statistics and Applied Probability.
Chapman & Hall, London. A roughness penalty approach.

GYORFI, L., KOHLER, M., KrRzYZAK, A. and WALK, H. (2002). A distribution-free
theory of monparametric regression. Springer Series in Statistics, Springer-Verlag,
New York.

HAMERS, M. and KOHLER, M. (2004). How well can a regression function be esti-
mated if the distribution of the (random) design is concentrated on a finite set? J.
Statist. Plann. Inference, 123 377-394.

HAUSSLER, D. (1992). Decision-theoretic generalizations of the PAC model for neural
net and other learning applications. Inform. and Comput., 100 78-150.
HocHMmUTH, R. (2002). Wavelet characterizations for anisotropic Besov spaces. Appl.
Comput. Harmon. Anal., 12 179-208.

HOFFMANN, M. and LEPskI, O. V. (2002). Random rates in anisotropic regression.
The Annals of Statistics, 30 325-396.

JuDpITSKY, A., RIGOLLET, P. and TsyBAkov, A. (2005). Learning by mirror aver-
aging. URL http://arxiv.org/abs/math/0511468.

JupITSKY, A. B., NAzZIN, A. V., TsyBAKOV, A. B. and VayaTis, N. (2005). Recur-
sive aggregation of estimators by the mirror descent method with averaging. Problemy
Peredachi Informatsii, 41 78-96.

JupiTsky, A. B., RIGOLLET, P. and TsyBakov, A. B. (2006). Learn-
ing by mirror averaging. To appear in the Ann. Statist.. Available at
http://www.imstat.org/aos/future_papers.html.

KEARNS, M. J., SCHAPIRE, R. E.; SELLIE, L. M. and HELLERSTEIN, L. (1994).
Toward efficient agnostic learning. In Machine Learning. ACM Press, 341-352.
KERKYACHARIAN, G., LEPSKI, O. and PICARD, D. (2001). Nonlinear estimation in
anisotropic multi-index denoising. Probab. Theory Related Fields, 121 137-170.
KERKYACHARIAN, G., LEPSKI, O. and PI1CARD, D. (2007). Nonlinear estimation in
anisotropic multiindex denoising. Sparse case. Teor. Veroyatn. Primen., 52 150-171.
KERKYACHARIAN, G. and PICARD, D. (2003). Replicant compression coding in Besov
spaces. ESAIM Probab. Stat., 7 239-250 (electronic).

KERKYACHARIAN, G. and PICARD, D. (2007). Thresholding in learning theory. Con-
str. Approz., 26 173-203.

KIMELDORF, G. and WAHBA, G. (1971). Some results on Tchebycheffian spline
functions. J. Math. Anal. Appl., 33 82-95.

KOHLER, M. (2000). Inequalities for uniform deviations of averages from expectations
with applications to nonparametric regression. J. Statist. Plann. Inference, 89 1-23.
KOHLER, M. and KRzYZAK, A. (2001). Nonparametric regression estimation using


http://arxiv.org/abs/math/0511468

AGGREGATION OF PENALIZED EMPIRICAL RISK PROCEDURES 39

penalized least squares. IEEE Trans. Inform. Theory, 47 3054-3058.

[31] KOHLER, M. and KRzYZAK, A. (2001). Nonparametric regression estimation using
penalized least squares. IEEE Trans. Inform. Theory, 47 3054-3058.

[32] LECUE, G. (2006). Lower bounds and aggregation in density estimation. J. Mach.
Learn. Res., 7 971-981.

[33] LECUE, G. (2007). Simultaneous adaptation to the margin and to complexity in
classification. Ann. Statist., 35 1698-1721.

[34] LEpOUX, M. and TALAGRAND, M. (1991). Probability in Banach spaces, vol. 23 of
Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and
Related Areas (3)]. Springer-Verlag, Berlin. Isoperimetry and processes.

[35] LEUNG, G. and BARRON, A. R. (2006). Information theory and mixing least-squares
regressions. IEEE Trans. Inform. Theory, 52 3396-3410.

[36] MASSART, P. (2007). Concentration inequalities and model selection, vol. 1896 of
Lecture Notes in Mathematics. Springer, Berlin. Lectures from the 33rd Summer
School on Probability Theory held in Saint-Flour, July 623, 2003, With a foreword
by Jean Picard.

[37] NEUMANN, M. H. (2000). Multivariate wavelet thresholding in anisotropic function
spaces. Statist. Sinica, 10 399-431.

[38] STEINWART, I. and SCOVEL, C. (2007). Fast rates for support vector machines using
Gaussian kernels. Ann. Statist., 35 575—607.

[39] TRIEBEL, H. (2006). Theory of function spaces. III, vol. 100 of Monographs in Math-
ematics. Birkhauser Verlag, Basel.

[40] TsyBAKOvV, A. (2003). Introduction [’estimation non-paramtrique. Springer.

[41] TsyBAKov, A. B. (2003). Optimal rates of aggregation. Computational Learning
Theory and Kernel Machines. B.Scholkopf and M. Warmuth, eds. Lecture Notes in
Artificial Intelligence, 2777 303-313. Springer, Heidelberg.

[42] VAN DE GEER, S. (1990). Estimating a regression function. Ann. Statist., 18 907-924.

[43] VAN DE GEER, S. (2007). Oracle inequalities and regularization. In Lectures on
empirical processes. EMS Ser. Lect. Math., Eur. Math. Soc., Ziirich, 191-252.

[44] vAN DE GEER, S. A. (2000). Applications of empirical process theory, vol. 6 of
Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge University
Press, Cambridge.

[45] VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak convergence and em-
pirical processes. Springer Series in Statistics, Springer-Verlag, New York. With
applications to statistics.

[46] WAHBA, G. (1990). Spline models for observational data, vol. 59 of CBMS-NSF' Re-
gional Conference Series in Applied Mathematics. Society for Industrial and Applied
Mathematics (SIAM), Philadelphia, PA.

[47] YANG, Y. (2000). Mixing strategies for density estimation. Ann. Statist., 28 75-87.

[48] YANG, Y. (2004). Aggregating regression procedures to improve performance.
Bernoulli, 10 25—47.

UNIVERSITE PARIS 6 LABORATOIRE D’ABALYSE, TOPOLOGIE ET PROBABILITE
LABORATOIRE DE STATISTIQUE THEORIQUE ET APPLIQUEE CENTRE DE MATHMATIQUES ET INFORMATIQUE
175 RUE DU CHEVALERET TECHNOPLE DE CHTEAU-GOMBERT
75013 PARIS 39 rRUE F. JoLioT CURIE
E-MAIL: stephane.gaiffas@Qupmec.fr 13453 MARSEILLE CEDEX 13
FRANCE

E-MAIL: lecue@latp.univ-mrs.fr


mailto:stephane.gaiffas@upmc.fr
mailto:lecue@latp.univ-mrs.fr

	Introduction
	Motivations
	The model

	PERM over a large function set
	Definition of the PERM
	Some definitions and useful tools
	About the supremum of the process Z()
	Upper bound for the PERM
	About the smoothing parameter h

	PERM and aggregation over a finite set of functions
	Suboptimality of PERM over a finite set
	Aggregation

	Examples of adaptive results
	About the split, jackknife
	How to derive the adaptive upper bounds
	Sobolev spaces, spline estimators
	Reproductive Kernel Hilbert Spaces
	Anisotropic Besov spaces

	Empirical study
	Proofs of the main results
	Proofs of the lemmas
	Function spaces
	Anisotropic Besov space
	Embeddings and entropy numbers

	Some probabilistic tools
	References
	Author's addresses

