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Abstract

We prove that iid random vectors that satisfy a rather weak mo-
ment assumption can be used as measurement vectors in Compressed
Sensing, and the number of measurements required for exact recon-
struction is the same as the best possible estimate — exhibited by a
random gaussian matrix. We also prove that this moment condition
is necessary, up to a loglog factor. Applications to the Compatibility
Condition and the Restricted Eigenvalue Condition in the noisy setup
and to properties of neighbourly random polytopes are also discussed.

1 Introduction and main results

In Compressed Sensing (see, e.g., [8] and [13]), one observes linear measure-
ments y; = <X¢,x0>, 1 =1,...,N of an unknown vector xy € R"”, and the
goal is to identify xy using those measurements.

Let (e1,...,en) be the canonical basis of RY. Given the measurements
matrix I' = N—1/2 Z£1<XZ-, ->ei, a possible recovery procedure is the basis
pursuit algorithm, defined by

& € argmin([|t], : Tt = Tay).

A well known question is to identify conditions on the vectors X1, ...., Xn
that ensure that if zy is s-sparse, that is, if it is supported on at most s
coordinates, the unique minimizer of the basis pursuit algorithm is xq itself.
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Definition 1.1 A matriz T' € RYX" satisfies the exact reconstruction
property of order s if for every xoy € g, the set of all s—sparse vectors
mn R”,

argmin ( [|t]|, : Tt = I'zg) = {zo}. (ER(s))

It follows from Proposition 2.2.18 in [11] that if I" satisfies ER(s) then
N 2 slog (en/ s). And, there are constructions of random matrices that
satisfy ER(s) with high probability and with the optimal number of mea-
surements (rows) N ~ slog (en/s).

A typical example of such a matrix is the gaussian matrix, that has
independent standard normal random variables as entries. Other examples
are measurements matrices I' when Xi,..., Xy are independent, isotropic
and L-subgaussian random vectors.

Definition 1.2 A random vector X in R™ is isotropic if for every t € R",
E(X, t>2 = ||t||3, and it is L-subgaussian if for everyt € R™ and every p > 2,
H<X7t>HLp < L\/Z_)H<X7t>HL2'

The reason behind this result, and many others like it, is that isotropic
subgaussian matrices act on X in an isomorphic way with high probability,
when N 2 slog(en/s). In Compressed Sensing literature this isomorphic
behaviour is called the Restricted isometry property (RIP) (see, for example
[7,9, 25]). A matrix I" satisfies the RIP in ¥, if for every ¢ € ¥,

(1= )[tll2 < |[Tll2 < (1 + )]z, (L.1)

for some fixed 0 < 0 < 1. It is straightforward to show that if RIP holds in
Y5 then ER(cos) is satisfied where ¢ is an absolute constant (cf. [8, 9, 6]).

Proving the RIP for subgaussian matrices uses the fact that tails of linear
functionals <X,t> decay faster than the corresponding gaussian variable.
Thus, it seemed natural to ask whether the same type of estimates hold in
cases in which linear functionals exhibit a slower decay — for example, when
X is sub-exponential, and the linear functionals satisfy that |[(X,t)||z, <
Lp|{X,t)||r, for every t € R™ and every p > 2.

Proving the RIP for a sub-exponential random ensemble is a much harder
task than for subgaussian ensembles (see, e.g. [1]). Moreover, the RIP does
not exhibit the same behaviour as in the gaussian case. Indeed, one may
show that for sub-exponential ensembles, the RIP holds with high proba-
bility only when N > slog?(en/s), and this estimate is optimal as can be
seen when X has independent, symmetric exponential random variables as
coordinates [1].



On the other hand, the result in [18] (see Chapter 7 there) shows that
exact reconstruction can still be achieved by isotropic sub-exponential mea-
surement vectors when N 2 slog(en/s) — the same number of measurements
needed for the gaussian ensemble.

Clearly, this estimate cannot be based on the RIP, and one may ask
whether weaker assumptions on the measurement vectors may still lead to
exact recovery with the optimal number of measurements. The main result
presented here is in this direction. It uses the following condition that was
recently used in [23] and [24].

Definition 1.3 A random vector X in R"™ satisfies the small ball property
in the set X if there exist u,3 > 0 for which, for any s-sparse vector
teR", P((X,t)] >ultll,) > 5.

The small ball property is a rather minimal assumption on the measure-
ment vector and is satisfied in fairly general situations. For example, if one
of the following conditions holds then X satisfies the small ball property
with constants that depend only on ko (and on € for the first condition) (see

[23]):

1. X is isotropic and for every ¢ € X, |
some € > 0;

Xt < R0 (XD, Tor

...

2. X is isotropic and for every t € X,

(X0, = mo (X0,

3. x1,...,T, are n independent, real valued random variables that are
absolutely continuous with respect to the Lebesgue measure and with
almost surely bounded densities by kg and X = (z1,...,2p).

Our first result shows that the small ball condition of Definition 1.3
and a weak moment assumption suffices to ensure the exact reconstruction
property with the optimal number of measurements.

Theorem A. There exist absolute constants co, ¢; and co and for every
a > 1/2 there exists a constant cs(«) that depends only on « for which the
following holds. Let X = (x;)!'_, be a random vector on R™ such that

1. There are k1, ko, w > 1 that satisfy that for every 1 < j <n, ||z, =
1 and, for p = kalog(wn), ||z;|z, < ~ip®.

2. The small ball property in Xs is satisfied by X.



If s1 = CQUQBS,
N > cymax { slog (), (es(0)r)? (n2 log wn))"<Ce-1 |
S

and X1,...,Xn are independent copies of X, then, with probability at least
1—2exp(—c12N)—1/w"nr2~1 I = N~1/2 Z£1<Xi, -Ye; satisfies the ezact
reconstruction property in s, .

For example, it follows from Theorem A that a random matrix with iid
centered entries that have variance 1 and an L, moment bounded by p for
p = 2logn can be used as a measurement matrix, and just as in the gaussian
case, requires only N 2 slog(en/s) measurements.

Another straightforward application of Theorem A is for measurement
vectors that are absolutely continuous with respect to the Lebesgue mea-
sure on R"™ with a bounded density and that have almost surely bounded
coordinates. The first condition implies the small ball assumption while the
second implies the moment condition. And, it is relatively simple to derive
many other results of a similar flavour of random ensembles that allow exact
reconstruction with the optimal number of measurements.

Just as noted for sub-exponential ensembles, Theorem A cannot be
proved using the RIP, and its proof must take a different path. A key
ingredient in the proof is the following observation:

Theorem B. Let I' : R" s RY and denote by (ey,...,e,) the canonical
basis of R™. Assume that

a) for every s-sparse vector z, |Tz|y > cq [|z|5, and
b) for everyi e {1,...,n}, [[Tell, <.

Then, for sy = |(c(s —1))/(4c})| — 1, T satisfies the Exact Reconstruction
property in X, .

Compared with the RIP, conditions in Theorem B are weaker, as it
suffices to verify the right-hand side of the RIP in (1.1) just for 1-sparse
vectors and not for all s-sparse vectors. This is a substantial difference, as
the fact that for every t € X, [|T't||, < (1 +0)||t]|, is a costly one, and is
the reason for the gap between RIP and the Exact Reconstruction property.
While the lower bound holds almost for free (see [23], [24] and the next
section) and requires the small-ball assumption, the upper bound is almost



equivalent to having a subgaussian behaviour of moments, at least up to
some level. Even the fact that one has to verify the upper bound only for
1-sparse vectors comes at a cost, and as will be explained later, is the reason
for a price to pay for convex relaxation.

To illustrate this fact, the next question we would like to address is
whether the moment condition in Theorem A, that the coordinates of X
should have log(n) moments, is really needed for the ER property. Our
second result shows that this condition is almost necessary.

We say that a random matrix I' is generated by the random variable x
if T =N"1/2 Z£1<Xi, ->ei, where X1, ..., Xy are independent copies of the
random vector X = (z, ..., xn)T whose coordinates are independent copies
of x.

Theorem C. There exist absolute constants cg,c1,co and cs for which the
following holds. Given n > cg and Nlog N < cyn, there exists a mean-zero,
variance one random variable x that satisfies ||zl < c2, |lzll, < c2y/p
for p=-c3(logn)/(log N), and if T is the N x n matriz generated by x then
with probability larger than 1/2, T' does not satisfy the exact reconstruction
property of order 1.

Note that if I' is generated by x that satisfies [|z||;, = 1, ||z, < c2
and [|z[|; < c2y/p for p ~ logn, then, it follows from Theorem A that for
N ~ logn, I' satisfies ER(1) with high probability. On the other hand, the
random ensemble from Theorem C is generated by x for which [[z[|,, = 1,
zll,, < c2 and [z, < c2y/p for p ~ (logn)/loglogn, but still does not
satisfy ER(1) with probability at least 1/2 when N ~ logn. Therefore, in
the case s = 1, a subgaussian moment assumption for p ~ logn is a sharp
condition for exact recovery by the basis pursuit algorithm with an optimal
number of measurements (up to a loglogn factor).

An alternative formulation of Theorem C is the following:

Theorem C'. Ifn > ¢y and p > 2, there exists a mean-zero and variance 1
random variable z, for which ||z||L, < & and ||z||L, < k\/p, and with proba-
bility at least 1/2, if N < \/ﬁnl/p, I" does not satisfy the exact reconstruction
property of order 1.

Theorem C implies that Basis Pursuit may perform badly when the
coordinates of X do not have enough moments. This is not the case for
the fy-minimization procedure. Recall that fp-minimization is defined by



min ( [|t[|, : Tt = T'wp), where ||t[|, is the cardinality of the support of t.
In the following result, we show that fyp-minimization can reconstruct any
s-sparse vector from only N ~ slog(en/s) measurements solely under the
small-ball assumption.

Theorem D. There exists absolute constants cg,c1 and co for which the
following holds. Let X be a random wvector in R™ that satisfies the small
ball property in g as in Definition 1.3. Let X1,..., XN be N independent
copies of X and set ' = N—1/2 Z£I<Xi,->ei. If N > cpslog(en/s) then
with probability larger than 1 — cq exp(—caN), given any |s/2|-sparse vector
xg, the only t € ¥|,/9) for which I't = T'zq is xq itself.

Theorem C together with Theorem D exhibit that a price has to be paid
for convex relazation (basis pursuit being the convex relaxation of the fy-
minimization procedure). Indeed, no moment assumption is needed for exact
reconstruction via ¢p-minimization (this follows from Theorem D) whereas
at least (logn)/(log N) moments are required to get the same property for
Basis Pursuit (as indicated in Theorem C).

The price of convex relation can also be seen through the number of mea-
surements needed for exact reconstruction for the matrix I' constructed in
Theorem C. Indeed, under the assumptions of Theorem C’ for, say p =
4, the random vector X = (x1,...,x,)' satisfies the conditions of The-
orem D. Therefore, one requires only N ~ slog(en/s) random measure-
ments using independent copies of X to identify any s-sparse vector using
{o-minimization. In contrast, Basis Pursuit requires at least ~ nl/4
surements to reconstruct l-sparse vectors.

We end this introduction with a word about notation and organization
of the article. In the next section, we prove Theorem A, B and D and in
Section 3 we prove Theorem C and C’. The final section is devoted to results
in a noisy setup that is the natural extension of Compressed Sensing. In
particular, we prove the so-called Compatibility Condition and Restricted
Eigenvalue Condition for the measurement matrix under weak moment as-
sumptions and study random neighbourly polytopes.

Throughout, absolute constants or constants that depend on other pa-
rameters are denoted by ¢, C, ¢1, co, etc., (and, of course, we will specify
when a constant is absolute and when it depends on other parameters). The
values of these constants may change from line to line. The notation = ~ y
(resp. = < y) means that there exist absolute constants 0 < ¢ < C for which
cy <ax < Cy (resp. x < Cy). If b > 0 is a parameter then = <, y means
that x < C(b)y for some constant C(b) that depends only on b.

mea-



Let ¢} be R" endowed with the norm [zl = (zj |251P) P The unit
ball there is denoted by By and the unit Euclidean sphere in R™ is Sn=boIf
A C R" then 14 denotes the indicator function of A.

2 Proof of Theorem A, B and D

The proof of Theorem A has several components, and although the first of
them is rather standard, we present it for the sake of completeness.

Lemma 2.1 Let I : R* — RN be a given matriz and fit 0 < r < 1. If
B? NrS™ ! does not intersect the kernel ker(T'), then T satisfies the ezact
reconstruction property in EL(Qr)fzJ.

Proof. Observe that if x € B} and ||z||s > r then y = rz/||z||2 € B N
rS8"~1. Thus, I'y # 0 implies that I'z # 0 — and therefore,

sup lz|l2 < 7.
z€ BT Nker(T")

Let s = [(2r)72], fix 79 € X5 and put I to be the set of coordinates on
which zg is supported. Given a nonzero h € ker(I'), let h = hy + hye - the
decomposition of h to coordinates in I and in I¢. Since h/||h|1 € B} Nker(I")
then ||h|l2 < r||h|/1, and by the choice of s, 2¢/s||hl|2 < ||h]]1. Therefore,

|zo + Al = [|wo + hrllt + ||hrells > [[2olls — hrllr + [hrells
=[lzollr = 2[lhslls 4 [[Rllr > lzollr — 24/ T[]|Prll2 + Al > [Jzoll1-

Hence, ||xo+h||1 > ||zo||1 and z¢ is the unique minimizer of the basis pursuit
algorithm, proving exact reconstruction. [ |

The main component in the proof of Theorem A is a uniform empirical

small-ball estimate, following the same lines as the results in [24] and [23].

Definition 2.2 Let G be a class of {0, 1}-valued functions defined on a space
X. The set G is a VC-class if there exists an integer V' for which, given any
points T1,...,xy4+1 € X,

{(g(@1), - g(@vr1)) - g € G < 2HL (2.1)

The VC-dimension of G, denoted by VC(G), is the smallest integer V' for
which (2.1) holds.



Lemma 2.3 There exists absolute constants ¢1 and co for which the follow-
ing holds. Let F be a class of functions and assume that there is 8 and u
for which

inf P(If]>u) > 8.

Let Gy = {lgpjsuy : f € F}. If VCO(Gy) < d and N > c1d/3* then with
probability at least 1 — exp(—co32N),

N
;161;__‘{1 e{l,...,N}:|f(Xp)| >u}| > %

Proof. Let H(X1,..,Xn) = supyeg, IN "' 32N, 9(X;) — Eg(X)|. By the
bounded differences inequality (see, for example, Theorem 6.2 in [4]), with
probability at least 1 — exp(—t),

[t
H(Xl,...,XN) SEH(Xl,...,XN)—i-Cl N

Since VC(G,) < d, then by standard empirical processes arguments (sym-
metrization, the fact that Bernoulli processes are subgaussian and entropy
estimates - see, for example [33]),

EH(Xl,...,XN) S CQ\/% S ,8/4, (22)

provided that N > d/B?. Therefore, taking t = N3?/16¢2, then with prob-
ability at least 1 — exp(—c382N), for every f € F,

Ly 5B
N > Lpsa(Xi) = P(If] > u) - 525
i=1
and on that event, |{i : |f(X;)| > u}| > BN/2 for every f € F. -

Corollary 2.4 There exist absolute constants ¢ and co for which the fol-
lowing holds. Let X be a random vector on R™.

1. If there are B,u > 0 such that P(|<t,X>| > u) > B for any t € S"1
and if N > cin/B%, then with probability at least 1 — exp(—caN3?),

N

. 1 2 _ u’p
i 2Kt 2 5

i=1



2. If there are B,u > 0 such that P(|<t,X>| > u) > B for any t €
YN S™ 1 and if N > cislog(en/s)/%, then with probability at least
1 —exp(—caN %),

5
tex, mS” 1 N Z<X@’t

Remark 2.5 Note that the first part of Corollary 2.4 gives an estimate on
the smallest singular value of the random matriz T = N—1/2 Z£1<X,~, ->ei
along the lines of the estimate from [24], but without any assumption on
the covariance structure of X, which is used in [24] or [29]. Note that the
covariance matriz does not even have to exist to apply Corollary 2.4. It
appears that the only small ball assumption over S™~' is enough to prove
that with large probability the smallest singular value of a random matriz is
larger than a constant.

Proof of Corollary 2.4. To prove the first part of the claim, let F =
{<t, > :t € S"1}. Recall that the VC dimension of a class of half-spaces in
R™ is at most n, and thus, one may verify that for every u, the VC dimension
of

w=A{1yy>uy - f € F}

is at most c¢yn for a suitable absolute constant ¢; (see, e.g., Chapter 2.6 in
[33]). The claim now follows immediately from Lemma 2.3; indeed, for every
te sl

N

1 oy

= (X = i (X )] > ul
1=1

Turning to the second part, note that ;15" ! is a union of (Z) spheres
of dimension s. Applying the first part to each one of the spheres, combined
with the union bound, it follows that if N > cy8 2slog(en/s), then with
probability at least 1 — exp(—c3Nj3?),

texsnsSn—1

N 25
inf Z Xi,t)° —

Corollary 2.4 shows that the weak small-ball assumption for linear func-
tionals implies that I' ‘acts well’ on s-sparse vectors. However, according
to Lemma 2.1, exact recovery follows if one can show that it also acts well



on the larger set /rB} N S™"~! for a well chosen r that is proportional to
s. Therefore, one has to use information on the way a matrix acts on > to
study the way it acts on the set

VkEosBT N sl = {z e R" : ||z|1 < +/kos, |lz|2 =1}

In the standard (RIP-based) argument, one proves exact reconstruction by
showing that the RIP holds on ;. The fact that each vector in \/kosB{ N
S"~1 is well approximated by vectors from ¥ (see, for instance, [11]) allows
one to extend the RIP from X, to \/kosBT N S"~1. However, extending the
RIP requires both upper and lower estimates, and obtaining the upper part
of the RIP on X, forces severe restrictions on the random vector X that
do not hold under only moment assumptions. Thus, passing from Y to
VEosB N S™1, with only a lower bound on inf,ex,, |Tt|2 at one’s disposal,
requires a totally different argument.

The method we present below is based on Maurey’s empirical method
and has been recently used in [26] where it is called the ’transfer principle’.

Lemma 2.6 Let T' : R* — RN be a matriz and put 1 < s < n. Denote
by (e1,...,e,) the canonical basis of R™. Assume that for every x € X,
|[Tzll2 > A||x||2. Let y € R™ be nonzero, set p; = |y;|/||yll1, then,

Iyl (< 2
ITyll5 > A2[lyll5 — . _11 Do ITesls uy = A?
j=1

Proof. Fix y € R, let Y be a random vector in R™ defined by

P(Y = [lyllisen(yy)e;) = ly;l/lyll,

for all j =1,...,n and observe that EY = y.

Let Yi,...,Y, be independent copies of Y and set Z = s ! Sorq Yis
therefore, Z € 3, for every realization of Y7, ..., Y.

By the assumption, |[TZ|2 > A?||Z||3, and thus,

E|TZ|[5 > \E| Z]f3. (2.3)
It is straightforward to verify that E(Y,Y) = ||y||, that if i # j then
IE<I‘Y%,I’Y]'> = <Fy,Fy> and that for every 1 < k < s,
n
E(TYe, Vi) = llylla Ly ITesll;

j=1

10



Therefore, setting u; = |y;|/[|y[l1, and W = Z] 1 \|Fej||2pj,

1< HyH1
E[TZ|3 == >  E(TY,IY;) = ITylI3 + = Iyyl ITe15
S

ij=1
1 y||?

— (1) e+ wl ”1.
S S

Using the same argument one can show that

o}
E|IZ| = (1 - —) Il + 1

Combining these two estimates with (2.3),

(1= 2) ey = ((1- 1) ol + 1) — gL

proving the claim. [ |

Proof of Theorem B: Let I' satisfying the two conditions of Theo-
rem B. It follows from Lemma 2.6 that for every y € B} NrS™ !, one has

2 2 HyH G
ITyl13 > 3 Iyl 1ZHF eills lyil > ¢ = — >0

when s — 1 > ¢2/(c3r?). Then the result follows from Lemma 2.1. ]
The matrix I' in question will be N—1/2 Z£1<Xi, ->ei. Thus, for ev-
ery t € R, |Tt]3 = NV N (X, ¢)%, and if X; = (z;;)7, then |Te;|)? =
NN x? ;» which is an average of NV iid random variables (though |[Te; ||,
., |ITen ||, need not be independent).
The next and final component needed for the proof of Theorem A is

information on the sum of iid random variables, which will be used to upper
2
bound maxi<;<n HFGJ‘HQ.

Lemma 2.7 There exists an absolute constant cy for which the following
holds. Let z be a mean-zero random variable and put z1,...,zy to be N
independent copies of z. Let pg > 2 and assume that there exists Kk > 0
and o > 1/2 that satisfy that |z||L, < kip® for every 2 < p < po. If

N>p max{2a L then Jor every p < po,

| Z%IILF < ci(a)k1V/N

where c1(a) = ¢pexp((2a — 1)).

11



Lemma 2.7 shows that even under a weak moment assumption, ||z|/z, <
p® for p < pp and o > 1/2 that can be large, a normalized sum of N
independent copies of z exhibits a ‘subgaussian’ moment growth up to the
same po, provided that N is sufficiently large.

The proof of Proposition 2.7 is based on the following result due to Latata
[20].

Theorem 2.8 If z is a mean-zero random variable and z1, ..., zN are inde-
pendent copies of z, then for any p > 2,

N p (N 1/s
I3 2l ~ sup {; (3) " 1ol s maxtzp/vy <5< p}.
i=1

Proof of Proposition 2.7. Since |||, < k1p®, it follows from Theorem
2.8 that

H Zz@n% < ey supp(N/p) "7,
i=1

where the supremum is for max{2,p/N} < s < p. It is straightforward to

verify that the function h(s) = (N/p)'/*s~1* is decreasing when o < 1 and

attains its maximum in s = max{2,p/N} or in s = p when « > 1.
Therefore, if N > p and a < 1, then

N
| Z%’HLF < ca1k1V/ Np,
i=1

and if a > 1,

N
| Z%‘HL,, < 1K1 max{w/N ,Nl/ppa} )
i=1

Finally, if N > p2®~! then €2~ 1\/Np > NYPp® which completes the proof.
|

Proof of Theorem A. By Corollary 2.4, if N > c;slog(en/s)/3%, then
with probability at least 1 — exp(—coN5?),

5
X t
tex, mSn 1 N Z v

12



Moreover, by Lemma 2.6 used for the measurements matrix I' and \?> =
u?B/2, it follows that for r > 1 and on the same event as above,
2r
inf 03> 22— 2 max [Tej2. (2.4)
te/rBrnSn—1 s 1<j<n
Finally, fix w > 1 and consider z = x? — 1 - where z; is the j-th coordinate

of X. Since z is a centred random variable, then by Lemma 2.7 for p =
ko log(wn), and setting c3(a) ~ exp((2a — 1)),

N
1 P
IIN Z zill, < cs(a)kiy ) N

i=1

provided that N > pmax{2e—L1} — (k,log(wn))m@{2e—1L1}  Therefore, if
N > (c3(e)r1)?(ra log(wn))m> 2= L1 then, for Vj = |Te3,

Ko log(wn)

< 2.
N >

N
1
Villz, = Il > @i, <1+ cs(@)m
i=1

Observe that

" n V. P
P( max V; > 2e) SZP(Vj > 2¢) < nz <|| JHL,,)
Jj=1 j=1

1<j<n 2e
<1>p 1
<n| - = —,
— \e whr2pkz—1

Thus, with probability at least 1 — exp(—caN3?) — 1/(w"2nr2~1),
der

inf  ||Tt3 >\ - —
te\/rByNSn—1 S

provided that r < s\?/8e = su?f3/16e.
Combining (2.5) with Lemma 2.1 shows that if

> \%/2 (2.5)

N Z max {3 log(en/s), (c3 (04)111)2(:%2 10g(wn))max{20‘_171}} ,

then on the same event as above, I' satisfies the exact reconstruction prop-
erty for vectors that are c4(u, 3)s-sparse, as claimed. [ |

Proof of Theorem D: It follows from point 2. in Corollary 2.4 that
[ =N1/2 Zl]\i 1<X,~, >e,~ is invertible over Y5 with probability at least 1 —
exp(—coN %) when N > cislog(en/s). Therefore, under the same condition
and with the same probability estimate, for any zg € |, /5|, the only ¢ € R"
such that I't = I'zg and ||t]|, < [Jzo||y is 2o itself. That is the £o-minimization
procedure can reconstruct all vectors in X,/o). |

13



3 Proof of Theorem C and C’

Let (e, ...,ep) be the standard basis in R™. Given an N x n matrix I and
J C{1,...,n} set I';j to be the restriction of I' to span{e; : j € J}. Let B}
be the unit ball in £}, and put B{" to be the set of vectors in B} that are
supported in J¢ — the complement of J in {1,...,n}.

Lemma 3.1 Fizx integers s, N < n. Let v € R" be supported on J C
{1,...,n} of cardinality at most s, that satisfies |v||y = 1. If Tv € TB{" then
I" does not satisfy the exact reconstruction property of order s.

Proof. By assumption, there is w € B{" for which I'v = T'w. Also, v # w,
otherwise, v € B{ N Bf “ implying that v = 0, which is impossible since
foll, = 1.

If one performs the basis pursuit algorithm trying to recover v from
I'v, w is at least as good ‘candidate’ as v (since ||w||; < 1 = |[jv[|;), and
therefore, v cannot be the unique solution to the /1-minimization problem
min ( [|¢], : Tt =T'v). ]

It immediately follows from Lemma 3.1 that if one wants to prove that
the N x n matrix

1 1 ' 1
;) = D = e, )

i
2
2

Ty,
does not satisfy ER(1), it suffices to find j € {1,...,n} for which
lej =z € absconv(w.k ck#£ j) = absconv(l“ek k£ j).
To that end, if BY denotes the Euclidean unit ball in R,
|z, < VN and VNB} c absconv (z.; : k # j), (3.1)

then I' does not satisfy ER(1).

The proof of Theorem C and of Theorem C’ thus follows from the con-
struction of a matrix for which (3.1) holds with probability larger than 1/2.

Let n be a selector (a {0, 1}-valued random variable) with mean ¢ to be
named later, and let € be a symmetric {—1, 1}-valued random variable that
is independent of 1. Fix R > 0 and set z = £(1 + Rn).

Observe that if p > 2 and R > 1 then

lzll,, (14 (1+R)P- 1)5)1/” (1+ Rr§)L/p o

Il ~ (4 (A + R —1)0)7 G+ B2
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and the last equivalence holds when R?0 < 1 and RP§ > 1. Set R =
Vp(1/6)1/P, and thus 120, / Izl , ~ /P (for the right choice of §).

One can view z = z/ ||2]|, as a mean-zero, variance one random variable
exhibiting ‘subgaussian’ moments only up to the level p. Indeed, note that
if ¢>p, [zl /lIzllL, ~ /P6Y/471/P; hence, it may be far larger than /g if
0 is sufficiently small, as will be the case.

Let X = (x1,...,2,) be a vector whose coordinates are independent,
distributed as = and let I' be the measurements matrix generated by =z.
Note that up to the normalization factor of ||z[|;,, which is of the order of
a constant when R2§ <1, V/NT is a perturbation of a Rademacher matrix
by a sparse matrix with few random spikes that are either R or —R.

Denote by E, (resp. E.) the expectation with respect to the n-variables
(resp. e-variables). A straightforward application of Khintchine’s inequality
(see, e.g., p.91 in [21]) shows that for every vector ¢t € R™,

B S BB Y5+ Ruy)ty) S By (3014 Ruye2)’
j=1 J=1

2
= By > (1L+ R P80+ Bno S 113 = (B(X,1)°)
k0

provided that R*¢ < 1.

To show that the Basis Pursuit algorithm performs poorly using random
measurements generated by I', set ( fl)fi , to be the canonical basis of RN,
Let n; = Zfil n;ijfi and observe that conditioned on g;;’s, for every fixed
1<i<N,

P,]( there exists j € {2,...,n}: 2z =¢;+ ainfi>

Pn( there exists j € {2,...,n} 1, = fz)
1
=1-(1-1-N1tont>1- —
R R
provided that

log N <g< log (en/N).

n ~ N

Hence, by a Fubini argument, with probability at least 3/4 there are (ran-
dom) y1, ...,yn € BY for which

absconv(Rfl- +y:1<i< N) C absconv(z.k 2k #£ 1).
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Lemma 3.2 Using the notation above, if v; = Rf; +y; for 1 <i < N and
yi € BY, then (R/\/N— \/N)Bév C absconv(vy,...,on) =V

Proof. A straightforward separation argument may be used to show that if,
for every w € SN, sup,ey [{(v,w)| > p, then pBY C V (indeed, otherwise
there would be some x € pBY\V; but it is impossible to separate = and the
convex and symmetric V' using any norm one functional).

Now, to complete the proof, observe that for every w € SN~

sup (v, w)| = max [(Rfi + yi, w)|

> max {w, Rfi)| - ax, {ys,w)| > R/VN — VN.
|

Applying Lemma 3.2, if R > 2N then with probability at least 3/4,
VNBY ¢ absconv(z. : k # 1). On the other hand, if § < 1/N then

Pllzally = VF] = (1 = )" = 3/a.
Hence, combining the two observations, with probability at least 1/2,
|21]ly < VN and VNBY ¢ absconv (z., : k # 1),
and thus

z.1 € absconv (z.j, : k # 1). (3.2)

Of course, this assertion holds under several conditions on the parame-
ters involved: namely, that R = \/p(1/0)/? > 2N; that (log N)/n < 6 <
log (en/N)/N; that R*6 < 1 and that § < 1/N.

For instance, one may select § ~ (log N)/n and p ~ (logn)/log N, in
which case all the conditions above are met and with probability at least
1/2, T' does not satisfy ER(1), proving Theorem C. A similar calculation
leads to the proof of Theorem C’. [

4 Results in the noisy measurements setup

In previous sections, we considered the idealized scenario in which the data
was noiseless. In this section, we study properties of the measurement vec-
tors in the noisy setup.
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In the noisy framework, one observes N couples (zi,Xi)i]\Ll where the

z;’s are noisy observations of the inner products <X,~, x0>,i =1,...,N that
have been corrupted by some noise:
zi = (Xi,z0) +gi, i=1,...,N (4.1)

where (g;)I¥, represents the ‘noise-vector’ and zy € R™ is an unknown vector.
For simplicity, we will assume that the g;’s are independent gaussian random
variables A(0,02) that are also independent of the X;’s. The goal is to
obtain as much information as possible on the unknown vector xy with only
the data (z;, X;)N , at one’s disposal.

Unlike the noiseless case, there is no hope to reconstruct xy from the
N noisy observations z1,...,zy. Instead of exact reconstruction, there are
three natural questions that arise in the noisy setup. Firstly, the estima-
tion problem: given some norm |-|| in R™, one would like to construct a
procedure & for which ||& — x| is as small as possible; secondly, the pre-
diction problem: given a new (random, independent) “input” X € R™, one
has to find a good guess <X,:?3> of the most likely associated output z,
knowing that (z, X) shares the same distribution with the other couples
(z1,X1),...,(2n, XnN); and finally, the de-noising problem: given a norm
|-l in RY, one has to construct a procedure & for which ||I'Z —'zg|| is small,
where I' = N—1/2 Z£1<Xi, ->el- is the measurement matrix.

These three problems are central in modern statistics, and are featured in
numerous statistical monographs, particularly in the context of the gaussian
regression model (Equation (4.1)).

Recently, all three problems have been recast in the high-dimensional
setup: the number of observations N can be much smaller than the ambient
dimension n but the target vector xg is usually believed to have a short
support: ||zgl, := s, and s is assumed to be much smaller than n.

Although one may still consider classical procedures, like Ordinary Least
Square (OLS) estimators to deal with the problems in the ‘high-dimensional’
setup, it turns out that performance is poor, because n is much larger than
N. This phenomenon is usually referred to as the curse of dimensionality
and is a major theme in current-day problems.

What saves the day is the assumption that even though zq lives in the
high dimensional space R™ and one has access to a small number of observa-
tions, xg is believed to have some low-dimensional structure: it is s-sparse.
The aim is therefore to use this information to design procedures having the
ability to perform as if the true dimension were s rather than n.

The heart of this dimension reduction problem is the fact that one does
not know the support of xg, other than it is short, and to address it one may
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resort to penalization methods, and, in particular, the ¢y and /1 penalization
methods.

Among the first dimension reduction schemes were £p-minimization pro-
cedures, which were sometimes called Model Selection procedures. A de-
tailed analysis in the context of the model (4.1), as well as for other exam-
ples, may be found in Chapter 4 of [22] or in [3].

The obvious downside of £y minimization is that its practical implemen-
tation requires, in some situations, a combinatorial search among far too
many subspaces of the ambient space R™. To overcome this barrier, convex
relaxations have been introduced, among which is /1 minimization, and the
idea of a convex relaxation is why the ¢;-norm plays such a central role in
the noisy setup.

In this context, a classical ¢;-minimization procedure is the Lasso (cf.
[30]):

N
&) € argmin (%Z(zl— <Xi,x>)2+)\HxH1), (4.2)
zeR” i—1
and A > 0 is called the regularization parameter. Another /1-based proce-
dure is the Dantzig selector (see [10]); estimation and de-noising properties
of both these estimators have been obtained under several conditions (cf.
[5, 2, 31] or Chapter 7 and 8 in [19]).
In this section, we shall focus on two conditions. The first, called the
Compatibility Condition, was introduced in [31] (see also Definition 2.1 in

[32]); the second, the Restricted Eigenvalue Condition, was introduced in

2].

Definition 4.1 Let I' be an N xn matriz. For L > 0 and a set S C
{1,...,n}, put

(L, 8) = min (I0¢s = Téselly: sl = L IGsely <L) (4.3)

where (g (resp. Cge) denotes a vector that is supported on S (resp. S€).

The function ¢(L,S) = +/|S|6(L,S) is called compatibility constant
associated with L and S.

Given an absolute constant ¢y > 0, I' satisfies the Compatibility Con-
dition for the set Sy if there exists L > 1 for which ¢(L,Sy) > ¢y and
we say that T satisfies the uniform Compatibility Condition (CC) of
order s if min|g <, ¢(L,S) > co.

A typical result for the Lasso, in the Gaussian model (4.1) and when I’
satisfies the Compatibility Condition is Theorem 6.1 in [5]: if Sy is the sup-
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port of zg and A ~ o4/(logn)/N, then with high probability (with respect
to the noise),

2llzolg log n

) o HxOHO logn
LEN0 2 = and - < \/ 4.4
N¢(3,50) and [y = zoll; S #(3,%)V N (4.4)

Note that, up to a logarithmic factor, the rates obtained in (4.4) are the
same as the Ordinary Least Square estimator would have given, had the
support of zg been known. Thus, under the Compatibility Condition for
So, the Lasso yields dimension reduction, and the extra logn factor seems a
rather small price to pay for not knowing the support of z( in advance (see
Corollary 3 in [34] for the necessity of the log n factor). Moreover, compared
with £y-minimization procedures, the Lasso can be efficiently implemented
using, for instance the LARS algorithm from [16, 17].

Naturally, although the Compatibility Condition in Sy, the support of
xq, suffices to prove that the Lasso is an effective procedure, the fact that
Sy is unknown makes this condition hard to verify. Thus, showing that I’
satisfies the uniform Compatibility Condition is a safer requirement — and
the one we shall explore below.

Another uniform condition of a similar flavour is the Restricted Eigen-
value Condition from [2]. To define it, let us introduce the following notation:
for x € R™ and a set Sy C {1,...,n} of cardinality |Sy| < s, let S be the
subset of indexes of the m largest coordinates of (|x;|)I; that are outside
So. Let zg,, be the restriction of x to the set Sp; = Sp U Sy.

Ty — T3 S 0

Definition 4.2 Let I" be an N x n matriz. For a constant cg > 1 and an
integer 1 < s < m < n for which m + s < n, let the restricted eigenvalue
constant be

[1X31P

HxSmH2

k(s,m,co) :min< : S0 C{1,...,n},|So] §5,Hx53

L Zallesy ).

The matriz I satisfies the Restricted Eigenvalue Condition (REC) of
order s with a constant c if x(s,s,3) > c.

Estimation and de-noising results follow from Theorem 6.1 (for the Dantzig
selector) and Theorem 6.2 (for the Lasso) in [2] when the measurement ma-
trix I', normalized so that the diagonal elements of I''T' equal 1, satisfies
the REC of the appropriate order and with a constant that is independent
of the dimension. We also refer to Lemma 6.10 in [5] for similar results that
do not require normalization.
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Observe that the REC of order s is a stronger condition than the uniform
CC of order s since x(s,m,cp) < min|g<s ¢(co, S) for every co > 0 and 1 <
s,m < n. Having said that, it also yields more information [2], since under
the REC the Lasso has better estimation properties: for A ~ o4/(logn)/N
and with high probability (with respect to the noise), simultaneously for all

1<p<2
o logn\r
iy — 2ollf < . 4.5
s = aolly < ool (75537 ) (45)

One question that comes to mind is whether there are matrices that
satisfy the uniform CC or the REC. Just as in Compressed Sensing, the
only matrices that are known to satisfy the Uniform Compatibility Con-
dition or the Restricted Eigenvalue Condition for the optimal number of
measurements (rows) are some random matrices.

For example, results in [27] show that ‘typical’ measurement matri-
ces T = N~1/2 Z£1<Xi, ->el- with independent gaussian random measure-
ment vectors Xi,..., Xy, selected according to the centred gaussian mea-
sure with a covariance matrix 3 € R™ " satisfy the REC of order s with
the optimal number of observations N 2 slog(en/s) when ¥ satisfies the
REC of order s. This result was extended to general measurement ma-
trices with subgaussian rows in [28]. A recent result [26] shows that if
D = Diag(||Tei|ly,---,||Tenll,) where (e, ..., e,) is the canonical basis of
R™, the normalized measurement matrices I' = DD~ satisfy a non-uniform
REC (that is a REC that holds only one set Sp) under a weak Lj-moment
assumption: H<X,t>HL4 < Ko H<X,t>HL2 for all t € Y.

Our aim in this final section is to extend the results presented in previous
sections to the noisy setup, by identifying almost necessary and sufficient
moment assumptions for the CC and REC. This turns out to be a straight-
forward: on one hand, the proof of Theorem A actually provides a stronger
quantitative version of the Exact Reconstruction property; on the other, the
uniform Compatibility Condition can be viewed as a quantitative version of a
condition on the polytope I' B} that characterizes the Exact Reconstruction
property of I'. A similar observation is true for the Restricted Eigenvalue
Condition: it can be viewed as a quantitative version of the Null Space
Property (see [14, 15]) which is also equivalent to the Exact Reconstruction
property.

Let us recall the definitions of the two properties in question.

Definition 4.3 Let 1 < s < N. A centrally symmetric polytope P C RY is
s-netghbourly if every set of s of its vertices, containing no antipodal pair,
is the set of all vertices of some face of P.
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A well known result in Compressed Sensing obtained in [12] shows that
I" satisfies ER(s) (see Definition 1.1) if and only if I'B}* has 2n vertices and
I'B" is a centrally symmetric s-neighbourly polytope. It turns out that this
property is characterized by the uniform CC.

Proposition A. Let I' be an N x n matriz. The following are equivalent:

1. I'BY has 2n vertices and I' B is s-neighborly,
2. min (¢(1,5) : S C {1,...,n},|S| <s)>0.

In particular, min|g< ¢(L,S) for some L > 1 is a quantitative measure
of the s-neighbourly property of I'BY'. Indeed, if I'B} is s-neighbourly and
has 2n vertices then the two sets

{T¢s t lI¢slly = 1} and {T¢se  [|¢sell; < 1} (4.6)

are disjoint for every |S| < s. However, min|g<s ¢(1,5) measures how far
the two sets are from one another, uniformly over all S or cardinality |S| < s.
Proof. Let Ci,...,C, be the n columns of I". It follows from Proposi-
tion 2.2.13 and Proposition 2.2.16 in [11] that I'B} has 2n vertices and is
a centrally symmetric s-neighbourly polytope if and only if for every S C
{1,...,n} of cardinality |S| < s and every choice of signs (&;) € {—1,1}",

conv({&;C; :i € S})Neconv({0;C;:j ¢ 5,0, =+1}) =0 (4.7)
It is straightforward to verify that
U COHV({&‘Z'CZ‘ 11 E S}) = {PCS : HC5H1 = 1}
(e)e{£1}*
and
COHV({@Z'CZ‘ 11 ¢ S, 61 = il}) = {FCSC : HCSCH1 < 1}.

As a consequence, (4.7) holds for every S C {1,...,n} of cardinality at most
s if and only if min (¢(1,5) : S C {1,...,n},[S] < s) > 0. ]

An observation of a similar nature is true for the Restricted Eigenvalue
Condition, which can be viewed as a quantitative measure of the Null Space
Property.

Definition 4.4 Let I' be an N x n matriz. T' satisfies the Null Space
property of order s if it is invertible in the cone

{z € R": there exists S C {1,...,n},|S| < s and |xse||; < [|lzs|; }
(4.8)
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In [14, 15], the authors prove that I' satisfies ER(s) if and only if it has
the Null Space Property of order s.

A natural way to quantify the invertibility of I' in the cone is to consider
its smallest singular value, restricted to this cone, which is simply (s, n —
s,1). Unfortunately, statistical properties of the Lasso and the Dantzig
selector are not known under the assumption that x(s,n — s,1) is of the
order of an absolute constant. On the other hand, (optimal) statistical
properties for the Lasso from [2] were obtained under the assumption that
k(s,s,3) is of the order of a constant.

Since the definition of k(s,s,3) involves a larger cone and vectors of
a different support size than the one considered in (4.8), x(s,s,3) is not
directly comparable with k(s,n — s,1). Despite that, it may still serve as a
quantitative version of the Null Space property. In fact, all the parameters
k(s,m,c) can be used to quantify the Null Space property, although only
k(s,m,c) > co for m > s and ¢ > 3 are known to be sufficient conditions
to guarantee (optimal) statistical properties for the LASSO (and for the
Dantzig selector).

The main result of this section identifies the measurement vectors for
which the associated measurement matrix satisfies the two uniform condi-
tions in question.

Theorem E. Let L > 0, 1 < s < n and ¢y > 0. Under the same as-
sumptions as in Theorem A and with the same probability estimate, I' =

N2 2£1<X,~, Ye; satisfies:
1. A uniform Compatibility Condition of order cis, namely that

min ¢(L, S) > u?B/4

|S|<c1s
for ¢1 = u?B/(16e(1 + L)?).
2. A Restricted Figenvalue Condition of order cos, with
k(cas, myco) > u25/4
for any 1 < m < n, as long as (1 + cp)?ca < u?B/(16¢).

On the other hand, if I" is the matriz considered in Theorem C, then with
probability at least 1/2, ¢(1,{e1}) = 0 and k(1,m,1) =0 for any 1 < m < n.

Just like Theorem A and Theorem C, Theorem E shows that the require-
ment that the coordinates of the measurement vector have logn moments
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is almost a necessary and sufficient condition for the uniform Compatibility
Condition and the Restricted Eigenvalue Condition to hold. Moreover, it
shows that the role of the small ball property (Definition 1.3) of the mea-
surement vector plays a major role in the context of these two conditions in
the noisy setup.

It also follows from Theorem E and Proposition A (or from Theorem A
and the main result in [12]) that under the same conditions as in Theorem A,
I'BT" has 2n vertices and is s-neighbourly with high probability for N ~
slog(en/s). In particular, this improves Theorem 4.3 in [1] for matrices
generated by sub-exponential variables by a logarithmic factor.

Note that the counter-example constructed to prove Theorem C (or for
the second part of Theorem E) and for which I" does not satisfy ER(1),
does not necessarily generate I'B} that is not s-neighbourly. Indeed, an
inspection of the construction shows that the reason ER(1) fails is that with
probability at least 1/2, I'B}" has less than 2n — 2 vertices, rather than
that I'B} is not s-neighbourly. Thus, the question of whether a moment
condition is necessary for the random polytope I'B}' to be s-neighbourly
with probability at least 1/2 is still unresolved.

Proof of Theorem E: Fix a constant ¢; to be named later and let
S c{1,...,n} of cardinality |S| < ¢1s. Let (s € R™ be a vector supported
on S with ||s|l; = 1 and let (sc € R™ be supported on S¢ with ||(ge||; <
L. Consider 4 = (G5 — Coe)/ IG5 — Coelly- Simee [Cs — Coclly > [Cslly >
1¢sly /+/181 = 1/:/1S], it follows that v € ((1+ L)+/|S]) By n.S™1.

Recall that by (2.5), if » = (1 + L)%cys is smaller than su?3/(16e), then
Ty, > (u?8)/4. Therefore,

u?p u? w?B ¢l u®p
T N > -2 — Cae > > L — 5
IP¢s = Déselly = 3= ls = Gsell 2 = lGsla 2 =7 = o7

and thus min|gj<.,s (L, S) > u?B/4 for ¢; = u?B/(16e(1 + L)?).

Turning to the REC, fix a constant ¢, to be named later, let x € R™, put
So C {1,...,n} of cardinality |Sp| < cos and for which ngg L Saollrslly-
Let S1 C {1,...,n} be the set of indexes of the m largest coordinates of
(lzi])i, outside Sy and put Sp; = Sp U 5.

Observe that [lall, < (1+<o) [les, |, < (1-+¢0) /TS0l lally; hence z/ [z, €
((1+c0)v/S0]) BNS™~1. Applying (2.5) again, if (1+c)?cas < su?B/(16e),
then [Tz, > ((u?8)/4) ||z||,. Thus,

Tafly o Tzl o u?B

[esolly — llzlly — 4
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and k(cas,m,co) > u?B/4 for any 1 < m < n, as long as (1 + ¢g)?cy <
u?B/(16e).

The proof of the second part of Theorem E is an immediate corol-
lary of the construction used in Theorem C. According to (3.2), z.1 €
absconv(z.p : k # 1) with probability at least 1/2. Therefore, on that
event, [[l'ey —I'Cll, = 0 for ¢ = Y77, Aje; for some well chosen weights
A2, -+, Ay satisfying >, |A;| < 1. Hence ¢(1,{e1}) = 0 and x(1,m,1) =0
for any 1 < m < n, as claimed. ]

Remark 4.5 Results obtained in Theorem A and E are also valid under the
same assumptions and with the same probability estimate for the normalized
measurement matriz:

[:=TD " where D = diag(||[Teil|, .-, [Tenl,)

where (e1,...,ey) is the canonical basis of R™. This follows from the same
argument as for the matriz T even though T does not have independent rows
vectors because of the normalization. We do not provide more details in this
case for the sake of shortness.
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