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Abstract

We study the performance of Empirical Risk Minimization in noisy
phase retrieval problems, indexed by subsets of R™ and relative to
subgaussian sampling; that is, when the given data is y; = <ai, x0>2+wi
for a subgaussian random vector a, independent noise w and a fixed
but unknown z that belongs to a given subset of R™.

We show that ERM produces & whose Euclidean distance to either
xo or —x depends on the gaussian mean-width of the indexing set and
on the signal-to-noise ratio of the problem. The bound coincides with
the one for linear regression when ||zgl|2 is of the order of a constant.
In addition, we obtain a minimax lower bound for the problem and
identify sets for which ERM is a minimax procedure. As examples, we
study the class of d-sparse vectors in R™ and the unit ball in ¢7.

1 Introduction

Phase retrieval has attracted much attention recently, as it has natural ap-
plications in areas that include X-ray crystallography, transmission electron
microscopy and coherent diffractive imaging (see, for example, the discussion
in [2] and references therein).

In phase retrieval, one attempts to identify a vector xg that belongs to
an arbitrary set 7' C R" using noisy, quadratic measurements of xg. The
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given data is a sample of cardinality N, (a;, yz)f\i 1, for vectors a; € R" and
Y; = |<ai,x0>\2+wi, (1.1)
for a noise vector (w;)X;.

Our aim is to investigate phase retrieval from a theoretical point of view,
relative to a well behaved, random sampling method. To formulate the
problem explicitly, let ;1 be an isotropic, L-subgaussian measure on R™ and
set a to be a random vector distributed according to pu. Thus, for every
x € R, E<x,a>2 = ||z||3 (isotropicity) and for every u > 1, Pr(|{(z,a)| >
Lul|{z,a)|1,) < 2exp(—u?/2) (L-subgaussian).

Given a set T' C R"™ and a fixed, but unknown zg € T, y; are the random
noisy measurements of zg: for a sample size N, (ai)ﬁl are independent
copies of a and (wi)i]il are independent copies of a mean-zero variable w
that are also independent of (a;)X ;.

Clearly, due to the nature of the given measurements, o and —xg are
indistinguishable, and the best that one can hope for is a procedure that
produces & € T' that is close to one of the two points.

The goal here is to find such a procedure and identify the way in which
the distance between & and either zg or —xy depends on the structure of T',
the measure p and the noise.

The procedure studied here is empirical risk minimization (ERM), which
produces & that minimizes the empirical risk in 7"

Pl — 1 2 2
Ntz = Nz;(<azax> yz) .

=

The loss is the standard squared loss functional, which, in this case,satisfies

lo(a,y) = (fola)—y)? = (<$,a>2—<x0,a>2—w)2 = (<1‘—x0,a><x+x0,a>—w)2.

Comparing the empirical and actual structures on 7' is a vital component
in the analysis of ERM. In phase recovery, the centered empirical process
that is at the heart of this approach is defined for any = € T by,

N N
1 2
Py (lp—Ly,) = N § <$_$Oyai>2<$+$07ai>2_ﬁ E wi<ﬂf—$07az’><$+$0,ai>-
i=1 =1

Both the first and second components are difficult to handle directly, even
when the underlying measure is subgaussian, because of the powers involved
(an effective power of 4 in the first component and of 3 in the second one).



Therefore, rather than trying to employ the concentration of empirical
means around the actual ones, which might not be sufficiently strong in this
case, one uses a combination of a small-ball estimate for the ‘high order’ part
of the process, and a more standard deviation argument for the low-order
component (see Section 3 and the formulation of Theorem A and Theorem
B).

We assume that linear forms satisfy a certain small-ball estimate, and in
particular, do not assign too much weight to small neighbourhoods of 0.

Assumption 1.1 There is a constant kg > 0 satisfying that for every s,t €
R’I’L
E[(a,s)(a,t)| > wol|s|l2[|t]2-

Assumption 1.1 is not very restrictive and holds for many natural choices
of random vectors in R", like the gaussian measure or any isotropic log-
concave measure on R" (see, for example, the discussion in [2]).

It is not surprising that the error rate of ERM depends on the structure
of T, and because of the subgaussian nature of the random measurement
vector a, the natural parameter that captures the complexity of T is the
gaussian mean-width associated with normalizations of 7T'.

Definition 1.1 Let G = (g1, ...,gn) be the standard gaussian vector in R™.
ForT'C R", set

The normalized sets in question are

t—s
T—,RI{ ct,seT, R< Ht—sH2||t+s||2},
[t — sll2

t+s
T\ap=9—— : t,s€T, R<|t—s||t+s
n={ It~ slalle + sl |

which have been used in [2], or their ‘local’ versions,

t—x
T_p(z0) = o—— « t €T, R<I[t—zolallt +zoll2 ¢ .
’ [t — xol|2
t+ xg
T ={—T_ . teT, R<|t— t .
+.r(70) {Ht+xo\|2 It — o2l +$0H2}

The sets in question play a central role in the exclusion argument that is
used in the analysis of ERM. Setting £, = ¢, — {;,, the excess loss function



associated with ¢ and x € T, it is evident that PyL; < 0 (because L, =0
is a possible competitor). If one can find an event of large probability and
R > 0 for which PyL, > 0 if ||z — zo||2]|z + zo||2 > R, then on that event,
| — xoll2]|Z + xo|l2 < R, which is the estimate one is looking for.

The normalization allows one to study ‘relative fluctuations’ of PyL,
— in particular, the way these fluctuations scale with ||z — zgl2||z + xo|2-
This is achieved by considering empirical means of products of functions
(u,-)(v,-), for u € Ty r(z0) and v € T_ r(z0).

The obvious problem with the ‘local’ sets Ty r(zo) and T_ g(zo) is that
o is not known. As a first attempt of bypassing this problem, one may use
the ‘global’ sets T r and T_ g instead, as had been done in [2].

Unfortunately, this global approach is not completely satisfactory. Roughly
put, there are two types of subsets of R" one is interested in, and that appear
in applications. The first type consists of sets for which the ‘local complex-
ity’ is essentially the same everywhere, and the sets T g,T_ r are not very
different from the seemingly smaller T r(x¢), T r(x0), regardless of z.

A typical example of such a set is d-sparse vectors — a set consisting
of all the vectors in R™ that are supported on at most d-coordinates. For
every g € T and R > 0, the sets T'y gr(zo),T- r(xo), and Ty g,T_ g are
contained in the subset of the sphere consisting of 2d-sparse vectors, which
is a relatively small set.

For this kind of set, the ‘global” approach, using T g and T_ g, suffices,
and the choice of the target xy does not really influence the rate in which
|& — ol ||Z + x0]|, decays to 0 with N.

In contrast, sets of the second type one would like to study, have vastly
changing local complexity, with the typical example being a convex, centrally
symmetric set (i.e. if x € T then —x € T).

Consider, for example, the case 7" = BT, the unit ball in 7. It is not
surprising that for small R, the sets T r(0) and T_ r(0) are very different
from T g(e1) and T’y gr(e1): the ones associated with the centre 0 are the
entire sphere, while for e; = (1,0,....,0), T4 r(e1) and T_ g(e;) consist of
vectors that are well approximated by sparse vectors (whose support depend
on R), and thus are rather small subsets of the sphere .

The situation that one encounters in B} is generic for convex centrally-
symmetric sets. The sets become locally ‘richer’ the closer the centre is to
0, and at 0, for small enough R, Ty r(0) and T (0) are the entire sphere.
Since the sets T} g and T_ g are blind to the location of the centre, and
are, in fact, the union over all possible centres of the local sets, they are
simply too big to be used in the analysis of ERM in convex sets. A correct
estimate on the performance of ERM for such sets requires a more delicate



local analysis and additional information on ||zg||2. Moreover, the rate of
convergence of ERM truly depends on ||zg||2 in the phase recovery problem
via the signal-to-noise ratio |zl /0.

We begin by formulating our results using the ‘global’ sets T r and
T_g. Let Ty =Ty gand T_ =T, set

Er = max{{(T\ z), (T r)}, E =max{{(T;), (T )}

and observe that as nonempty subsets of the sphere ¢(T_ ), (T} ;) > E|g| =
\V2/m.

The first result presented here is that the error rate of ERM for the phase
retrieval problem in T depends on the fixed points

ra(y) = inf {r >0:E, < ’Y\/Nr}

and

rO(Q):inf{r>0:Er§Q\/N},

for constants v and @ that will be specified later.
Recall that the v»-norm of a random variable w is defined by ||w||y, =
inf{c > 0: Eexp(w?/c?) < 2} and set 0 = ||w||y,.

Theorem A. For every L > 1, K9 > 0 and 8 > 1, there exist constants
co,c1 and ¢y that depend only on L, kg and 3 for which the following holds.
Let a and w be as above and assume that w has a finite 9-norm. If £ is the
squared loss and Z is produced by ERM, then with probability at least

1 — 2exp(—co min{¢*(T} ), *(T_ ;)}) — 2N,

|Z — zo|2||Z + xol|2 < 75 := max{ro(c1),r2(c2/o+/log N)}.
When [Jwl|,, < oo the term o+/log N may be replaced by ||w]| .

The upper estimate of max{rg,r2} in Theorem A represents two ranges
of noise. It follows from the definition of the fixed points that 7y is dominant
if 0 < rg/v/logN. As explained in [7] for linear regression, o captures the
difficulty of recovery in the noise free case, when the only reason for errors
is that there are several far-away functions in the class that coincide with
the target on the noiseless data. When the noise level o surpasses that
threshold, errors occur because of the interaction class members have with
the noise, and the dominating term becomes 3.



Of course, there are cases in which ro = 0 for IV sufficiently large. This
is precisely when exact recovery is possible in the noise-free environment.
And, in such cases, the error of ERM tends to zero with o.

The behavior of ERM in the noise-free case is one of the distinguishing
features of sets with well behaved ‘global complexity’ — because F is not too
large. Since Er < E for every R > 0, it follows that when N > E? ry =0
and that 75(y) < E/(vV/N). Therefore, on the event from Theorem A,

E
T — xoll2||Z + xo 250'7 log N.
| [2]] | v Vlog
This estimate suffices for many applications. For example, when T is the
set of d-sparse vectors, one may show (see, e.g. [2]) that

E < y/dlog(en/d).

Hence, by Theorem A, when N 2 dlog (en/ d), with high probability,

I~ wollalle + ol S o LD i,
The proof of this observation regarding d-sparse vectors, and that this es-
timate is sharp in the minimax sense (up to the logarithmic term) may be
found in Section 6.

One should note that Theorem A improves the main result from [2] in
three ways. First of all, the error rate (the estimate on ||Z — z¢l|2||Z + zo]|2)
established in Theorem A is ~ E/v/N (up to logarithmic factors), whereas
in [2], it scaled like ¢/N/* for very large values of N. Second, the error rate
scales linearly in the noise level ¢ in Theorem A. On the other hand, the
rate obtained in [2] does not decay with o for 0 < 1. Finally, the probability
estimate has been improved, though it is still likely to be suboptimal.

Although the main motivation for [2] was dealing with phase retrieval for
sparse classes, and for which Theorem A is well suited, we next turn to the
question of more general classes, the most important example of which is a
convex, centrally-symmetric class. For such a class, the global localization
is simply too big to yield a good bound.

Definition 1.2 Let

ry(Q) = inf {7“ >0:4(TNrBy) < Qr\/ﬁ} ,
sy(n) = inf {s >0:4(TnNsBy) < nsQ\/N} ,
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and
oi(Q) =inf {v > 0: (T NvBg) < VN,

The parameters 7} and s} have been used in [7] to obtain a sharp esti-
mate on the performance of ERM for linear regression in an arbitrary convex
set, and relative to L-subgaussian measurements. This result is formulated
below in a restricted context, analogous to the phase retrieval setup: a linear
model z = <a, :1:0> 4w, for an isotropic, L-subgaussian vector a, independent
noise w and xg € 1.

Let # be the output of ERM using the data (a;, 2;)Y.; and set |Jw||y, = o.

Theorem 1.3 For every L > 1 there exist constants cy,ca,c3 and cq4 that
depend only on L for which the following holds. Let T C R% be a convex set,
put n = c1/o and set Q = cs.

1. If o > 3’ (Q) then with probability at least 1—4 exp(—caNn? (s (n))?),
[z — zoll2 < s (n).
2. If 0 < c3ry(Q) then with probability at least 1 — 4exp(—caNQ?),

|z = zoll2 < 7N (Q).

Our main result is a phase retrieval version of Theorem 1.3.

Theorem B. For every L > 1, kg > 0 and 3 there exist constants ¢y, co, c3,
c4,c5 and @ that depend only on L and kg and § for which the following
holds. Let T' C R% be a convex, centrally-symmetric set, and let a and
w be as in Theorem A. Assume that (o/[|zoll2) > cory(Q)/vIog N, set

1 = c1l||zol|2/(cv/1log N) and let { = ¢;1/(0+/log N).

L. If ||lzol|2 > vi(c2), then with probability at least 1—2 exp(—csNn* (s (1))?)—

2N—B+1’
min{||z — zoll2, [z + woll2} < casi(n).

2. If [|xo||2 < v (c2) then with probability at least 1—2 exp(—csN¢2 (v (€))?)—

2N—B+1’
max{ ||z — zo|l2, [|* + zoll2} < cavy ().

If (o/||xoll2) > cory(@Q)/+/1og N the same assertion as in 1. and 2. holds,
with an upper bound of 7}, (Q) replacing s3 () and vy (().



Theorem B follows from Theorem A and a more transparent description
of the localized sets T_ r(zo) and T’y r(xo) (see Lemma 4.1).

To put Theorem B in some perspective, observe that v}, tends to zero.
Indeed, since £(T NrBY) < ¢(T), it follows that v (¢) < (U(T)/VN¢)V3.
Hence, for the choice of ¢ ~ (oy/log N)~! as in Theorem B,

oa IV 1/3
oy < (aé(T) °§V> ,

which tends to zero when ¢ — 0 and when N — oo. Therefore, if xg # 0,
the first part of Theorem B describes the ‘long term’ behaviour of ERM.
Also, and using the same argument,

" (T)
< .
7']\[(@) = Q\/N
Thus, for every o > 0 the problem becomes ‘high noise’ in the sense that the
condition (o/||xzgl|2) > corn(Q)/+/log N is satisfied when N is large enough.
In the typical situation, which is both ‘high noise’ and ‘large ||xq||2’, the
error rate depends on ) = ¢1||zgl|2/ov/1og N. We believe that the 1/v/log N
factor is an artifact of the proof, but the other term, ||zg||2/c is the signal-
to-noise ratio, and is rather natural.

Although Theorem A and Theorem B clearly improve the results from
[2], it is natural to ask whether these are optimal in a more general sense.
The final result presented here is that Theorem B is close to being optimal in
the minimax sense. The formulation and proof of the minimax lower bound
is presented in Section 5.

Finally, we end the article with two examples of classes that are of inter-
est in phase retrieval: d-sparse vectors and the unit ball in /7. The first is
a class with a fixed ‘local complexity’, and the second has a growing ‘local
complexity’.

2 Preliminaries

Throughout this article, absolute constants are denoted by C,c, cy, ... etc.
Their value may change from line to line. The fact that there are absolute
constants ¢, C' for which ca < b < Ca is denoted by a ~ b; a < b means

that a < ¢b, while a ~1, b means that the constants depend only on the
parameter L.



For 1 < p < oo, let || - ||, be the £ norm endowed on R", and for a
function f (or a random variable X') on a probability space, set || f||z, to be
its L, norm.

Other norms that play a significant role here are the Orlicz norms. For
basic facts on these norms we refer the reader to [9, 15].

Recall that for a > 1,

[fllpo = inf{c > 0: Eexp(|f[*/c*) < 2},

and it is straightforward to extend the definition for 0 < o < 1.

Orlicz norms measure the rate of decay of a function. One may verify
that | flly, ~ sup,>; £z, /p"*. Moreover, for t > 1, Pr(|f| > t) <
2exp(—ct®/|| [, ), and || f|[4, is equivalent to the smallest constant « for
which Pr(|f] > t) < 2exp(—t*/k®) for every ¢t > 1.

Definition 2.1 A random variable is L-subgaussian if it has a bounded o
< LIX| .-

norm and || X ||y,

Observe that for L-subgaussian random variables, all the L, norms are equiv-
alent and their tails exhibits a faster decay than the corresponding gaussian.
Indeed, if X is L-subgaussian,

Xz, S VPIX Iy S LvPIX Lo
and for every t > 1,

Pr(|X| > t) < 2exp(—ct/|| X|[7,) < 2exp(—ct*/(L?| X|11,)

for a suitable absolute constant c.

It is standard to verify that for every f,g, |fgllu, S I1fllwallgllwe, and
that if Xq,..., Xy are independent copies of X and 1 < a < 2, then

Xillgo S 11X ||, logh/* N. 2.1
Il max Xifl, S Xl log (2.1)

An additional feature of v, random variables is concentration, namely
that if (Xz‘)i]L are independent copies of a 1, random variable X, then
Nt Zf\il X; concentrates around EX. One example of such a concentration
result is the following Bernstein-type inequality (see, e.g., [15]).

Theorem 2.2 There exists an absolute constant cy for which the following
holds. If X1, ..., XN are independent copies of a 11 random variable X, then
for every t > 0,

pr(

N

1 .

N g X; —EX| > t||X||w1> < 2exp(—coN min{t?,t}).
i=1



One important example of a probability space considered here is the dis-
crete space 2 = {1, ..., N}, endowed with the uniform probability measure.
Functions on  can be viewed as vectors in RY and the corresponding L,
and 1, norms are denoted by || - ||le7v and | - [[ -

A significant part of the proofs of Theorem A has to do with the be-
haviour of a monotone non-increasing rearrangement of vectors. Given
v € RV let (vf)X, be a non-increasing rearrangement of (|v;|)Y,. It turns

out that the 12’ norm captures information on the coordinates of (v})¥ ;.

Lemma 2.3 Foreveryl < a < 2 there exist constants ¢ and co that depend
only on o for which the following holds. For every v € RY,

* *

;] v}
1 sup < Jv][yy < c2sup

i<N log!/®(eN/i) i<N log!/®(eN/i)

Proof. We will prove the claim only for a = 2 as the other cases follow an
identical path.

Let v € RY and denote by Pr the uniform probability measure on Q =
{1,..., N}. By the tail characterization of the 12 norm,

N7'W5 = fojl > 8] = Pr(jv] > t) < 2exp(—ct?/||v]|3 ).

Hence, for t; = 0*1/2\|vl\¢§v\/10g(eN/i), {j : |vj| > ti}| < 2i/e <, and for
every 1 <1 < N, vj <t;. Therefore,

*
V-

SUp —F—————= Ul s
iSJI\)/ V0og(eN/i) — el

as claimed.
In the reverse direction, consider

B={8>0:V1<i<N\, Hvaév > Bv; /y/log(eN/i)}.

It is enough to show that B is bounded by a constant that is independent of
v. To that end, fix 5 € B and without loss of generality, assume that 5 > 2.

Set B = sup,<y Bv;/+/log(eN/i) and since 3 € B, Hvaév > B.
Also, since 1/4% < 1,

i 1 1/ﬂ2<1+/N l 1/62d$< lel/ﬁ2
im1 1 - 1 T - 1—1//82
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Therefore,
N N N
> exp(v]/B%) = exp((vf)?/B?) <Y exp(B*log(eN/i))
i=1 i=1 i=1

N 1/p2 1-1/62 1/
eN g N Ne
<§(z) < (eN)Y TR S ToyE <
=1

)

provided that § > ¢;. Thus, if § > ¢1, [Jv]|,y < B which is a contradiction,
showing that B is bounded by ¢;. ]

2.1 Empirical and Subgaussian processes

The sampling method used here is isotropic and L-subgaussian, meaning
that the vectors (a;) i]\il are independent and distributed according to a prob-
ability measure p on R™ that is both isotropic and L-subgaussian [15]:

Definition 2.4 Let u be a probability measure on R™ and let a be distributed

. . o n 2
according to . The measure u is isotropic if for every t € R™, E<a,t> =
[t]|3. It is L-subgaussian if for every t € R™ and every u > 1, Pr(|(a,t)| >
Lul|(t,a)||2) < 2exp(—u?/2).

Given T C R™, let dr = sup,er ||t]|2 and put k. (T) = (¢(T)/dr)?. The
latter appears naturally in the context of Dvoretzky type theorems, and in
particular, in Milman’s proof of Dvoretzky’s Theorem (see, e.g., [11]).

Theorem 2.5 [10] For every L > 1 there exist constants ¢1 and cy that
depend only on L and for which the following holds. For every u > cq,
with probability at least 1 — 2exp(—cau?k.(T)), for every t € T and every
Ic{1,..,N},

1/2

(Z<t, ai>2> < Lu? (z(T) +dr/ |1 log(eN/|I|)) .

i€l

For every integer N, let jr be the largest integer j in {1, ..., N} for which
UT) = dry/jlog(eN/j).

It follows from Theorem 2.5 that if t € T and |I| < jr,

O (tai))? Spu UT),

el

11



and if |I| > jp,

(O (ta)*)'? Sp dry/[Tlog(eN/IT]).

iel

Therefore, if v = (<t a;))Y; and (v})Y, is a monotone non-increasing rear-
rangement of (|v;|)X,, then

1/2 «r)

; , if 1 <jr
* 1 - * Vi 1 N
Y < ; Z(’Uj)Q SL,u (2.2)
j=1 dr+/log(eN/i) otherwise.

This observation will be used extensively in what follows.
The next fact deals with product processes.

Theorem 2.6 [10] There exist absolute constants cg,c1 and co for which
the following holds. If T1,To C R™, 1 < 2/ < N and u > cpy, then with
probability at least 1 — 2 exp(—ciu?27),

N
sup Z<ai,t><ai, s> - E<a,t><a, s>
teTy, sels i=1

<o TP ((T)UT) + VN ((T)d(T) + (To)d(Ty) +29/2(T)d(T))

and

N

Z al, <a“ E\<a, t><a,5>|

=1

SCQLW(( T)UTy) + uV/N (( )(T2)+€(T2)d(T1)+2j/2d(T1)d(T2)>).

sup
teTy, s€Ty

Remark 2.7 Let (¢;)YY, be independent, symmetric, {—1,1}-valued random
variables. It follows from the results in [10] that with the same probability
estimate in Theorem 2.6 and relative to the product measure (e @ X)N

sup

N
E 81 alut> a’Lv >
teTy, se€T» -1

<L*u? < (Th)4(T) + uf( (Th)d(To) + £(T2)d(Ty) + 2j/2d(T1)d(T2))> .

12



Assume that (k*(T1))Y? = ¢(Ty)/d(Ty) > (T)/d(Ty). Setting 27/2 =
¢(T1)/d(T1), Theorem 2.6 and Remark 2.7 yield that with probability at
least 1 — 2exp(—ciu?ky(T1)),

N

sup Z<ai,t><ai,s> — E<a,t><a, s>

S LPaU(n) (D) + uV/Nd(Ty))
tETl, SETQ i=1

N
t Tsup . Z [(ai, t)(ai, s)| — E|{a,t){a,s)|| < L*u*(Ty) (E(Tg) + U\/Nd(Tg))
cly, s€la i=1
and
N
sup 6i<ai,t><ai, s> < LQUQE(Tl) (E(TQ) + ux/ﬁd(ﬂ)) . (2.3)
teTy, s€ls i—1

One case which is of particular interest is when 77 = T = T, and then,
with probability at least 1 — 2 exp(—cju?k.(T)),

N
sup <ai,t>2 - E<a,t>2
teT |

< L2 <£2(T) + U\/Nd(T)e(T)) .

i=

2.2 Monotone rearrangement of coordinates

The first goal of this section is to investigate the coordinate structure of
v € R™, given information on its norm in various L;* and ¢ spaces. The
vectors we will be interested in are of the form ({a;,t))~, for t € T, and for
which, thanks to the results presented in Section 2.1, one has the necessary
information at hand.

It is standard to verify that if ||v]|ym < A, then ||v[|, $pa A-m!/P. Thus,
lollzy Sp ol

It turns out that if the two norms are equivalent, v is regular in some
sense. The next lemma, which is a version of the Paley-Zygmund Inequality,
(see, e.g. [4]), describes the regularity properties needed here in the case
p=a=1.

Lemma 2.8 For every > 1 there exist constants ¢1 and cy that depend
only on B and for which the following holds. If [|v|[ym < B||v||Lm, there exists
I C{1,...,m} of cardinality at least cym, and for everyi € I, |v;| > cal|v|[Lm.

13



Proof. Recall that [[v|ym ~ sup;<;<,, vi/log(em/i). Hence, for every
I<j<m,

J J

> v S ol Y log(em/e) < Bllv]| Ly jlog(em/s).

=1 =1
Therefore,
mlvllp = Z og| =D v + Z vy < coB|vl|Lyiloglem/) + Z vg -

1<j l=j+1 l=j+1
Setting ¢1(8) ~ 1/(Blog(ep)) and j = ¢1(B)m,
coB||vlLygloglem/j) < (m/2)|[v| Ly

Thus, > )%, v > (m/2)]Jv]| Ly, while

. 1
Vg < 1 Z vy S ﬁlOg(eB)HUHLT'
I e

Let I be the set of the m — j smallest coordinates of v. Fix n > 0
to be named later, put I, C I to be the set of coordinates in I for which
|vi| > nlv][Ly and denote by I its complement in I. Therefore,

(m/2)llolly < Y v =D ol + Y loel < vja Iyl + o) oy L]

>j+1 tel, telg
|1, |I¢|
Slelepl (Sog(es) 1+ ).

Hence,

<10 (oot (1~ B)) 5 m (o100 ).

If n = min{1/4, (5/2)log(ef)}, then |I,| > (n/2)|I] > ca2()m, as claimed.
[

Next, let us turn to decomposition results for vectors of the form ({a;, ).
Recall that for a set 7 C RY, jr is the largest integer for which ¢(T) >

dr+/jlog(eN/j).
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Lemma 2.9 For every L > 1 there exist constants c¢1 and co that depend
only on L and for which the following holds. Let T C R™ and set W =
{t/|tll2 : t € T} C S*~L. With probability at least 1 — 2 exp(—c1£?(W)), for
everyt € T, (<ai7 t>)ij\i1 = v1 + vy and v1, vy have the following properties:

1. The supports of v1 and ve are disjoint.
2. |Juillz < cal(W)|it|l2 and [supp(v1)| < jw -
3. |lvallyy < collt]]2

Proof. Fix ¢t € T and let J; C {1,...,N} be the set of the largest jw
coordinates of (|{a;,t)[);. Set

o1 = ((aj, t/|[tl2)jes and v = ((aj,t/|[tl2))jee-

By Theorem 2.5 and the characterization of the 1) norm of a vector using
the monotone rearrangement of its coordinates (Lemma 2.3),

[o1ll2 S LEW), and |||y S L.

To conclude the proof, set v; = ||t||2v1 and vo = ||¢t||202. |

Recall that for every R > 0,

t+s
T R:{: t,seT, ||t+s|z2|t—s QER},
+, ||t+8||2 || || H H
and a similar definition holds for T g. Set jy r = jr, 5, J—.r = jT, 5 and
Er = max{{(T} r),¢(T- r)}. Combining the above estimates leads to the
following corollary.

Corollary 2.10 For every L > 1 there exist constants ci,co,c3 and cq4
that depend only on L for which the following holds. Let T C R™ and
R > 0, and consider T g and T_ r as above. With probability at least
1 — dexp(—c L2 min{l*(T g),(*(T_ r)}), for every s,t € T for which ||t —
sll2llt + sll2 = R,

1. (<S —t, a»)fil = v1 + v9, for wvectors vi and vy of disjoint supports
satisfying

[supp(v1)| < j—gs [[orll2 < c2l(T- g)||ls=tll2 and [Jvaf| v < cofls—tl2,

15



2. (<3 + t, a»)ﬁil = uy + ug, for vectors uy and us of disjoint supports
satisfying

[supp(u1)| < ji.r, [lurlla < cl(Th r)l[s+tll2 and [luzllyy < cafls+t]2.

3. If hgy(a) = <\\55Lﬁ|2’a><|l st ,a>, then

s—t|2

1 N
D Ihoalan) — Elh
=1

Egr E]%)
<cl|l—=+— 1.
’ (m N
In particular, recalling that for every s,t € T,
E|(s+t,a)(s —t,a)| > rolls + tll2]ls — t]|2,

it follows that if VN > c4(L)Eg/ko then
4.

K 1 N

S lls + tll2lls — tl]2 < N; (s +t,ai)(s =t ai)| Si lls +tll2lls —
(2.4)

From here on, denote by €; g the event on which Corollary 2.10 holds
for the sets T g and T_ g and samples of cardinality N > F%/k3.

Lemma 2.11 There exist constants cg depending only on L and c1, k1 that
depend only on kg and L for which the following holds. If N > COE]Q%/K;(Q),
then for (a;)q € Qy g, for every s,t € T for which ||s —t|j2||s + t||l2 > R,
there is Iy C {1,..., N} of cardinality at least k1N, and for every i € Iy,

(s = t,a;)(s + t,a;)| = c1]ls — tl2]|s + t]2

Lemma 2.11 is an empirical “small-ball” estimate, as it shows that with
high probability, and for every pair s,t as above, many of the coordinates
of ([{as,s —t)| - [(ai, s + t)|)I¥, are large.

Proof. Fix s,t € T as above and set

Y= (<5 - t,ai>)£\;1, and z = (<s +t, ai>)£\i1.

16



Let y = v14v and & = ui+us as in Corollary 2.10. Let jo = max{j_ r,j+ r}
and put J = supp(v;) Usupp(u;). Observe that |J| < 2jy and that

Sz < DY fu@eG)+ Y. wG)wmG)

jeJ Jj€supp(v1) j€supp(u1)
1/2 %o 1/2
<lvill2 ( ) + Jlur ]2 <Z(yz(j))*>
i=1

SLlT-r)|ls = tll2 - vjolog(eN/jo)lls + tl2
H(Ty p)lls + 2 - wolog 6N/Jo ls = tll2

SLEBls = tlalls + ¢l < ©

Hs — tll2lls + tll2,

because, by the definition of jo, /jolog(eN/jo) S max{¢(T_ r),¢(T+ r)}
and since N > coE%/k3 for cg = co(L) large enough.

Thus, by (2.4),

> y()z (i)l = Neolls — tl2ls + tll2/4.
jeJe

Set m = |J°| and let z = (y(j)z(j))jese = (va(j)u2(j))jese. Since N Zp
E% /K3, it is evident that jo < N/2; thus N/2 <m < N and
N >
12l = Z ()2 ()] 2 o —kolls = tlzlls +tll2 T wolls — tllzlls + 2.
]EJC

On the other hand,

2]l < [(vaua(d))jerllom < llvallpplluzlley Skolls — tll2lls +tlz,

and z satisfies the assumption of Lemma 2.8 for 8 = ¢;(L, kp). The claim
follows immediately from that lemma. ]

3 Proof of Theorem A

It is well understood that when analyzing properties of ERM relative to
a loss £, studying the excess loss functional is rather natural. The excess
loss shares the same empirical minimizer as the loss, but it has additional
qualities: for every x € T, EL, > 0 and £;, = 0.

17



Since 0 is a potential minimizer of {PyL; : € T}, the minimizer &
satisfies that PyL; < 0, giving one a way of excluding parts of T" as potential
empirical minimizers. One simply has to show that with high probability,
those parts belong to the set {z : PyL, > 0}, for example, by showing that
Py L, is equivalent to EL,, as the latter is positive for points that are not
true minimizers.

The squared excess loss has a simple decomposition to two processes: a
quadratic process and a multiplier one. Indeed, given a class of functions F'
and f € F,

(f(a) —y)* = (f*(a) =) = (fla) = f*(a))® = 2(f(a) — £*(a)) (f*(a) — y).

where, as always, f* is a minimizer of the functional E( f(a) — y)2 in F.
In the phase retrieval problem, y = <:c0, a>2 + w for a noise w that is

independent of a, and each f, € F'is given by f, = <x, ->2. Thus,

La(a,y) = Lola,y) = ayla,y) = (fula) = )" = (fanla) =)
= (<x — T, a><a: + x, a>)2 — 2w<a: — T, a><x + g, a>.

Since w is a mean-zero random variable that is independent of a, and by
Assumption 1.1,

ELy(a,y) = E[(z — w0, a)(z + x0,a)| > sz — zoll3 ]|z + woll3.

Therefore, E(fx(a) — y)2 has a unique minimizer in F: f* = f,, = f_4,.
To show that PyL, > 0 on a large subset 77 C T, it suffices to obtain a
high probability lower bound on

N

inf > (&= 20,0 (x + 20, ;)

i=1

that dominates a high probability upper bound on

N
5;1%)/ % Z;wl@c — X0, ai><:v + xg, ai> .

The set 77 that will be used is T = {z € T : || — xol2||x + x0||]2 > R} for
a well-chosen R.
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Theorem 3.1 There exist a constant cy depending only on L, and constants
c1, k1 depending only on kg and L for which the following holds. For every
R>0and N > C()EIQDL/KZ%, with probability at least

1-14 exp(—clL2 min{£2(T+7R), €2<T—,R)})7

for every x € Tg,

N

1
5 (a0 = @,a) (@0 + @,0)” 2 erlleo = allao + 2.
i=1

Theorem 3.1 is an immediate outcome of Lemma 2.11

Theorem 3.2 There exist absolute constants c¢1 and co for which the fol-
lowing holds. For every B > 1, with probability at least

1 — 2exp(—c1 L min{*(T} ), (T p)}) — 2N~ 7Y,

for every x € Tg,

N
1
N sz<$ — X, ai><x + xo,ai>

ERr
< ca/Bllwlly, \/@'ﬁ”ﬂﬂ*%HszﬁLxdb-

Proof. By standard properties of empirical process, and since w is mean-
zero and independent of a, it suffices to estimate

N
1
a:sél%; N;&\wi<$—$07ai><ﬂ?+xo,ai> )

for independent signs (gz)fil By the contraction principle for Bernoulli
processes (see, e.g., [9]), it follows that for every fixed (w;)Y.; and (a;)¥,,

T+ xg

Pr. | sup €;lw , ,a; )| > u
<T Z el ) o o ) )

<2Pr. | max|w;| - su iz:zs< R a;i ){ il ai) > 2

S N & e e w7 7))

z€TR
Applying Remark 2.7, if N > Er then with (¢ ® a)V-probability of at least
1 — 2exp(—ci L* min{¢*(T g), (*(T- r)}),

Z T~ o a><wal>

M o —woll2” M [l + o2

Er

sup < CQLQ\/—N.

z€TR
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Also, because w is a 9 random variable,
Pr(w] 2 tl|wlly,) < 2N exp(~t*/2),

and thus, w} < /281log N| 1wy, with probability at least 1 — 2N ~F+L,
Combining the two estimates and a Fubini argument, it follows that with
probability at least 1 —2exp(—cy L2 min{¢*(T; g), (*(T- g)}) —2NP*+1 for
every x € Tg,
1 & E
R
v 2wl = w0,ai) (e +20,0)| < esl2V/Blwlle Viog N = e—aolllla-ao
i=1
|

On the intersection of the two events appearing in Theorem 3.1 and
Theorem 3.2, if N 2., 1. E}%{ and setting

p = ||z — xo|l2||z + zoll2 > R > ra(c1k0/(c2L*\/B)),

then for every z € T,

E
Put, = (et - al?VBlul Vs N -T2 )

E
> (cng — o L?\/B||w]|y, v/ 10g N\/]%> R.

Therefore, if N 21, ., E% and

R N
Er <c3(L 1
n = bR\ Bl N .

then PyL; > 0 and & € Tr. Theorem A follows from the definition of r5(7y)
for a well chosen 7.

4 Proof of Theorem B

Most of the work required for the proof of Theorem B has been carried out
in Section 3. A literally identical argument, in which one replaces the sets
Ty g and T_ g with T’y r(x¢) and T r(zo) may be used, leading to an anal-
ogous version of Theorem A, with the obvious modifications: the complexity
parameter is max{{(T} r(zo)), (T r(zo))} for the right choice of R, and
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the probability estimate is 1 — 2 exp(—co min{¢*(T r(z0)), ¢*(T- r(20))}) —
N=AHL
All that remains to complete the proof of Theorem B is to analyze the

structure of the local sets and identify the fixed points ro and ro. A first
step in that direction is the following:

Lemma 4.1 There exist absolute constants c1 and co for which the following
holds. For every R > 0 and |zo|l2 > VR/4,

1. If [|lzoll2 min{ ||z — xo|l2, [z + zol[2} > R then ||z — zol2[|z + 202 > c1 R.
2. If ||x — zol|2]|]z + mo||2 > R then ||zo||2 min{||z — xo||2, ||z + xo||2} > c2R.

Moreover, if ||zoll2 < VR/4 then ||z — xo|l2||z + oll2 > R if and only if
|]l2 Z VR.

Proof. Assume without loss of generality that ||z — xzgl|2 < ||z + zo]|2-
If ||$ - 33‘0”2 < ||$0H2 then

zoll2 < 2[|zoll2 — [|7 — zoll2 < ||z + woll2 < || — 2oll2 + 2|70 ]|l2 < 3[[zol|2-
Hence, ||z¢||2 ~ ||z + xo||2, and
|lzoll2 min{ ||z — xoll2, |7 + zol[2} ~ ||z — zoll2]| + zo|2-

Otherwise, ||z — zgl|2 > ||zo]|2-
If, in addition,

llzoll2 > (|2 — zoll2llz + zoll2) /% /4,

then
1/2 1/2
Allzolla > |z — zoll2lle + zoll2) /2 > xolly *||= + woll%,

and thus ||z + zgll2 < 16||xo|l2. Since ||zoll2 < ||z — xoll2 < ||z + zo]|2, it
follows that ||x + zg||2 ~ ||z — x0ll2 ~ ||z0||2, and again,

|l zoll2 min{ ||z — xoll2, |7 + zol[2} ~ |2 — zoll2]|x + zo|2-

Therefore, the final case, and the only one in which there is no point-wise
equivalence between ||z —xq||2||z+xo||2 and ||zo||2 min{ ||z —zo]|2, ||z +zo||2},
is when min{||z — zo|l2, [[# + @ol[2} = [[zoll2 and [zoll2 < ([[z — @ol[2ll= +
xo||2)Y/?/4. In that case, if ||lzoll2 > v/R/4 then

lzoll2 min{||z — o2, ||z + zol2} > [lzoll3 > R/16,
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and
Iz — mollallz + zoll2 > 4l|z0ll5 > R/4,

from which the first part of the claim follows immediately.
For the second one, observe that

113 = 2llzoll2llzll2 < llz = zoll2llz + woll2 < 2|3 + 2[lzll2]|zoll2 + I|zoll3,

and if ||zg|l2 < V/R/4, the equivalence is evident. |

In view of Lemma 4.1, the way the product ||x — zgl|2||x + zo]|2 relates
to min{||lz — zoll2, |z 4+ zol]2} depends on ||zo|2. If ||zo||2 > v/R/4, then

{z € T: |lz—aoll2llz+zoll2 < R} C {z € T : min{|lz—wzol|2, [|z+zo[[2} < c1R/[|zoll2}
and if ||zoll2 < VR/4,
{zeT: ||z —zol2l|z+zo0ll2 <R} c{zeT: |zl <aVR},

for a suitable absolute constant c;.
When T is convex and centrally-symmetric, the corresponding complex-
ity parameter - the gaussian average of T r(xo) = T— r(xo) is

l=oll2 . (2T 1 (e1 R/ ||z0]|2)BY) if |lwoll2 > VR,

Er(zo0) <

J5l(2T NerVRBY) if ||zoll < VR.

The fixed point conditions appearing in Theorem A now become
ro = inf{R : Eg(xo) < &2V N} (4.1)

and
ro(y) = inf{R : Eg(z) < yVNR}, (4.2)

where one selects the slightly suboptimal v = co/0+/log N. The assertion of
Theorem A is that with high probability, ERM produces & for which

|z — xol2]|Z + zo|l2 < max{ra(y),70}.

If ||zo]l2 > V/R, the fixed-point condition (4.1) is

(2T A (1R |Joll2) BY) < s (R> VN (43)

lzoll2
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while (4.2) is,

2012 (o1 1 (12 oll2)BS) < (ca/olog N) VR, (4.4)

Recall that

4 (Q) = inf{r > 0: (T NrB}) < QrvN},
and

sh(n) =inf{s > 0: 4(T N sBY) < ns’VN}.
Therefore, it is straightforward to verify that

ro = 2||zol|2rn(c3) and T‘Q(CQ/(O'\/IOgN)) = 2||xo||2sn (cal|zol|2/0\/log N).

Setting R = 2|zgl|2 max{r}(c3), sy (cal|zol|2/ov1og N)}, it remains to en-
sure that ||xo||3 > R; that is,

2max{sy(cal|wol2/o\/log N),mx(c3)} < ||lzo]2- (4.5)
Observe that if

ry(es) < ﬁx/log N, (4.6)

cal|zoll2

then 73 (c3) < siy(callzoll2/0v10og N). Indeed, applying the convexity of T,
it is standard to verify that r3,(Q) is attained and 73, (Q) < p if and only
if (T N pBY) < QpvVN — with a similar statement for s (see, e.g., the
discussion in [7]). Therefore, si (n) > r(Q) if and only if /(T N7} (Q)) >
n(ri(Q))?VN. The latter is evident because /(T N 75 (Q)) = Qri (Q)VN
and recalling that Q = c3 and 1 = ¢4||zgl|2/0+/Iog N.

Under (4.6), an assumption which has been made in the formulation
of Theorem B, (4.5) becomes 2s%(ca||zo|l2/o+v/10g N) < ||xoll2 and, by the
definition of s}, this is the case if and only if

callzoll2 9
oT N pry < Calizoll2 VN:
(T N ||lwoll2By) < o /oa N |zoll2

that is simply when ||zo|l2 > v}, (¢) for ¢ = ca/o/log N.
Hence, by Theorem A, combined with Lemma 4.1, it follows that with
high probability,

min{[2 — zoll2, 2 + zoll2} < 25 (callzoll2/ov/1og N).

The other cases, when either ||zg||2 is ‘small’, or when ry dominates ro are
treated is a similar fashion, and are omitted. [
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5 Minimax lower bounds

In this section we study the optimality of ERM as a phase retrieval pro-
cedure, in the minimax sense. The estimate obtained here is based on the
maximal cardinality of separated subsets of the class with respect to the
La(p) norm.

Definition 5.1 Let B be the unit ball in a normed space. For any subset A
of the space, let M(A,rB) be the mazimal cardinality of a subset of A that
1s r-separated with respect to the norm associated with B.

Observe that if M(A,rB) > L there are x1,...,x;, € A for which the sets
x;+ (r/3)B are disjoint. A similar statement is true in the reverse direction.

Let F be a class of functions on (£2, ) and let a be distributed according
to p. For fo € F and a centred gaussian variable w, which has variance o
and is independent of a, consider the gaussian regression model

y = fola) +w. (5.1)

Any procedure that performs well in the minimax sense, must do so for any
choice of fp € F in (5.1).

Following [7], there are two possible sources of ‘statistical complexity’
that influence the error rate of gaussian regression in F.

1. Firstly, that there are functions in F' that, despite being far away from
fo, still satisfy fo(a;) = f(a;) for every 1 < i < N, and thus are
indistinguishable from f on the data.

This statistical complexity is independent of the noise, and for every
fo € F and A = (a;)YY,, it is captured by the Lo(u) diameter of the
set

K(fo,A) = {f € F: (f(ai))ily = (fo(ai)iLs},
which is denoted by d} (A).
2. Secondly, that the set (F'— fo)NrD ={f—fo: f€ F | f— follr, <r}
is ‘rich enough’ at a scale that is proportional to its Lo(p) diameter r.

The richness of the set is measured using the cardinality of a maximal
Lo(p)-separated set. To that end, let D be the unit ball in Lo(u), set

C(r,6p) = sup 7’log1/2 M(F N (fo+6orD),rD)
foeF

and put
gy(n) =inf{r>0:C(r,00) < nr?v'N}. (5.2)
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Theorem 5.2 [7] For every fy € F let IP)E%N be the probability measure that

generates samples (a;, yi)~., according to (5.1). For every 6y > 2 there exists
a constant 01 > 0 for which

nt sup 25 (|10 1], = maxtan /o). (G0 0) 2155 53

where inff s the infimum over all possible estimators constructed using the
given data.

Earlier versions of this minimax bound may be found in [14], [16] and [1].

To apply this general principle to the phase recovery problem, note that
: . 2
the regression function is fo(z) = (wo,z)” := fy,(z) for some unknown
vector xg € T' C R™, while the estimators are f = <:%, ->2. Also, observe that
for every x1,x0 € T,

2 242 2 2
| fzo — meig(u) = E(<$0,a> — <x17a> ) = E<x0 - xl,a> <$0 + :cl,a>
and therefore, one has to identify the Lo structure of the set
2 2
F— foo ={(z,)" = (20,-)" 1z € T}.
To obtain the desired bound, it suffices to assume the following:

Assumption 5.1 There exist constants C1 and Co for which, for every
s, t € R™,

CHils — tlI3lls +t13 < E(s —t,a)"(s +t,a)* < C3lls — tl3lls + ¢113.

It is straightforward to verify that if a is an L-subgaussian vector on
R™ that satisfies Assumption 1.1, then it automatically satisfies Assumption
5.1.

The norm ||zgl|, plays a central role in the analysis of the rates of con-
vergence of the ERM in phase recovery. Therefore, the minimax lower
bounds presented here are not only for the entire model 7" but for every
shell Vo = T'N RpS™!. A minimax lower bound over T follows by taking
the supremum over all possible choices of Rjy.

To apply Theorem 5.2, observe that by Assumption 5.1, for every u,v €
T,

Cillu = vl2llu+vl2 < [[fo = full Lo < Callu = vl2[lu+ 2.
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Fix Ry > 0 and consider Vj = T N RyS™ . Clearly, for every » > 0 and
every xg € Vp,

Oor
{we Vo u—wolbllutzollo < F} € {u€ Vo fu € F' 0 (fr +00rD))

(5.4)
where F' = {f, : u € V)}.
Fix 69 > 2 to be named later, and let #; be as in Theorem 5.2. If there
are g € Vp and {z1,...,xp} C Vp that satisfy

L lzs = zoll2llwi + zoll2 < Oor/Co,
2. forevery 1 <i < j <M, ||z; —zjl|2]|zs + xj|l2 > r/C1, and
3. log M > N(b1r/0)?,

then supy cpr rlog!/?2 M(F' N (fo + 6orD),rD) > 617N /o, and the best
possible rate in phase recovery in 1 is larger than 7.

Fix 29 € Vy and r > 0, and let R = r/Cy. We will present two different
estimates, based on Ry = ||zgl|,, the ‘location’ of zg.

Centre of ‘small norm’. Recall that 8y > 2 and assume first that Ry =
|zoll2 < v6pR/4. Note that

Gor
N(VE/8)B < {ue Vo llu—wollsllu+ wolls < o 3

and thus it suffices to constructed a separated set in Vo N (v R/8)BY.

Set 1, ...,z to be a maximal c3v/ R-separated subset of Vo N (vV'R/8)BY
for a constant cg that depends only on C; and Cs and which will be specified
later; thus, L = M (Vo N (VR/8)BY, c3vV/ RBY).

Lemma 5.3 There is a subset I C {1,...,L} of cardinality M > L/2 — 1
for which (x;);cr satisfies 1. and 2..

Proof. Since z; € (VR/8)BY and ||zgl2 < VO R/4,
| z; — zoll2]|: + zoll2 < (V0o + 1)VR/4)? < R = for/Cs,

and thus 1. is satisfied for every 1 <i < L.
To show that 2. holds for a large subset, it suffices to find I C {1, ..., L}
of cardinality at least L/2 — 1 such that for every i,j € I,

s —wjlle > esVR/2 and |z + a2 > esVR/2
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for a well-chosen cs.

To construct the subset, observe that if there are distinct integers 1 <
i,j,k < L for which ||z; + 2|2 < e3v/R/2 and ||x; + zx|2 < c3V'R/2, then
|z; — z1|]2 < c3V/R, which is impossible. Therefore, for every x; there is at
most a single index j € {1,..., L}\{i} satisfying that |z; + x;|j2 < c3VR/2.
With this observation the set I is constructed inductively.

Without loss of generality, assume that [ = {1,..., M} for M > L/2 —1.
Ifi#jand 1 <4, <M,

i = zjll2]|zi + jll2 > SR/4 = 2r/Cy,

for the right choice of c3, and thus (z;)}, satisfies 2.. ]

Centre of ‘large norm’. Next, assume that Ry = ||zo|l2 > vV6oR/4. By
Lemma 4.1, there is an absolute constant ¢4 < 1/32, for which, if ||zg|l2 >
V/B/4 and [l l2 min{[o—go |z, oo l2} < csp, then o—aozl|z-+zoll2 < p-
Therefore, applied to the choice p = Oy R,

(Vo N (zo + (caboR/||z0ll2) By )) U (Vo N (=z0 + (caboR/[|x0l]2) BY))
C{u e Vo llzo — ull2llzo + ull2 < 6o R},

and it suffices to a find a separated set in the former.
Note that if z € Vo N (xo + (caboR/||x0||2) BY) then

z[l2 > [lzoll2 — caboR/||xoll2 > llzoll2/2 > /0o R/4/4

because one can choose ¢4 < 1/32, and ||z||2 < 3||xoll2/2. Moreover, if
x1,T9 € Vo N (xo + (C490R/H1‘0H2)B§), then

1 + @all2 > 2||zoll2 — 2cab0R/[|70ll2 > [|7o]|2-
Applying Lemma 4.1, there is an absolute constant cs, for which, if
zoll2 min {||z; — zj|2, z: + z;[l2} > 6o R/4, (5.5)

then
zi — xjll2llzi + zjll2 > cs00 /4.

Hence, if 1, ..., 23 € VoN (20 + (caboR/||z0||2) BY) is OoR/4||xo||2-separated,
then (5.5) holds, and

lzi — zjll2llzi + 2jlla = cs00R/4 = v/ Ch,
provided that 6y is a sufficiently large constant that depends only on C; and
Cs.
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Corollary 5.4 There exist absolute constants 01, c1,co and c3 that depend
only on C1 and Cy and for which the following holds. Let Ry > 0 and set
Vo =T N RyS™ . Define

log M (Vo N e1/TBY, ca/TBY) if Ry < c3y\/r,
q(r) =
Sup,, v, log M (VO N (xo + (RL()) Bg) ,CQRLOBS) if Ro > c3v\/r

If ¢ (r) > 61(r/0)?N, then the minimax rate in Vo is larger than r.

Now, a minimax lower bound for the risk min{||Z — zo||,, ||Z + 0|5} for
all shells Vj (and therefore, for T') may be derived using Lemma 4.1. To
that end, let ¢y be a large enough absolute constant and

C(Ro,r) = sup  rlog'/? M((T N ReS™ 1) N (w0 + corBY), rBY).
20€T:||zolls=Ro
(5.6)
Definition 5.5 Fiz Ry > 0. For every o, > 0 set
gn(@) =inf {r > 0:C(Ry,7) < oer\/N}

and put
tn(8) = inf {r > 0: C(Ro,7) < pr3vVN}.

Note that for any ¢ > 0, if t§(c) <1 then t}/(c) > g} /(c) and ¢} (cRo/0) >
ta(c/o) if and only if ¢} (cRo/o) > Ro.

Theorem C. There exists an absolute constant ¢; for which the following
holds. Let Ry > 0.

1. If Ry >ty (cl/a), then for any procedure I, there exists xg € T with
|zo|l, = Ro and for which, with probability at least 1/5,

i i 1 2o
12 = 2olly 12+ olly > llaolly ai (22

and

c1 IIwollz>

min{ |7 = 2oy 13 + wols} > ai (-
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2. If Ryg <ty (01/0) then for any procedure Z there exists x¢g € T with
|zo|l, = Ro for which, with probability at least 1/5,

N - « (C1Y)2
13 = ol 1 + woll, > (t (%))

o
and

- . ~ C1
I8y 117 = woll 117 + ol > £ ().

Theorem C is a general minimax bound, and although it seems strange
at first glance, the parameters appearing in it are very close to those used in
Theorem C. Following the same path as in [7], let us show that Theorem C
and Theorem C are almost sharp, under some mild structural assumptions
onT.

First, recall Sudakov’s inequality (see, e.g., [9]):

Theorem 5.6 If W C R" and € > 0 then
celog'/? M(W,eBY) < (W),
where ¢ is an absolute constant.
Fix Ry > 0 set Vo =T N RyBY, and put
sk = sk (c1Ro/(0+/log N)) and vk = vi(c1Ro/(o/log N)).

Assume that there is some xg € T, with the following properties:

L |[zolly = R.

2. The localized sets Vo N (xg + siyBy) and Vo N (zg + vi, By) satisfy that

(Vo N (wo + sy S"™1)) ~ (TN sy BY)

and that
(Vo N (2o + v S™ 1) ~ (T NouyBY),

which is a mild assumption on the complexity structure of T'.

3. Sudakov’s inequality is sharp at the scales s} and v}, namely,
sk log!® M(Vo N (wo + cosiyBY), sy By) ~ (Vo N (w0 + sy BY)) (5.7)

and a similar assertion holds for vy;.
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In such a case, the rates of convergence obtained in Theorem B are minimax
(up to the an extra /log N factor) thanks to Theorem C.

When Sudakov’s inequality is sharp as in (5.7), we believe that ERM
should be a minimax procedure in phase recovery, despite the logarithmic
gap between Theorem B an Theorem C. A similar conclusion for linear
regression was obtained in [7].

Sudakov’s inequality is sharp in many cases - most notably, when T' =
BT, but not always. It is not sharp even for standard sets like the unit ball
in (7 for 14 (logn)~! <p < 2.

6 Examples

Here, we will present two simple applications of the upper and lower bounds
on the performance of ERM in phase recovery. Naturally, there are many
other examples that follow in a similar way and that can be derived using
very similar arguments. The choice of the examples has been made to il-
lustrate the question of the optimality of Theorem A, B and C, as well as
an indication of the similarities and differences between phase recovery and
linear regression. Since the estimate used in these examples are rather well
known, some of the details will not be presented in full.

6.1 Sparse vectors

The first example we consider represents classes with a local complexity that
remains unchanged, regardless of the choice of zg.

Let T' = Wy be the set of d-sparse vectors in R" (for some d < N/4)
— that is, vectors with at most d non-zero coordinates. Clearly, for every
R>0Tyr,T_Rr C WogNS™~L. Also, for any 2o € T and any I C {1, ...,n}
of cardinality d that is disjoint of supp(zy),

(1/\@)5%{(“’_W-:cewd},{mwmewd},

|z — xoll2 |z + xoll2

where S’ is the unit sphere supported on the coordinates I.
With this observation, a straightforward argument shows that,

U(Ty R),U(T- R) ~ \/dlog(en/d).

Applying Theorem A, if follows that for N = dlog (en / d), with probability
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at least 1 — 2 exp(—c(dlog(en/d))) — N=P+1 ERM produces # that satisfies

. . dlog(en/d
&~ zolllle + zolls a0 oy DD g N = (1), (6)

Moreover, with the same probability estimate, if ||110||§ 2 (*) then by Lemma
4.1,

NPT . o dlog(en/d)
mln{Hx - 330H27 ||$ + ‘TOHQ} §H07L7/B H‘TOH N \% log N (62)
2

and if ||zo||3 < (%) then

. . . dlog(en/d
#1312 — 0l 12+ 20l Suoz oy B D Vi N (63
In particular, when ||zgl|, is of the order of a constant, the rate of con-
vergence in (6.1) and (6.2) is identical to the one obtained in [7] in the linear
regression (up to a v/log N term). In the latter, ERM achieves the minimax
rate (with the same probability estimate) of

. dlog(en/d)
| — zoll2 Sz o N
Otherwise, when ||zg||, is large, the rate of convergence of the ERM in (6.2)
is actually better than in linear regression, but, when ||zo||, is small, it is
worse - deteriorating to the square root of the rate in linear regression (up
to logarithmic terms).

When the noise level o tends to zero, the rates of convergence in linear
regression and phase recovery tend to zero as well. In particular, exact
reconstruction happens — that is £ = zg in linear regression and & = xq or
T = —xg in phase recovery — when N 2 dlog (en/d).

For the lower bound, it is well known that log"/? M (WyNcorBY, rBY) ~
\/dlog(en/d) for every r > 0 (and ¢y > 2). Combined with the results of the
previous section, this suffices to show that the rate obtained in Theorem A
is the minimax one (up to a y/log N term in the “large noise” regime) and
that the ERM is a minimax procedure for the phase retrieval problem when
the signal xg is known to be d-sparse and N 2 dlog (en/d).

6.2 The unit ball of /7

Consider the set T' = BT, the unit ball of /7. Being convex and centrally
symmetric, it is a natural example of a set with changing ‘local complexity’ —
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which becomes very large when xg is close to 0. Moreover, it is an example
in which one may obtain sharp estimates on ¢(B} N rBj) at every scale.
Indeed, one may show (see, for example, [5]) that

log(enr?) if r?n > 1
((BY NrBy) ~

rv/n otherwise.
It follows that for BT, one has
~(gvlos(gae))” itnz@N
(@) <4+ if C1Q?N < n < CoQ2N
=0 if n < C1Q%N.

where Cy and C; are absolute constants. The only range in which this
estimate is not sharp is when n ~ Q?N, because in that range, v (Q)
decays to zero very quickly. A more accurate estimate on ¢(B} NrBY) can
be performed when n ~ Q?N (see [8]), but since it is not our main interest,
we will not pursue it further, and only consider the cases n < C1Q*N and
n > C()Q2N .
A straightforward computation shows that the two other fixed points
satisfy:
1/4
(ﬁlog (7772‘—?\,)) / if n > nvN
sn(n) ~
o if n <nVN

and

1/6
(elos (&) ifnz= BN

N———

un(¢) ~

1/4
() / it n < CY3N/3.
The estimates above will be used to derive rates of convergence for the ERM
Z (for the squared loss) of the form

min{||Z — zo||y, [|Z + x|y} < rate.

Upper bounds on the rate of convergence rate follow from Theorem B, and
hold with high probability as stated in there. For the sake of brevity, we
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will not present the probability estimates, but those can be easily derived
from Theorem B.

Thanks to Theorem B, obtaining upper bounds on rate involves the
study of several different regimes, depending on ||z||,, the noise level o and
the way the number of observations N compares with the dimension n.

The noise-free case: o = 0. In this case, rate is upper bounded by r} (@),
for () that is an absolute constant. In particular, when n > CyQ?N, the
rate is less than
1 1/2
(N~tlog (n/N)) ™'~
At this point, it is natural to wonder whether there is a procedure that
outperforms ERM in the noise-free case. The minimax lower bound d} (A)
in Theorem 5.2 may be used to address this question, as no algorithm can
do better than d};(A)/4, with probability greater than 1/5.
In the phase recovery problem and using the notation of section 5, one
has

dy(A) =sup {||fo = faolly : @ € BY, folai) = fap(ai) ,i=1,...,N}

~ sup{Hm — 20|y ||z 4+ xoll5 : x € BY, ]<a¢,$>\ = ](ai,a:0>\, i=1,...

> inf  sup{|lr —=x T+ xollo: ®€ B}, L(z) = L(x
2 it sup{llz —aolly o+ wolly: @ € BY. Lla) = Lwo))

with an infimum taken over all linear operators L : R” — RY.
By Lemma 4.1, for 9 = (1/2,0,...,0) € B} (in fact, any vector zp in
BY for which ||z||, is a positive constant smaller than 1/2 would do)

dy(A) 2 inf sup min{ ||z — zo||, , ||z + zo||, }
~ L:Rn RN z€BPN(kerL—xo) 2 2

2 inf sup x—1yll, = en(BY
ST LR . Iz =yl (BY)

which is the Gelfand N-width of Bf'. By a result due to Garnaev and
Gluskin (see [3]),

min{l, %log<%>} ifN<n
en(BY) ~

0 otherwise.

which is of the same order as 1}, (except when n ~ N, which is not treated
here). Therefore, no algorithm can outperform ERM and ERM is a minimax
procedure in this case.
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Note that when n < ¢;Q%N, exact reconstruction of zg or —z is possible
and it can happens only in that case (i.e. ¢ = 0 and n < ¢;Q?N) because
of the minimax lower bound provided by d} (A).

The noisy case: ¢ > 0. According to Theorem B, the rate of convergence
rate depends on 1} = 3 (Q) for some absolute constant @, sy = sj(n) for
n = cil||zolly /(0v/Ilog N) and on vy, = vy(() for ( = ¢1/(0y/log N). The

outcome of Theorem B is presented in Figure 1.

rate < | o/ [[woll, < core/VIBN | o/ [aolly = corsy/vIog N
[0l < & r B

*

|olly = vy N Uy

Figure 1: High probability bounds on the rate of convergence of the ERM
& for the square loss in phase recovery: min{||Z — zol|,, ||Z + zol|5} < rate.

As the proof of all the estimates is similar, a detailed analysis is only
presented when (2/3N1/3 < ny/N < C1Q%N, which is equivalent to

c1Q%*0+/Nlog N

1

(02 logN)l/6 <z, <
— x
alN = [I70ll2 =

The upper bounds on rate change according to the way the number of
observations N scales relative to n:

1. n > CoQ*N. In this situation, r} ~ (log(n/N)/N) 2 Therefore, if
o/ |lzolly S v/1og(n/N)/(N log N) then rate < (log(n/N)/N)"?,
if o/ lzolly 2 /log(n/N)/(Nlog N),

210 N 2,2 4 21oa N 2,3\ 1/6
<ﬂxo(ﬁ%N log (Ilgo\EN>> if Jlzoll; 2 (‘7 N log (U]\T[L ))

1/6
<02 IX,g N log (o’j\??’ ) > otherwise.

and

rate <

(6.4)

2. c1||zolly /(0v/Tog N)VN < n < C1Q*N. In that case 7y = 0. In
particular o/ ||zol|y > cory/v1og N and therefore, the rate is upper
bounded as in (6.4).

3. (cl/(a\/logN))Q/?’Nl/?’ < n < e zolly /(0v/Iog N)VN. Again, in

this case, ry = 0. Therefore, one is in the situation of the small
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stgnal-to-noise ratio and

1/6
g nlog N i o?log N o2n3
mg if [|lzolly = ( N 10g< N

1/6
(02 l](\)[g N log (”j\?g ) ) otherwise.

rate <

4. n < (cl/(a\/log N))2/3N1/3. Once again, ry = 0, and

1/2
o nlog N . nlog N
En VIR ol > (o 25)
1/2
(a\ / %) otherwise.

One may ask whether these estimates are optimal in the minimax sense,
or perhaps there is another procedure that can outperform ERM. It appears
that (up to an extra \/log N factor), ERM is indeed optimal.

To see that, it is enough to apply Theorem C and verify that Sudakov’s
inequality is sharp in the following sense: (see the discussion following The-
orem C): that if ||zl < 1/2, then for every € < 1/4

rate <

elog!? M (B} N (z0 + coeBY),eBY) ~ (B} NeBy).

This fact is relatively straightforward to verify (see, e.g., Example 2 in [10]).
Therefore, up to the extra /log N factor, which we believe is parasitic,
ERM is a minimax phase-recovery procedure in B.
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