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Preface

Most the results contained in this note have been presented at the SMF meeting, which took place in May
2011; the rest have been obtained shortly after the time of the meeting.

The question we study has to do with the optimality of Empirical Risk Minimization as a learning
procedure in a convex class — when the problem is subgaussian. Subgaussian learning problems are a
natural object because they are the simplest unbounded learning scenarios. However, an additional reason
for studying such problems was that at the time of the SMF meeting, the technical machinery required
for the analysis of more heavy-tailed problems was simply not known. Since 2011, significant progress has
been made in the understanding of learning problems in heavy-tailed situations [36, 33, 25, 28], though
this progress does not make the results presented here obsolete. We show that ERM performed in a convex
class is an optimal learning procedure (in a sense that will be clarified) when the learning problem is
subgaussian. This happens to be a rather special feature of subgaussian learning problems, and under
weaker tail assumptions ERM fails to deliver the optimal accuracy/confidence trade-off at the high level
of accuracy we are interested in here.

The results presented here are complemented in [31], which also focuses on subgaussian learning prob-
lems and addresses some of the cases that have not been resolved in this note.

1 Introduction and main results

Let D := {(X;,Y;) : i =1,--- ,N} be a set of N i.i.d random variables with values in X x R. From a
statistical standpoint, each X; can be viewed as an input associated with a real-valued output Y;. Given a
new input X, one would like to guess its associated output Y, assuming that (X, Y) is distributed according
to the same probability distribution that generates the data D. To that end, one may use D to construct
a function fyx(D,-) = fn(+), and the hope is that fy(X) is close to Y in some sense.

Here, we will consider the squared loss function £ : R x R — R, defined by £(u,v) = (u — v)?, as a way
of measuring the pointwise error ¢(f(X),Y), and the resulting squared risk is

R(f) = E(f(X) = Y)" and R(fx) = E((fn(X) = Y)’|D).

In the classical statistics setup, one usually assumes that the regression function of Y given X belongs
to some particular function space (called a statistical model). In contrast, in the learning setup on which
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we focus here, one is given a function class F (sometimes, called a model as well), and the goal is to

construct a procedure fN that satisfies a sharp or exact oracle inequality (following [11]; such bounds are
called excess risk bounds in [29] and [21]). An exact oracle inequality ensures that with high probability,
R(fy) < }ngR(f) + residue, (1.1)

€

and one would like to make the residue in (1.1) as small as possible.
For the sake of simplicity, we assume that there is some f* € F minimizing the risk in F (though the
claims presented here remain true even without that assumption), and we set

f* € argmin R(f).
feF

Note that in (1.1) the performance of the procedure fN is compared to the best performance possible in
F, i.e., to the risk of the best element f* € F. This exhibits the point of view of Learning Theory, where
one wishes to identify a function that is almost as good as the best possible in F, regardless of whether
the best function in F has a small risk. It is different from typical questions in classical Statistics, where
a statistical model is given and the risk of an estimator is compared to the one of the regression function
(or Bayes rule). The latter are usually called ezcess risk bounds (cf. [30]) and are actually very different
from exact oracle inequalities like (1.1) (see, for example, [241] or Chapter 1.3 in [22] for more details on
those differences).

The performance of a procedure is measured relative to a set of admissible targets Y in some class of
random variables ). Naturally, one would like to make ) as large as possible, for example, all random
variables Y bounded by 1, all the random variables Y in L, for some p > 2, or a similar weak condition of
that flavor.

Definition 1.1 Let fy be a learning procedure, that is, a map from the set (xRN into F. Let0 < oy < 1
and {ny > 0. We say that fN performs with accuracy (N and confidence 1 — oy relative to the set of
admissible targets Y if for any Y € Y, R(fN) <infrer R(f) + Cn with probability larger than 1 —dn, and
the probability is measured with respect to the product measure endowed by the joint distribution of X and
Y.

Clearly, while the true risk of f is not known, simply because X and Y are not known, one still has
access to its empirical counterpart:

Thus, a natural procedure that comes to mind is finding a function in F that best fits the data: a minimizer
of the empirical risk in F. This procedure is called empirical risk minimization (ERM) and is defined by

fe argmin Ry (f).
fer

ERM has been studied extensively over the last 40 years (see, e.g. [19], [29], [21] and references therein),
and the main goal has always been to identify connections between the structure of F and the accuracy and
confidence that ERM yields, while trying to minimize the restrictions on ). Among the natural questions
regarding the performance of ERM are:

1. Given any confidence parameter 0 < oy < 1/2, what is the error rate (i that one may obtain using
ERM, and what features of F govern that rate?



2. Given any 0 < dy < 1/2, is ERM an optimal procedure for the confidence level dx7 In other words,
is there a procedure that can perform with a better accuracy than ERM, given the same confidence
level?

The majority of results on the performance of ERM have been obtained in the bounded case: when
supser [((Y, f(X))| < b almost surely, or, alternatively, when the envelope function sup ez [€(Y, f(X))| is
well behaved in some weaker sense (e.g., has a sub-exponential tail). A result in this direction is from [2]
(see Corollary 5.3 there) which we formulate using the notation of Theorem 5.1 in [21].

For any v > 0, let

N
kn(r) = Esup (’\/IN Zsi(f — XD fFeFANfF = Flliyg < 27"), (1.2)
i=1

and set k3 () = inf {r >0:8kn(r) < ’Y7'2\/N}.

Theorem 1.2 There exist absolute constants cg,c1 and g > 2 for which the following holds. If Y consists
of functions that are bounded by 1 and F is a convex class of functions that are bounded by 1, then for any
Y €Y and every t > 0, with probability at least 1 — coexp(—t),

2 . 2t
< inf Ey(1 — 1.
R(f) < b R(F) + eymax { (k3(1/0)*, 5 } (1.3)
A result of a similar flavor was obtained in [7]: let N(A, B) be the number of translates of B needed

to cover A. Set D to be the unit ball in La(u) and let

cir
o* = inf {r >0: / logl/QN(]-"ﬁ (2rD),eD)de < 02r2\/ﬁ} , (1.4)

or?

for absolute constants cg, ¢1, co.

The result in [7] is that under various assumptions on the class F (assumptions that allow one to upper
bound the function ky(r) using the entropy integral in (1.4)), (¢*)? may serve as a residual term.

These two facts rely heavily on the assumption that F and )Y are bounded in L., and their proofs do
not extend beyond the bounded case.

Our aim here is to study unbounded problems and without any assumption on the envelope of {¢(f(X),Y) :
f € F}. The next natural step is the subgaussian framework, as it captures many typical applications in
which the functions involved are unbounded: for example, regression with a gaussian noise; compressed
sensing; matrix completion; phase recovery, etc. (see [, 11, 10, 9, 19, 20]), all of which have been studied
in the subgaussian framework.

Definition 1.3 Let p be a probability measure and let X be distributed according to p. The o(p)-norm
of a function f is

Hwa(#) =inf{c>0: Eexp(f3(X)/c?) < 2}.

The space of functions with a finite ¥a-norm is denoted by Ly, = Ly, (-
A function class F C Lo(p) is L-subgaussian with respect to the probability measure p if for every

frh € FULOL, I = hllyyqo < LIF = hll -

Note that for any f € Ly,, [|fll1,) < [[flly,)- A class is a subgaussian class when the reverse
inequality holds, and in particular when the 12 and Lo norms are equivalent on F.

Note that norm equivalence is very different from being bounded. Having such a norm equivalence
implies that |f| ~ || f||1,(.) on a relatively large event. In contrast, even though a bounded function has a
finite ¥ norm (by selecting ¢ ~ || f||z.. in the definition of the 13 norm), the fact that f is bounded does



not mean that || f||y, is equivalent to || f||L,, nor that |f| ~ || f||z,(.) on a relatively large event. Because of
the substantial difference between the two notions, one should not expect that learning procedures exhibit
the same performance when one assumes that F is bounded in Lo, or when the ¢2(u) and Lo(p) norms
are equivalent on F.

Let us turn to some examples of subgaussian classes of functions. Probably the most interesting
collection of examples that belong to the subgaussian framework is classes of linear functionals on R%.

[t Moy <
L||(t, ->HL2(M). The measure i is isotropic if ||(t, ->HL2(M) = HtH?g for every t € RY, where ”'Heg denotes

Definition 1.4 A probability measure p on R? is L-subgaussian, if for every t € RY,

the Euclidean norm in RY,

There are many natural examples of subgaussian measures on R%:

e Let = be a real-valued random variable that has mean-zero and variance 1. If ||z ||y, () < L7 7,¢.) and
x1,...,xq are independent copies of x, then it is straightforward to verify that for every a € R%,

d
1> @i
i=1

where here, and throughout this note we write u < v if u < ¢ov for an absolute constant ¢y. Thus, the
measure associated with the random vector X = (z1, ..., x4) is cL-subgaussian. Also, the measure is clearly
isotropic.

Natural examples of such product measures are the uniform measure on the combinatorial cube
{—1,1}¢, the uniform measure on the cube [~1,1]? or the canonical gaussian measure in RY.

)

d
pa(p) S LH ;aixi La(p)

e Let 2 < p < oo and denote by Bg the unit ball of (R, ||¢,). The uniform probability measure on

d'/ pBg is L-subgaussian for an absolute constant L (see [1]), despite the fact that its coordinates are not
independent.

e Let X = (z;)%, be an unconditional random vector (that is, (g;7;)%_; has the same distribution as X
for every choice of signs (g;)L ;). If Ez? > ¢? for every 1 <4 < d and X is supported in RBZ, then it is
L-subgaussian for L $ R/c. Indeed, one may show that for every f € Ly, (),

111 ()
allf <sup —=— < o f
1 llva < sup =23 1Tl
for suitable absolute constants ¢; and ¢y (see, for instance, Corollary 1.1.6 in [12]). Thus, it suffices to

verify that for every t € R% and every p > 2,

H<t7 '>||Lp(u) < L\/§H<t7 '>||L2(M)‘

By Khintchine’s inequality (see, for example, [20]),

d d d
p p 9 9,9\P/? 9
X 01, = B[ 1:%-\ — ExEd| ) jlejxjtj! S (L) S vy
J= J= J=

Also,

d d

2

I 00, = BxBe (3 eimits) =Ex 3ot} 2 el
=1 i=1



proving the claim.

o If z is a mean-zero, variance one, L-subgaussian random variable, and X = (z;;) is a matrix whose
coordinates are independent copies of =, then X defines a cL subgaussian, isotropic measure on the space
of matrices of the right dimensions, relative to the natural trace inner product. The same holds if X has
independent rows, distributed according to an isotropic, L-subgaussian random vector. The proof of both
facts is straightforward and are omitted.

These examples show that even the seemingly restricted setup of classes of linear functionals on R?
endowed with an L-subgaussian measure is encountered in many natural (and well studied) examples.

The strategy we use here for the study of ERM is the isomorphic method, introduced in [3] and analyzed
there in the bounded setup. Before presenting it, recall that the excess loss of f is

Ly(z,y) = (f(x),y) = L(f*(@),y) = (f(x) —y)* = (f(2) —y)? (1.5)
and set N
PL;=EL;(X,Y) and PyL;= %sz(xi,yi).
i=1

A rather obvious but very useful observation is that for every f € F, PL; > 0, while the empirical
minimizer f satisfies that Py . i <0.

The isomorphic method is based on the following idea. Consider an event )y, on which for every
function f in the set {f € F : PL; > An},

1 3

It follows that on ¢, ERM produces f that satisfies

R(f) < inf R(f) + An,
feF
because PyL; < 0; therefore, fe{ferF: PLy > AN}
Consequently, an exact oracle inequality with a confidence parameter dy may be derived by identifying
An for which € has probability at least 1 — dn; that is, the level Ay for which

N
1 L:(X:,Y; 1
sup )7 L£i(XiYi) 1] <=
(rerpeyoany | N = PLy 2
with probability at least 1 — dx (see Theorem 4.4 in [21] for results of a similar flavor).

Remark 1.5 Note that only the lower estimate in (1.6) is needed for the argument outlined above to work.
This observation is the key in the application of the recent works on the small-ball method in learning theory
(cf. [30]), which allows one to deal with heavy-tailed scenarios that are far more general than subgaussian
problems.

Just like k% in (1.3) and ¢* in (1.4) — and many other well known estimates on the performance of
ERM (e.g. [18, 21, 29]) — the residual term we use is defined in terms of fixed points. Unlike k% and o*,
the geometric complexity measure we use here is based on gaussian averages associated with localizations
of the class. We refer the reader to Chapter 12 in [16] for more details on gaussian processes (in particular
to Theorem 12.1.3 for the existence of such a process and to Theorem 12.1.4 for its linearity).



Denote by {Gf : f € F} the canonical gaussian process indexed by F, that is EGy = 0 and the
covariance is given by the inner product in Lo(n): EG;G) = (f,h) y = Ef(X)h(X). Given a set
F' C F we put

La(p
E||G|| 7 = sup {E supGy @ HCFis ﬁnite}.
heH

This supremum is called the lattice supremum (see Chapter 2.2 in [20] for more details).
As an example, if 7/ = {<~,t> 't € T} is a set of linear functionals indexed by T C R? and X is a
random vector in R% with covariance matrix ¥ then for G ~ N (0,%), we simply have

E||G| 7 = Esup(G,t).
teT

We are now in a position to introduce the two complexity parameters that will serve as residual terms
in the exact oracle inequalities satisfied by ERM.

Definition 1.6 For any s > 0, set sD ={f € La(p) : | fll,u) < s} and F=F ={f —h: f,h € F}. For
every n > 0, let

si(n) = inf {s > 0 E|Gllpnr7) < VN, (1.7)

and for every @ > 0, set
% (Q) = inf {r > 0: B|Gllypnr—r) < Qm/ﬁ} . (1.8)

In what follows we will always assume without mentioning it explicitly that the sets in (1.7) and (1.8) are
nonempty (for example, this forces that Q > ¢/v/N).

There are many situations in which sharp estimates on E||G||, pn(r—) are known and one can identify
the fixed points s} (n) and r}(Q). We will present several examples of that kind in Section 4.

With these definitions in place, one may formulate a restricted version of the upper bound on the
performance of ERM — for a convex, L-subgaussian class of functions.

Theorem A. For cvery L > 1 there exist constants ci, co, c3 and c4 that depend only on L for which the
following holds. Let F C Lo(u) be a convex, L-subgaussian class of functions, assume that [|Y — f*(X) ||y, <
o and setn = c1/(Lo) and Q = co/L>.

1. If 0 > 37y (Q) then with probability at least 1 — 6 exp(—caNn?(s%(n))?),

R(f) < inf R(F) + (sn(m)*

2. If o < ey (Q) then with probability at least 1 — 6 exp(—caNQ?),

R(f) < inf R(f) + (rx(Q))*.

T feFr
Hence, with probability at least 1 — 6 exp (—C4N min{n?(sy(n))?, QQ}),

R(f) < inf R(f)+max {(siy(n)* (ri(Q))*}.

T feF

We will show in what follows that the parameters involved in the upper bound have very clear roles.
r is an upper estimate on the error rate one could have if the problem were noise-free — that is, if o = 0.



This intrinsic error occurs because it is impossible to distinguish between f1, fo € F using the sample
X = (X)X, when (fi(X:)Yy = (fo(Xi)L;.

Once noise is introduced to the problem and passes a certain threshold, it is no longer realistic to expect
that an intrinsic parameter, which does not depend on the noise level, can serve as an upper bound. And,
indeed, s% (1) measures the interaction between the ‘noise’’ f*(X)—Y and the class through the choice of
n ~ 1/0. Thus, beyond a certain noise-level o, which depends on the ‘complexity’ of the class F, si(c/0)
becomes the dominant term in the upper bound.

Note that in the free-noise case, ¢ = 0, one has s}, (c/o) = 0. Therefore, the error rate of ERM depends
only on 7}(@). Also, when the number of observations N is large enough, one also has 7},(Q) = 0, leading
to exact reconstruction.

Of course, Theorem A would be better justified if one could obtain matching lower bounds, showing
that ERM is an optimal procedure for subgaussian problems. To that end, it seems natural to employ
minimax theory (see, e.g., [15, 51, 52, 7, 6] for more details on minimax bounds).

What is a reasonable way of identifying a lower bound on the performance of a learning procedure is to
see what accuracy and confidence it can guarantee for a minimal set of admissible targets )/, and a natural
choice of a minimal set of targets is

y={v/: v/ = x)+w} (1.9)

for every f € F and W that is a centered gaussian random variable that has variance o2 and is independent
of X. Thus, this minimal set of targets consists of ‘independent perturbations’ of realizable learning
problems, and thus is arguably the smallest set of ‘noisy’ targets. The minimax rate is (at least) the best
accuracy/confidence trade-off that a learning procedure may attain in F for the set targets (1.9). Our
main focus will be on the accuracy/confidence tradeoff for the accuracy level described in Theorem A.

Standard minimax bounds are based on information-theoretical results such as Fano’s Lemma, As-
souad’s Lemma or Pinsker’s inequalities. Unfortunately, these results do not yield lower bounds in the
high probability realm of Theorem A; rather, these results are restricted to constant confidence or hold in
expectation. To treat the high probability regime, we present a new minimax bound that is based on the
gaussian shift theorem (and therefore on the gaussian isoperimetric inequality).

Theorem A’. There exists an absolute constant cs for which the following holds. Let F C La(p) be a
class that is star-shaped around one of its points (i.e., for some fo € F and every f € F, [fo, f] C F), and
let Y be the set of admissible targets from (1.9). If fn attains an accuracy ¢y with the confidence level Sy
for any target Y € Y, then

(N > min {C50’210g(1/5N), 1diamz(]-", Lg(,u))} :

N 4

Note that no assumption on the underlying measure y is required in Theorem A’. Moreover, Theorem
A’ makes a natural connection between accuracy and confidence: the higher the confidence 1 — §y the
larger (v must be.

An important outcome of Theorem A and Theorem A’ is that for the set of admissible targets ) as in
(1.9), and as long as the class F is convex and L-subgaussian, ERM is optimal in the following sense:

Theorem A”. There exist absolute constants c1, ...,c4 for which the following holds. Let F be a convew,
L-subgaussian class of functions and consider the set of admissible targets Y as in (1.9). Set n = c1/(Lo)

!We keep the terminology from Statistics: the difference between the output variable Y and the target function f*(X) is
called the noise. This coincides with the classical definition of noise in Statistics when f* is the regression function.



and Q = c2/L?. If 0 > c3r,(Q) then for any target Y/ €Y, the ERM f satisfies

R(f) < ]}Ielg__R(f) + (si(n))? with probability 1 —6exp ( — caNn*(si(n))?).

Also, for any learning procedure f there is some f € F for which, if given the data generated by the target
Y7/ and R(f) <infrer R(f) + (s%(n))? with probability at least 1 — &, then

§>exp(— C5N772(8*N(77))2)'

Thus, up to the constant in the exponent, the upper bound and the lower bound match and the ERM
achieves this bound.

The second question we wish to address is what happens when the desired confidence is an absolute
constant — for example, when 1 — 0y is, say, 1/2, but the noise level is nontrivial in the sense that s%
dominates 73;. We will show that in such a situation, Theorem A is optimal in a minimax sense under
some regularity assumptions on F. This complements Theorem A” which proves the optimality of ERM
(under no extra structural assumption) in the high probability case — when dy ~ exp(—cn?(si(n))?N).

To explore the constant confidence regime, let us consider the ‘Sudakov analog’ of the gaussian-based

parameter s (n): recall that by Sudakov’s inequality (see, for example, [20]), for any r > 0,
supelog!? N((F — F)NrD,eD) S E|G|,paF—7)- (1.10)
e>0

Put C(r) = supf@rrlogl/2 N({(F - f)Nn2rD,rD) and set

¢i(n) =inf{s > 0: C(s) < ns*VN}.

Theorem B. There exists an absolute constant c¢i for which the following holds. Let F be a class of
functions, set W ~ N(0,0?) and for every f € F, put Y- = f(X) +W. If fx performs with a confidence
parameter O < 1/4 for every such target Y/, then its accuracy cannot be better than c1(qi(c1/0))?.

Theorem B is known, and may be derived from Theorem 2.5 in [15] or from [51]. The proof presented
here is new, and follows the same path as the proof of Theorem A’.

With Theorem A in mind, Theorem B implies that if the learning problem is subgaussian, s}, (n) and
gy (1) are equivalent for n,7" ~ 1/0 and o 2 7}, the minimax rate in the constant probability regime is
attained by ERM.

Finally, let us consider the low-noise case, in which o < r3,. Although it is not clear if 7} is an optimal
bound in that range (except when o ~ 77%;), it turns out that it is not far from optimal.

Definition 1.7 Let F be a class of functions. For every sample X = (X1, ..., Xn) and f € F, set
K(f,X)={he F: (f(X))E; = (M(X))L1},

which is the “level set” in F given by the values of f on the sample. Let D(f,X) be the diameter of K(f,X)
with respect to the La(u) norm.

Clearly, if ¢ = 0 then for every sample X, ERM selects f € K(f*,X) and since Y = f*(X), R(f) =
lf — f*||2L2(ﬂ). Thus, R(f) < D?(f*,X). It is natural to ask whether the reverse direction is true. The

following result shows that the largest typical value of D(f,X) is a constant-probability minimax bound.



Theorem C. For every f € F and V that is independent of X, set Y = f(X)+ V. Then, for any
procedure fn,

sup Pr (1LFw (¥ X20) = Pl = §PU0) 2 172
feF

with the probability taken with respect to the product measures endowed by (Yif,Xi)f\;l.

One natural example in which Theorem C may be used is when 7' is a convex, centrally-symmetric subset
of R? (i.e., if t € T then —t € T'), and F is the class of linear functionals indexed by T, i.e., F = {<t, > it e
T}. Let Xi,...,Xn be an independent sample selected according to an isotropic probability measure on
RY. If {eq,...,en} is the canonical basis of RY and I' = Zf\il (Xi,-)e;i is the random matrix whose rows
are (X;)N_,, then D(0, X) is the diameter of the intersection of the kernel of ' and T : D(0,X) = ker(T')N7T.
If f* = (t*,-), one can relate D(t*,X) to the Gelfand widths of T' (see, e.g., [11] and [10] for more details).

Definition 1.8 Let T be a convex, centrally-symmetric subset of R®. The Gelfand N -width of T is the
smallest Eg—diameter of an N -codimensional section of T. In particular,

en(T) = inf {diam(ker(r) NT,08):T e L(Rd,RN)} ,
where L(RY, RN) is the set of all linear operators from R? to RN and diam(V, ¢4) = supy, e |lu — ;-
Hence, for every tg € T,
en(T) < diam (K(to,X) - to,zg) < 2D(0, X),

and by Theorem C, c¢y(T)/8 is a lower bound on the minimax rate in the constant confidence regime.
Therefore, when 7%, ~ cn(T), it follows that for every 0 < o < r}, 7% is the constant-probability minimax
rate, and that rate is achieved by ERM.

It should be noted that although our presentation focuses on oracle inequalities in a given class, oracle
inequalities for model selection and regularized procedures can be derived from the isomorphic method
in general, specifically, from Theorem 2.8 below. This strategy is rather standard and has been used, for
example, in [1, 37], in Chapter 3.6 of [23] or recently in [25]. We will not present results on regularization
methods or model selection methods in what follows since those may be easily obtained from results on
ERM.

We end this introduction with a word about notation. Throughout, absolute constants or constants
that depend on other parameters are denoted by ¢, C, ¢1, ca, etc., (and, of course, we will specify when
a constant is absolute and when it depends on other parameters); their values may change from line to
line. The notation = ~ y (resp. = < y) means that there exist absolute constants 0 < ¢ < C for which
cy <z < Cy (resp. © < Cy). If b > 0 is a parameter then z <, y means that x < C'(b)y for some constant
C(b) that depends only on b.

Let Eg be R? endowed with the norm HQUHeg = (Z;lzl |24|P) YP The unit ball in Eg is denoted by Bg,
and the unit Euclidean sphere in R? is S~!. We also denote by dz,(F’) the diameter of F’ in Lo(u).

The proofs of our main results are presented in the next two sections. We then present several examples
of applications of those results, in which the rates established in Theorem A are shown to be sharp in both
the high and constant confidence regimes. The final section contains some concluding remarks.



2 Proof of Theorem A

The proof of Theorem A shows that it is more general than stated. Rather than convexity, the two
properties that are actually needed are the following:

Definition 2.1 A class H is star-shaped around hg € H if for every h € H, the interval [h, ho] is contained
mn H.

We will assume that F — F = {f — h: f,h € F} is star-shaped around 0, otherwise, one may consider the
star-shaped hull of 7 — F with 0, that is, the set

{AMf=h):0<A<1, fihe F}
which is not much larger than F — F.

The second property required is a variant of the Bernstein condition (cf. [3]).

Definition 2.2 A class F is B-Bernstein relative to the target Y, if for every f € F,
E(f(X)— f(X))* < BPL; = BE((Y — f(X))? = (Y — f*(X))?). (2.1)

Definition 2.2 is far less restrictive than it appears at first glance. Indeed, by the 2-convexity of the Lo
norm, if F is convex then for any target Y € Lo, F is 1-Bernstein relative to Y. Moreover, the results from
[35] show that for every class F and every target Y, the Bernstein constant depends only on the distance
between Y and the set of targets Z for which the functional f — E(f — Z)? has multiple minimizers in F.
Finally, note that if one wishes F to satisfy a Bernstein condition relative to every target Y, it forces F to
be convex in the locally-compact case (see Section 5 for more details).

In what follows, we shall assume that F — F is star-shaped around 0 and that F satisfies the Bernstein
condition (2.1).

The next lemma (which will be proved in the Appendix) shows that the assumption that F — F is
star-shaped around 0 adds some regularity to the gaussian process {Gy: f € F — F}.

Lemma 2.3 Assume that F — F is star-shaped around 0 and let ¢ : s > 0 = E ||G|[;prr_7)- Then the
following holds:

1. ¢ s —(s)/s is non-increasing.
2. Forn >0 and any s > sy (n), ¢¥(s) < ns’v/N, and for any 0 < s < sy(n), ¥(s) > ns?v/N.
3. Let Q > +/m/2N. For any r > r4(Q), ¥(r) < Qrv/'N and for any 0 < r < r3(Q), ¥(r) > Qrv/'N.
A straightforward outcome of Lemma 2.3 which will be used later is as follows:

Lemma 2.4 Let ¢,0,Q >0, set n = c/o and consider sy (n) and 3 (Q) as introduced in Definition 1.6.
1 1o > (c/Qry (@) then siy(n) = (@), and if o < (c/Q)r}y (@) then siy(n) < ri(Q).
2. If sjy(n) = ry(Q) then nsy(n) < 4Q.

The proof of Lemma 2.4 will also be presented in the Appendix.

When considering the parameters r3(Q) and s} (n), what may seem odd at first glance is the different
normalization in their definition — the first condition is linear, while the second is quadratic. The two
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originate from the need to compare the way in which two processes, the quadratic component and the
multiplier component of the excess loss functional scale with [|f — f*| 1,(,). Indeed, note that

Li(X,Y) = (f(X)=Y)" = (f(X) = Y)? = (f(X) = f*(X))* +2(f(X) = f{O)f*(X) = Y).

The quadratic term (i.e. (f(X) — f*(X))?) is noise-free, and as will be explained below, 3, measures the
lowest level 7 at which if ||f — f*||1,(,) > 7, then E(f — f*)* ~ N~! Zfll(f — )3(X5).

In contrast, s} is designed for dealing with the multiplier process, originating from the term (f*(X) —
Y) - (f — f*)(X). To compare the resulting multiplier component with E(f — f*)? (which is the order of
magnitude of N~' SN (f — f*)2(X;) when | f — N zo(uy = i), one has to study

N *
S Z vy = O(XG)
N ~ Ry
and that is the source of the seemingly less-natural normalization in the definition of s}, (7).

Let us begin with an estimate on the quadratic component, which is based on a functional Bernstein
type inequality (see [15, 5, 32]).

Theorem 2.5 There exist absolute constants c1 and co for which the following holds. Let H be an L-
subgaussian class. For every u > 0, with probability at least 1 — 2 exp(—c1 min(u?, uv/N)),

2
Z}R CER| < ep? (d?\; + 1Ly “d> (2.2)

where d = dr,,(H) is the diameter in Lo(pn) of H and v = E ||G||4-

sup
heH

The following result is a straightforward application of Theorem 2.5 and illustrates the role of 73, (Q).

Lemma 2.6 There exist absolute constants ci1,co and cs for which the following holds. Let F be an L-
subgaussian class, assume that F —F is star-shaped around 0 and let f* € F. If0 < Q <1 andr > r3(Q),
then with probability at least 1 — 2 exp ( — 01Q2N),

1 N
NZ — Eh?

Proof. The claim is an immediate corollary of Theorem 2.5. Indeed, one simply has to apply Theorem 2.5
to the set H = rD N (F —F) and to recall that by Lemma 2.3, if r > 73,(Q) then E||G||, pnr—r) < Qrv/'N.
Therefore, for any u > 0, with probability at least 1 — 2 exp(—c; min(u?, uv/N)),

sup < QL.

herDN(F—f*)

1 N
= (f - h)A(X) —E(f - h)?| <

=1

sup
FhReF:|F=hllpy <

where d = diam(rD N (F — F), La) < r and v = E||G||, prr-rF) < Qrv/N. Hence, for u = coQv/N, with
probability larger than 1 — 2exp(—c3Q*N),

sup < e4QLr. (2.3)

FheF|f=hll Ly <r

N
Ngf h2(X) ~ B(f — h?

11



Remark. Using the notation of Lemma 2.5, consider @ < min{1/(2coL?),1}. If (2.3) holds then for
every f € F that satisfies || f — f*[|1,(u) = 7 > ry(Q), one clearly has

N

1 . 1 . 3 .
SE(f = )2 < 5 D (f = %X < SE(f - )%
i=1
this is evident because for h = f — f*,
N

1 r2  ER?

=Y RA(X) —ER?| < — < —.

N; (X3) -2 7 2

The second ingredient required for the proof of Theorem A is a bound on multiplier processes.

Theorem 2.7 [Theorem 4.4 in [72]] There exist absolute constants c¢; and co for which the following
holds. If H is an L-subgaussian class and § € Ly, , then for every u,w > 8, and every integer so > 1, with
probability at least

1—2exp ( — u?2%) — 2exp ( — cleQ),

€]z,
VN

Note that in Theorem 2.7 one does not assume that £ and X are independent, a fact that will be
significant in what follows. Indeed, we will apply Theorem 2.7 to £ = Y — f*(X) and the class H =
rD N (F — F) for r > s%(n). In that case, dr,(H) < and E||G||,, < nr*V/N, and for 2°/2 ~ nrv/N, we
obtain that with probability larger than 1 — 4 exp (—clN min{n?r?, 1}),

sup < coLuw

(El1G Iy + 2" ds, (1))
heH

LN
N Zfz’h(Xi) — E&h(X)
i1

sup
FREF | f=hll Ly <T

N
5 (7~ W) ~ (S~ W) (X)| < L, (24)
=1

7

Combining the estimates on the quadratic and multiplier process leads to the following ratio estimate:

Theorem 2.8 For every L > 1 and B > 1 there exist constants cg,c1,c2 and c3 that depend only on B
and L for which the following holds. Let F be an L-subgaussian class that is B-Bernstein relative to the
target Y. Assume that F — F is star-shaped around 0 and that ||Y — f*(X)||y, < 0. Set n = co/(LBo)
and Q = ¢1/(L?B).

1. If 0 > cr'y(Q), then with probability at least 1 — 6 exp (—csN - (s (n))?),

N
sup - Z M -1 < =,
trerreez(symsy | N = PLy 2
2. If o < cory(Q), then with probability at least 1 — 6 exp (—c3Q?N/B),
N
- Ly XXy ) 1
rerre>ey @28y | N PLy :

12



Proof. Set £ = (f*(X)—Y) and thus

Li(X,Y)=(f = X)) +26(f - fX).

Fix A > 0 and let F) = {f € F : PL; > A}. Since F satisfies the B-Bernstein condition relative to Y, it
follows that for every f € F, || f — f*H%Q(H) < BPL;. Moreover, if f € Fy then

f=r ‘V—f*2 B _B
— < B and < —— < —. (2.5)
H(Pﬁf)m La(n) PLp Ny~ PEr — A
Therefore,
1 icf(xl,m , 1 iﬁf(Xi,Yi)—Pﬁf
sup |— — 1| = sup |—
rer [N & PLy fer | N = PLy

L f—f (f—f*>2
— 1 ) (X;)-E 2
EANp ((pcf)”2> X =E\orpyz) |20

f=r . 5=

and H = (F — F) NV ABD. Recall that F — F is star-shaped around 0, and by (2.5) one has that

U (f=f\, v EE(f—1)
NZ§Z< P,Cf >(XZ>_ P,Cf '

i=1

1

Wy C
A I

(f—f)m/EDci((f—f)m/TBD) =

H
VA VA

and

chi(]-"—f)ﬂ(ﬁ)DCi((F—f}ﬂ@D):t\[.

Fix n = ¢o/(LBo) and Q = c¢1/(L?B) for suitable absolute constants ¢y and c¢;. Set r > r%(Q) and
note that by Lemma 2.4, if 0 > cor}(Q) then 7}, (Q) < s} (n) and nsi(n) > 4Q, and if 0 < o1} (Q) then
ry(Q) > si(n); also co = ¢o/LBQ = coL/cy.

First, consider the case o > coriy(Q). Applying Lemma 2.6 for A = (s(n))?/B, it follows that with
probability at least 1 — 2 exp(—c3@%N)

< QL?B <

e

1
¥ 2w (Xi) - Ew?

=1

provided that @ < 1/(4c4L?B). Moreover, by (2.4), and because nsi (1) > 4Q, one has that with proba-
bility at least
1 — dexp(—esNn?(sy(n))?),

N

% Z fZU(XZ) — ESU

< cgLBon <

o =

as long as n < 1/(c7LBo).
Thus, for any @ < 1/L?B and n < 1/0LB, if 0 > coLri(Q) then with probability at least 1 —
6 exp(—csN - n%(s%(n))?), the following holds: for every f € F that satisfies that PL; > ),
1 3
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Next, let us consider that case o < corj (Q) which follows a very similar path to the first case. Recall
that 73, (Q) > sy (n). Setting A = (r3(Q))?/B, it follows from Lemma 2.6 and (2.4) that with probability
at least

2( % 2
1 — 2exp(—c@Q?N) — 4dexp (—cN min {M, 1}) , (2.6)
o’B
1 & 1 1 & 1
2 2
sup |— w”(X;) —Ew?| < - and sup |— &Lu(X;) —Eév| < =
sy ; (Xi) 1 Py ; (Xi) 3

as long as Q < 1/(L%2B) and n < 1/(¢LB). The claim now follows because  ~ 1/0 and by the choice of
o, namely, that 73,(Q)/c > co. [

Theorem A is an immediate outcome of Theorem 2.8 for B = 1 and the isomorphic method described
in the introduction.

3 Minimax lower bounds (proofs of Theorem A’, B and C)

Let F be a class of functions on a probability space (2, ), fix f € F, let W be a centred gaussian
random variable that is independent of X and consider the target function Y/ = f(X) + W. For any
X = (z1,...,2n5) € QV, let vsx be the conditional probability measure of (Yif\Xi = x;)¥,, which is given

by
ly — (f(%))iiﬂ!?g) ‘ dy
(

202

dvyx(y) = exp ( o)

N

and set vx ® ¥ to be the probability measure on (R x Q) that generates the sample (Ylf , Xi)itq

Let
B(fﬂ'):{héf:EEhST}:{}LG}‘:E(f_h)QST}’

where L, (X,Y7) = (Y/ - h(X))? — (YT — f(X))%

If a procedure fy performs with accuracy (n and has a confidence parameter dy, then for every f € F,
(v @ u) (F3' B Gw)) = 1= .

In other words, for every f € F, the set of data points (yz,aﬁz)fi ; that are mapped by the procedure fN
into the set {h € F : EL, < (n}isof vpx ® N measure at least 1 — .

The first estimate presented here is the high probability lower bound, formulated in Theorem A’.

Theorem 3.1 There exists an absolute constant c1 for which the following holds. If F is star-shaped
around one of its points and fn is a procedure that performs with accuracy (n for any target of the form
Y/ with a confidence parameter 5y < 1/4, then

(N > min {chlOg(lA;éN), i(d]-‘(Lz))Q} .

Theorem 3.1 leads to the lower estimate in Theorem A”. Indeed, if a procedure performs with confidence
Sy = exp(—coyN) for some =, then (y > c20?7. Setting v = c3n(si(n))? for n ~ o~! leads to the desired
outcome. Thus, combined with Theorem A, ERM achieves the minimax rate (s (n))? for the confidence
established in Theorem A (up to the constants in the exponent).

The proof of Theorem 3.1 requires several preliminary steps.

14
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X = (ml)z]\;l ;N

Figure 1: Proof of the minimax lower bounds via the gaussian shift theorem in RV

Let~X = (xz)f\il e OV and consider the conditional probability measure vyx defined above. Put
Ap = it (B(f,¢n)) and let Af|X = {y € RN : (y,X) € A} denote the corresponding fiber of Af (see
Figure 1).

Lemma 3.2 For every f € F,
Pr({X = ()il s vpx(AfX) > 1= /on}) > 1= /6.
Proof. Fix f € F and let p(X) = vy x(Af|X). Then,
1—6n <vix @V (Ap) = Ep(Xy, ..., XN).

Since ||p||L,, < 1 and Ep(X) > 1—dy, by the Paley-Zygmund Theorem (see Chapter 3.3 in [13]), Pr(p(X) >
z) > (Ep(X)—2)/(1—2) > 1—0n/(1—x) for every 0 < x < 1. The claim follows by selecting z = 1 —+/dn.
|

Observe that for every f € F and X = (z1,...,2n), v¢x is a gaussian measure on RY with mean
Pxf = (f(z;))X, and covariance matrix o2 I.

Lemma 3.3 Let t — ®(t) = P(g < t) be the cumulative distribution function of a standard gaussian
random wvariable on R. Let u,v € RN and consider the two gaussian measures v, ~ N(u,c?Iy) and
vy ~ N(v,0%Iy). If A C RN is measurable, then

vp(A) 21— @(@7H (1 — wu(A) +[lu — vl /o).
The main component in the proof of Lemma 3.3 is a version of the gaussian shift theorem.

Theorem 3.4 [27] Let v be the standard gaussian measure on R and consider B C RN and w € RN. If
Hy ={z € RY : (z,w) > b} is a halfspace satisfying that v(H,) = v(B), then v(w + B) > v(w + Hy).
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Proof of Lemma 3.3. Let v be the standard gaussian measure on RY. A straightforward change of
variables shows that

vu(A) = v((A —u)/o) and vy (A) = v((A —v)/0).

Let B=(A—u)/o, w = (u—v)/o and set v(B) = . Using the notation of Theorem 3.4, the corresponding
halfspace is
Hy = {37 : <.’L’,ZU/HUJH€§V> > (I)_l(l - Oé)},

and therefore, if wt C RY is the subspace orthogonal to w,
wt Hy ={A+Dw+w: A= 071 —a)/||wl|y}

Clearly,
v(w+Hy) = Pr(g > @' (1= a) + wl,y),

and the claim follows from Theorem 3.4 and the definition of w. ]

Proof of Theorem 3.1. Let fy be a procedure that performs with accuracy (y < d%(L2)/4 and a
confidence parameter d5. Shifting F if needed, and since F is star-shaped around one of its points, one
may assume that v = 0 € F and consider v € F for which 4(y < Hv||%2(u) < 8(n. By Chebyshev’s
inequality, Pr( HPX”HZV > 4NHUH%2(#)) < 1/4, and thus, for X = (X;)¥ | in a set of uV-probability at
least 3/4, HPX’UH%V < Cl\/N||vHL2(H)’
Let ~ 5
Ao = f (B0,¢n)) and A, = fi' (B(v,Cx)),

which, by the choice of v, are disjoint. Since f ~ performs with accuracy (x and has a confidence parameter
Sny vox @ uV(Ag) > 1 — 6y and vy x ® pu (A,) > 1 —dy. Applying Lemma 3.2, with uV-probability at
least 1 — 2y/dn,

I/o’x(.Ao|X) 2 1-— v 5N, and Vv,X(Av‘X) Z 1-— \/6N- (3.1)
Let 9 be the set of samples X = (X;)¥, c QV for which HPXUH@ < Cl\/ﬁHUHLQ(M) and (3.1) holds.
Hence, Pr(€) > 3/4 — 24/dn, and by Lemma 3.3 applied to the set Ag|X,

Vugx(AolX) = 1= @ (071 (Vo) + 1 Pevll /o) = (+).

Observe that if oy < 1/4 then ®~1(/dx) < 0 and |~ (v/dn)| ~ /log(1/6n). Moreover, if HPXUHZQI <

o|®1(v/dx)| then (¥) > 1/2.
Since X € o, ||PX’UH€$I < 01\/]V||v||L2(“); therefore, if

log(1/0n)
HU”LZ(M) NU N )

it follows that v, x(Ao|X) > 1/2. On the other hand, Ay|X and A,|X are disjoint and v, x (A,|X) > 1—1/dn,
which is impossible if dy < 1/4.
Thus,
log(1/6
follagy 2 oy LN
and by the choice of v,
2 log(1/0x)
N 9y

as claimed. []

8¢v > |07, 2 @
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Next, let us turn to the proof of Theorem B, which is a straightforward application of the next obser-
vation:

Theorem 3.5 There exists an absolute constant co for which the following holds. Let F and Y7 as above,
and assume that fn is a procedure that performs with accuracy (N = a%\, and has a confidence parameter
On < 1/4. For any 0 > 4 and f € F, if A is a 2an-separated subset of F N (f + OanD) then

HaN 2
log |A] < cgN .
o

Proof. Observe that if ay > (1/2)dr(L2) then |A| = 1 and Theorem 3.5 is trivially true. Hence, one may
assume that ay < (1/2)dz(Lo).

Let a = ay, set D(f,r) ={h € F : ||f — k||, < r} and put A to be a maximal 2a-separated subset
of F N (f + 0aD) with respect to the La(p) norm. Thus, {D(f,a) : f € A} is a family of disjoint subsets
of FN (f +60aD).

Recall that for any X = (z1,...,2n) € O, A¢|X is the fiber of Ay = f]\_,l(D(f, a)). Since fy performs
with accuracy a? and has a confidence parameter 6y = 1 — «, it follows that for any f € A,

Exvyx(Af|X) = vpx @ p™ (Af) > o
If u#vin A and A C RY then by Lemma 3.3,
vux(A) >1—®(®7 11 — vy x(A)) + || Pxv — PXUH@Q’ /o).
Fix vy € A. Since {A4,|X,v € A} is a family of disjoint sets,

12> vy x(AgX) > ) (1— ML = v x(Au[X)) + [ Prvo — Pl gy /0 Z/

veEA veEA veEA

where ¢ is a density function of a the standard gaussian N(0,1) and
zx(v) = @711 — vy x(AyX)) + || Pxvo — PXUHZé\I /o.
Taking the expectation with respect to X,
1> ZEX/ o(x)dz, (3.2)
vEA zx(v)

and it remains to lower bound each expectation.
Recall that
Exvyx ((As|X)?) <1 —a < 1/4,

and by Chebyshev’s inequality, Pr(uv’X(Av|X) > 3/4) < 1/3. Therefore, with ™ -probability at least 2/3,
(1 — vy x(A]X)) = &7 (ux ((Au]X)%)) < @71(3/4) =3
Another application of Chebyshev’s inequality shows that with uV-probability at least 2 /3,
1Pxvo — Pvllyy < (3/2)VN|[vo = vy < (3/2)0aVN,
because v € D(vg, fa). Therefore, with uV-probability at least 1/3,
zx(v) < B+ (3/2)VNba/o
and since 3 + (3/2)vV/Nfa/o > 0,

] 1 e8] N 2.2
}EX/ o(z)dr > = / p(z)dx 2 exp ( - %)
2 (v) 3 J8+(3/2)VNbay Jo o
Thus, by (3.2), 1 > |A|exp ( — csN6?a?/5?), as claimed. |
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We end this section with the proof of Theorem C, which is presented for a random choice of (X1, ..., Xx),
though the proof for a fixed (z1, ..., zx) — the so-called deterministic design, is almost identical. The idea is
that if X = (X4, ..., Xn) and Pxf1 = Pxf2, the two functions are indistinguishable on a sample (X, Yl)f\il
of Yt = f; (X) + V. Therefore, no procedure can perform with a better accuracy than the largest typical
Lo(p) diameter of the sets

K(f,X) = {h e F: Pxh= Pxf}

Fix f € F and for every sample X let D(f, X) be the Lo(p)-diameter of K (f,X). Define an F-valued

random variable h/ as follows. Let hf 1x and h2 x be almost Ly (u)-diametric points in K (f,X), set § to be
a {0, 1}-valued random variable with mean 1/2, 2, which is independent of X and V, and put

hl = (1= 8)h]x + 6h] . (3.3)

Note that for every realization of §, h/ € K(f,X) and D(h/,X) = D(f,X). Denote by Prxy (resp.
Ex v) the probability distribution of (resp. expectation w.r.t.) (X;, V;)X,. Let I(A) be the indicator of
the set A and observe that for every realization of the random variable §,

sup Prcy (|1 (X, £5) +VO)Xs) = fllbago = DU X)/4)
feF
> sup Pracy (I (660 060) + VDL ) = Wl > DT, %) 4)

=sup Prxy (I (% b7 06) + Vi) = Wl = DUF30/4) = ()

because h/ € F and D(f,X) = D(h/, X).
For every f € F put

Al = {1 (X b (6) + VXL ) = W el g > DU, X) /4

and
AL = {||fN (X, hax(X3) + Vi)iLy) = haxllr,g = D(f, X)/4}-

Taking the expectation in (x) with respect to 4,

Ba() 2 sup By Bl (fi (X! (X0 +V)L1) = W sy = DI K)/4) = sup By 5 (1(A]) + 1(49)).
fer fer

Note that for any sample X, h{X(X?;) +V;,= th(Xi) + V;; therefore,
P (60 1 (X6) + VIR ) = Fiv (X b (X0) + VO ) = fo.

Since h ; and hj y are almost diametric in K (f,X), either [|h] x—foll 1, > D(f,X)/4 0r B 5~ foll o) =

D(f,X)/4. Thus, I(A{) + I(Ag) > 1 almost surely, and

sup Prx,yv <||fN ((Xi, £(X3) + Vi ))) = Fllraqe = DS, X)/4> > 1/2.
feF
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Remark. It is straightforward to verify that if ¢ = 0, then ERM satisfies f € K (f*,X) for every sample
X. Therefore, a typical value of D(f*,X) is a lower bound on the minimax rate when considering only
noise-free targets.

As an example, let T C R? be a convex, centrally-symmetric set, put i to be an isotropic, L-subgaussian
measure on R? and set F to be the class of linear functionals indexed by 7. Given a sample X =
(X1,..., Xn), set I'x = Zi]\i1<X¢, ->ei and put Pxt = I'xt. Therefore,

K(UO,X) = {’U eT :T'sxv= vao} - 2Tﬂker(FX).

Let dy = dn(p) satisfy that with probability at least 1 — p, D(0,X) > dx. Then, by Theorem C, any
procedure with a confidence parameter d < 1/2+ p cannot perform with a better accuracy than dy(p)/4.

On the other hand, a straightforward application of Lemma 2.6 shows that with probability at least
1 — 2exp(—c1NQ?), D(0,X) < r3(Q). Therefore, if dy(T) ~ r4(Q) for a suitable absolute constant @,
then with probability at least 1 — 2exp(—c1Q*N),

rN(@Q) S dn(T) < D(0,X) <ry(Q),

and if o < 7y (@), the error rate obtained in Theorem A is the minimax rate in the constant probability
range.

4 Examples

In this section, we present two examples in which our results lead to sharp upper and lower minimax
bounds, thus showing the optimality (in some minimax sense) of ERM.

4.1 Learning in pB¢

Let F be the class of linear functionals <~, t>, indexed by T' = pB‘li, the unit ball in E(f of radius p. Assume
that u is an isotropic, L-subgaussian measure on R?, that Y € Ly, and that ||Y — f*(X)|ly, < 0.

Since pB‘f is centrally symmetric, so is F, and F — F = 2F. Thus, the estimates in Theorem A are
based only on the behavior of the function s — E||G||l2rnsp. And, because the measure p is isotropic, the
canonical gaussian process is given by t - G, = 2?21 g;ti, where g1, ...,gq are d independent, standard
gaussian variables. Moreover, for every s > 0, the indexing set 2F N sD corresponds to 2pB§l N ng. One
may show (see, for example, [18]) that for every 2p/Vd < s,

d

~ py/log(ed min{s?/p?, 1}),

E ||G”2pB§lmng =E  sup

giti
t€2pB‘11ﬁsB§l i=1

and if s < 2p/V/d then 2pB{ N sBY = sBY and

~ sVd.

Gl =B oup |3 o
1 2 1=

Setting n = co/(Lo) and Q = ¢;/L?, it is straightforward to verify that

pa\/% if p?N < o0?logd, (c)

(si(m)? ~L poy/ % log <6d2"2) if 02logd < p?N < o%d?,

o>d if p?N > o2d.
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Also,

2
~ pWQ log (%) if N < Cld,
(V@) 50 G if c;d < N < cad

=0 if N > cod,
where ¢; and co are constants that depend only on L.
When N ~ d, (ri(Q))?* decays rapidly from (p?/N)log(ed/N) to 0. Thus, when c;d < N < cod
one only has an upper estimate on (r%(Q))?, and we will therefore only consider the cases N < ¢1d and
N > cod.

Let us present the exact oracle inequalities satisfied by the ERM in pB{l that follow from Theorem A.
First, assume that N < c1d. If o 2 74,(Q) then 02d*> > Np?, and

poy /1284 if p2N < o2logd,

po % log (eg2‘72) if o2logd < p®N.

IN
Setting
6 exp (—<2y/Nlogd) if p2N < 0?logd,

ON = 6 exp (—Cf‘p N log <e;l22g[2)> if o2logd < p®N, (4.1)
and applying Theorem A, it follows that if o > c3py/log(ed/N)/N, then with probability at least 1 — dp,
i ‘ e por Viogd if p2N < o2 logd,

(f) < ;g}fER(f) My~ log (ﬁﬁ) if 02 logd < p°N,

and if o0 < cgpy/log(ed/N)/N, then with probability at least 1 — 6 exp(—cy4N),

2
2 . C5p ed
R(f) < inf R —1 —
(f) < nf R(f) + = og<N>,
for constants cs, ¢4, c5 that depend on L.
In a similar fashion, if N > cad then r} = 0, and thus, if o # 0, 0 > r}. Therefore, the error rate
of ERM is given by s}. When o = 0 (the noise-free case) then s}, (n) = riy(Q) = 0 and with probability
larger than 1 — 6exp(—c4N), f = f*, implying exact reconstruction.

Turning to the lower estimate, assume that the set of admissible targets contains every Y = <t, x> +W,
for t € pB{ and W that is a centered gaussian random variable with variance o2 that is independent of
X. It follows from Theorem A” that if o 2 73,(Q), ERM is an optimal procedure in the following sense: it
achieves the accuracy

(sh(e/a))? ~ poy/(1/N)log(ed?0?/(p2N))
if p2N > o2logd, and the accuracy
(sh(c/0))? ~ po+/(1/N)logd

if (62/logd) < p®N < o%logd (note that when (02/logd) = p?N then dy in (4.1) is larger than 1 and the
probability estimate 1 — Jy is negative).

For a minimax lower bound that holds with constant probability we shall apply Theorem B. To that
end, let us bound the covering numbers log N (pB{ N 2rBY, rBY) from below. First note that

N(pB{ n2rB3,rBg) = N(B{ N (2r/p) B3, (r/ p) BY)
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and it suffices to study the covering numbers N (B{ N 2rB¢,rBY) for various choices of 7.
Fix 1/v/d < 2r < 1, and without loss of generality assume that k = 1/(2r)? is an integer. For
I c{1,..,d}, let S be the Euclidean sphere supported on the coordinates I, and note that

| 2rs’ c B narBy.
|I|=k

It is a well known fact (see, e.g., [34]) that there is a collection of subsets of {1, ..., d} of cardinality k, which
will be denoted by B, that is k/8 separated in the Hamming distance and for which log |B| > ¢1klog(ed/k).
Thus, the set A = {(2r)2 3 ,c;€; : I € B} is an r-separated subset of B{ N 2rB§ with respect to the ¢4

norm, and for any 1/v/d < 2r < 1,

log(edr?)
o )

log N(B{ n2rBY,rBY) > ¢ —.

”
Moreover, one can prove (via Maurey’s empirical method) that this estimate is sharp (see, e.g., [12]). Thus
it follows that for any p/vd < 2r < p,
2 2
d d .pdy P edr
log N(pBf N2rBy,rBy) ~ 2 log (7>
If 2r < p/+/d than pB¢ N 2rBY = 2r B¢ and by a volumetric estimate, log N(pB{ N 2rBY,rBY) ~ d. If, on
the other hand, 2p > 2r > p then pB{ N 2rBY = pB{ and since log N(pB{,rBJ) ~ log(edr?/p*) ~ logd
(which is evident from the argument used above), then log N(pB{ N 2rB4,rBY) ~ logd. Finally, when
2r > 2p, log N(pB¢ N 2rB4,rBY) = 0.

Therefore,
p? if p?N < 02 logd, ()
(qh(co/o))? ~1 { po % log (f;gf) if 02logd < p?N < o0%d?,
% if p2N > o2d.

We conclude that when o > r3(Q) (and in particular, when o2d? > Np?), and if p? N > 02 logd, then
¢ (co/o) ~ s%(n). This estimate also exhibits that Sudakov’s inequality for the set pB¢ N 2rB¢ is sharp
at the scale € = r in the following sense: for every 0 < r < p,

r\/log N(pB{ 120 B4, 7BY) ~ E |G lyppsir g -

Therefore, by Theorem B, one has that if o 2 r},(Q) and if the set of admissible targets contains every
Yt = (X,t) 4+ W as above, then the minimax rate in the constant confidence regime is (s (n))? and that
ERM is optimal procedure when p?N > o2 logd.

Note that when p>N < 02 logd the estimates on (g} (co/c))? and on (s%(n))? do not coincide. And, it
turns out that if one extends the set of admissible targets, ERM cannot perform with a better accuracy
than ~ (s%(n))? in this range. Indeed, consider the one dimensional case d = 1 and a target Y defined as
follows: the marginal law of Y given X is

v — { cX  with probability 1/2 + 9 (4.2)

—oX  with probability 1/2 — §

for ¢ that will be specified later, and X that is distributed uniformly in {—1,1}. The corresponding class
of one-dimensional linear functionals is F = {fy =tz : —p <t < p}.
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It is straightforward to verify that for every t € [—p, p],
R(t) == R(f;) = (% + t*) — 4tdo,

and if 200 > p then the minimizer of R(t) in [—p, p] is t = p.
Next, let us identify the minimizer of the empirical risk Ry (t) = N—! Zf\;l(YZ —tX;)%. Given the
sample (X;, ;)N |, let J = {i:Y; = 0X;}. Observe that for every t € [—p, p],

N
(¥ —tX)? = (0 = 2X2 + 3 (=0 — £)2X2 = (0 — )] + (0 + D)*].J.

i=1 ieJ i€J¢

Hence, if |J¢| > |J| then the empirical minimizer satisfies # < 0. By the choice of Y, the random variable
Z =1gy—_,x3|X has mean 1/2 — § and variance 7% = 1/4 — 6. Given X1,..., X, let Z; = Ly, x| Xi
and note that |J¢| = Ef\i 1 Zi. Tt follows from the Berry-Esseen Theorem that if v/N/7 < ¢; then with
probability at least 1/4, |J¢| > N/2. And to ensure that §v/N /7 < ¢; it suffices to select § = co/V/N. All
that remains is to estimate the excess risk of ¢, which clearly satisfies
- . capo
R(t) — R(t*) > c3opd TN

Thus, when 0§ > p (i.e., when p?N < o2), the best accuracy that ERM can achieve with constant
probability is ~ (s%(n))?.

(4.3)

Finally, turning to the low noise regime (o < r3(Q)), one can show that the rate (r} (Q))? is actually
sharp. Recall that by Theorem C it suffices to show that the Gelfand N-width of pB¢{ satisfies cy (pBY) ~
rx- By a result due to Garanaev and Gluskin [17], when d > N one has

. log(ed/N
cNmBﬁ~pmm{L gﬂg/)},

and cy(pB¢) = 0 when d < N. Therefore, cy(pB{) ~ 74(Q) when either N < ¢;d or N > cad. In
particular, when 0 < o < r%(Q), the minimax rate is (73(Q))? and it is achieved by the ERM.

4.2 Low-rank matrix inference via the max-norm

In this section, the goal is to estimate the real-valued output Y by a linear function of a low-rank (or
approximately low rank) matrix. Since the rank is not a convex constraint, one may consider “a convex
relaxation” given by the factorization-based norm

= min HUH2_>OO ||VH2—>oo :

Al = min_

Let Byqe be the unit ball relative to that norm and set F = {fa = <~, A> : A € Bz b Thus,

1 N

Ay € argmin — Y, — (X5, A 2
Al <1N;( o 4)

maxr —

A similar estimator has been studied in [13] for Y = (A*, X) + W, a random vector X that is selected
uniformly from the canonical basis of RP*9  a noise vector W that is either gaussian or sub-exponential
with independent coordinates, and matrices in B,,,, with uniformly bounded entries.

Assume that X is isotopic and L-subgaussian relative to the normalized Frobenius norm, and in par-
ticular,

KX, A)l,, = o) 2 1AlR, (XA, < Lea ™ 14llp.
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Let A* € argmin,cp, E(Y — (A4, X))? be a minimizer of the risk in Bynqz and set o = HY — (X, A%)
Since F is convex, the minimizer is unique and the conditions of Theorem A are satisfied.

To apply Theorem A, one has to estimate the fixed points r} (Q) and s} (n) for @ that depends only
on L and n ~p o~ L.

Let Br be the unit ball relative to the Frobenius norm. Since X is isotropic, the relative Ly unit ball
is

H¢2'

2
D={fa:E(X,A)" <1} ={(-,A): A€ /pqBr},
and the corresponding gaussian process has a covariance structure given by
EGy, Gy, = (pg) "' (A, B) = (pg) ' Tr(A B).
A simple application of Grothendieck’s inequality (see, e.g., [38]) shows that
conv (Xi) C Boaz C KGconv(Xi)

where K is the Grothendieck constant and Xy = {uv! : w € {£1}?,v € {£1}9}; in particular,
diam(Bnaz, L2) ~ 1.

Let & = (gij)1<i<p:1<j<q be a matrix with independent, centered gaussian entries with variance (pq)
Thus, for every s > 0,

ElGll(z_rnsp =E sup (6,A)| <2E sup [(6,A)|<2KgE sup [(&,A4)]
A€2BmazNs\/PgBF A€Bmax Aé€conv(X4)

-1

By standard properties of gaussian processes,

| A
E sup [(6,4)] < max ]‘Jé?\/log]/l’ﬂ SVp+ag.

Aéecconv(X4) AeXy
In the reverse direction, by Lemma 3.1 in [13], if
; <s2 <1,
min(p, )
then

S logl/2 N (Baz N s\/PgBFr, s\/pq/2Br) 2 /D +q. (4.4)

Hence, it follows from Sudakov’s inequality that in that range of s,

EHGHsDﬂ(}——]——) ~\p+gq
and
* pP+q * p+q
(i) ~ oy L @~ P

as long as both are smaller than 1 and larger than 1/ min{p, ¢}; that is, when p+q¢ < N < pq, p+q < 02N
and o°(p + ¢) min(p, ¢)*> 2 N.

Applying Theorem A, if 0 2o 1, \/(p+ ¢)/N then with probability at least 1—2exp(—ciy/N(p+q)/0)

ERM satisfies that
p+q
AX f E(Y — (A4, X)) Loy ——
E(Y - (4, X)) < <, B - >+CQQ)\/N’

and if o Sg.r /(p+ ¢)/N, then with probability at least 1 — 2exp(—ci1N),

i . D+ q
E(Y — (A, X))?2< inf E(Y —(A4,X L
(V= (A, X))° < inf E(Y - (A, X))’ + (@ L) 5
To see that the estimate is sharp in the minimax sense when o 2 \/(p + ¢)/N (and as long as s}, 7y S 1,
ie, 0 < /N/(p+q)), observe that Theorem A” implies that ERM achieves the minimax rate for the
confidence parameter dy = exp(—c1y/N(p+ ¢q)/o). Moreover, by Theorem B and (4.4), any procedure

+

with confidence parameter dy < 1/4 has accuracy ¢y 2 04/ %%, matching the upper bound.
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5 Concluding remarks

Subgaussian classes are the first family of unbounded classes one is likely to consider, and it turns out
that just like bounded classes, the study of subgaussian learning problems may be carried out using a
two-sided concentration argument. Unfortunately, this is as far as concentration goes: the substantial
technical machinery needed for the proof of Theorem A is not true beyond the subgaussian framework,
and the analysis of more ‘heavy-tailed’ problems requires a totally different machinery (see [36, 33, 25, 28]).
Moreover, in more heavy-tailed situations, ERM does not attain the optimal accuracy/confidence tradeoff.

The results presented in this article are sharp in many cases but not in every case. First, in the ‘high
probability’ range, Theorem A” shows that when o 2 7% the performance of ERM is optimal in the
minimax sense. However, if o < 73, the estimate we present happens to be sharp only for ¢ = 0 (when
the error rate is a typical value of D?(f*,X)), or for o ~ %, when the error rate is ~ (r%)?. This gap is
filled (almost completely) in [31].

In the constant probability regime the picture presented here is even less complete. For example, in
‘noisy situations’ — when o > 7%, the upper bound of (s%;(¢/c))? is sharp only if it happens to be equivalent
to gi(c/o). Unfortunately, this is not even true even for F = {(¢,-) : t € Bg}, when 1+ 1/logd <p < 2.
Again, this gap was addressed in [31] — at least when considering a class of admissible targets of the form
Y/i=f(X)+W.

The case of linear functional in R? is a good indication to what our estimates give in general: if X is
L-subgaussian then when considering targets of the form Y! = <X , t> + W for a centered gaussian variable
W that is independent of X, and ¢t € T, ERM achieves the accuracy

max{ (s (c/0))2, (r% (@))%}

as long as 7' is convex and centrally-symmetric. No procedure can outperform this rate, say with confidence
at least 3/4 provided that:

1. gy Iogl/2

at scale € = ¢y

N(TN2q% B4, q3BY) ~E ||G||2qu?ng —meaning that there is no gap in Sudakov’s inequality

2. en(T) ~ r3(T) — meaning that v Ney (T N iy BY) ~ EHGHTW;QVBL;, and there is no gap in the
Pajor-Tomczak-Jaegermann estimate on the Gelfand N-width of T' (see [39]).

Let us mention once again that a complete characterization of the minimax rate in this case was recently
established in [31], and the optimal procedure happens to be a minor modification of ERM: it is ERM
performed in an appropriate net in 7.

The parameter s} may be compared with the fixed points used in [16, 7, 47, 48, 2]. In all those cases,
the fixed points are associated with Dudley’s entropy integral for the localized class, rather than with the
localized gaussian process; as such, the resulting bounds are always weaker than ours. For example, the
results in [7] which deal with the same situation as Theorem A” show that if the noise level is large enough
and there is no gap in both Sudakov’s AND Dudley’s inequalities at the correct level (given by the fixed
point), ERM is a minimax procedure in expectation. Theorem A” clearly improves that result.

Finally, although the importance of convexity may have been obscured by the Bernstein condition, a
uniform Bernstein condition implies that the class is convex, at least if a nontrivial error rate is to be
expected.

Indeed, observe that if 7 C La(p) is closed but not locally compact in La(p) then the minimax rate
of Yf = f(X) + W does not tend to 0 as the sample size tends to infinity. This is an immediate outcome
of Theorem B and the fact that there is some r > 0 and f € F for which f 4+ rD contains an infinite set
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that is /4 separated in Lo(u). Thus, one may restrict oneself to classes that are locally compact, and, in
which case, one has the following:

Theorem 5.1 Let p be a probability measure and let X be distributed according to p. If F is a locally
compact subset of La(u), the following are equivalent:

i) for any real valued random variable Y € Lg, the minimum of the functional f — E(Y — f(X))? in F
is attained. And, if f* is such a minimizer, then for every f € F,

E(f(X) = f*(X))” SE((Y = f(X))* = (Y = ["(X))?). (5.1)
it) F is nonempty and convex.

Proof. If F is a nonempty, closed and convex subset of a Hilbert space, the metric projection ¥ — f*
exists and is unique. By its characterization, <f(X) - f(X),Y — f*(X)> <0 for every f € F, and

E((Y = f(X))? = (Y = f(X))?) = IF(X) = FHX)IIT, +2(*(X) =Y, F(X) = f*(X)) = /(X)) = (X, -

In the reverse direction, if F is locally compact, the set-value metric projection onto JF exists, and since
it is 1-Bernstein for any Y, the metric projection is unique. Indeed, if f{, f5 € F are minimizers then by
the Bernstein condition,

LX) = £ (07, < BE((Y = f5(X))* = (Y = f{(X))?) =0.

Thus, any Y € Lo has a unique best approximation in F, making F a locally compact Chebyshev set
in a Hilbert space. By a result due to Vlasov [50], (see also [14], Chapter 12), F is convex. ]

A Additional proofs

First note that the canonical gaussian process we are interested in is a restriction of the isonormal process
on La(p) to a subset (see Section 12 in [16]). In particular, it inherits the linearity of the isonormal process
— a fact we shall use below.

Proof of Lemma 2.3. Fix s; > s3 > 0 and f,h € F. Assume that so < [[f — hl[1,(,) < s1 and observe
that since F — F is star-shaped around 0 and 0 < sa/||f — A1, () < 1, it follows that

f—h

U= 8y
1f = Pl oo

S SzDﬂ(f"—]:).

Therefore,

—h
= MGU < (s1/s2) sup Gy. (A1)

Gf_h 5
2 wEsa DN(F—F)

Since (A.1) clearly holds if || f — k|1, () < s2, by taking the supremum over all possible choices of f —h €
s1DnN (f - F ),
sup Gy < (s1/52) sup G,
wes1 DN(F—F) wEsa DN(F—F)
which is equivalent to 1(s1)/s1 < ¥(s2)/se; therefore, ¢ is non-increasing on (0, 400).
The two other parts of the claim can be established using a similar argument and their proofs are
omitted. [ |
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Proof of Lemma 2.4. First, assume that o > (¢/Q)ry(Q). Let r < 73, (Q) and note that by Lemma 2.3,

o c
E|Gll, prF-r) = Qrv'N = Qo ETQ‘/N'

rc

Hence, if (Qo)/rc > 1 then |G|, pnr—7) = £r*VN, implying that r < s} /(c/o). But (Qo)/rc > 1 is
equivalent to o > (¢/Q)r, which holds for any r < r}(Q).

For the reverse direction, let o < (¢/Q)ry(Q) and set r > r},(Q). Thus, by Lemma 2.3,

E|Gll,pnF-7) < QrVN = gﬁm'

Hence, if Q/r < c¢/o then r > s3(c/o). But Q/r < c¢/o if 0 < (¢/Q)r, which clearly holds. [ ]
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