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Abstract

Practitioners have observed that some deep learning models generalize well even with a perfect fit to noisy
training data [5, 45, 44]. Since then many theoretical works have revealed some facets of this phenomenon
[4, 2, 1, 8] known as benign overfitting. In particular, in the linear regression model, the minimum #2-norm
interpolant estimator 3 has received a lot of attention [1, 39] since it was proved to be consistent even though
it perfectly fits noisy data under some condition on the covariance matrix ¥ of the input vector. Motivated by
this phenomenon, we study the generalization property of this estimator from a geometrical viewpoint. Our main
results extend and improve the convergence rates as well as the deviation probability from [39]. Our proof differs
from the classical bias/variance analysis and is based on the self-induced regularization property introduced in
[2]: B can be written as a sum of a ridge estimator 3,,, and an overfitting component BkJrlzp which follows a
decomposition of the features space RP = Vi, ot Vi+1:p into the space Vi.; spanned by the top k eigenvectors of
3 and the ones Vii1:p, spanned by the p — k last ones. We also prove a matching lower bound for the expected
prediction risk. The two geometrical properties of random Gaussian matrices at the heart of our analysis are the
Dvoretsky-Milman theorem and isomorphic and restricted isomorphic properties. In particular, the Dvoretsky

dimension appearing naturally in our geometrical viewpoint coincides with the effective rank from [1, 39] and
is the key tool to handle the behavior of the design matrix restricted to the sub-space Vi11., where overfitting
happens.
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1 Introduction

Chaldni patterns, Melde experiments and so on have been starting points of profound discoveries in Mathematics.
Nowadays sources of observations and experiments include the behavior of algorithms if we think of computers as
experimental devices. The numerous successes of deep learning methods [9] during the last decade can thus be seen
as experiments that scientists of all kinds can try to understand and in particular mathematicians to explain. This
may lead to a profound rethinking of statistical machine learning and potentially to new principles, quoting Joseph
Fourier [16]: *The principles of the theory are derived, as are those of rational mechanics, from a very small number
of primary facts’.

One side of the ’deep learning experiment’ that has received a lot of attention from the statistical community
during the last five years is about an unexpected behavior of some deep learning models that perfectly fit (potentially
noisy) data but can still generalize well [5, 45, 44]. This is a bit unexpected because it is quite rare to find a book
about statistical learning written before the ’era of deep learning’ which does not advise any engineer or student to
avoid an algorithm that would tend to stick too much to the data. Overfitting on the training dataset was something
that any statistician (the data scientists of that time) would try to avoid or to correct by (explicit) regularization
when designing their learning models. This principle has been profoundly rethinked during the last five years.

This property is nowadays called the benign overfitting (BO) phenomenon [4, 2] and has been the subject of many
recent works in the statistical community. Motivation is to identify situations where benign overfitting holds that is
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when an estimator with a perfect fit on the training data can still generalize well. Several results have been obtained
on BO in various statistical frameworks such as regression [7, 8, 34, 6, 17, 33, 43, 13, 46, 26, 29, 14, 47, 11, 34, 21]
and classification [7, 37, 12, 27, 42]. All the point is to consider some estimators that perfectly fit the data — such
estimators are called interpolant estimators — and to find conditions under which they can generalize well (that is to
predict well on out-of-sample data); that is to prove that their excess risk or estimation risk tend to zero — in other
words, when interpolant estimators are consistent.

In the linear regression model, it has been understood that BO happens principally for anisotropic design vectors
having some special decay properties on their spectrum [, 39, 46] except for the result from [11] where BO was
achieved by the minimum ¢;-norm interpolent estimator in the isotropic case. Two important results on the BO in
this model are Theorem 4 in [1] and Theorem 1 in [39] that we recall after introducing the model and the interpolant
estimator.

The anistropic Gaussian design linear regression model with Gaussian noise. We consider y = X3* + £
where X : R? — RY is a Gaussian matrix with ii.d. A(0,%) row vectors, £ is an independent Gaussian noise
N(0,0¢Iy) and B* € RP is the unknown parameter of the model. Dimension p is the number of features. We write

(21/2G1)T
X = : =G xt/2 (1)
(21/2GN)T

where Gy, ...,Gy are N i.i.d. N(0,I,) and GV*P) is a N x p standard Gaussian matrix (with i.i.d. A/(0, 1) entries).
We consider this model as a benchmark model because it is likely not reflecting real world data but it is the one that is
expected to be universal in the sense that results obtained in other more realistic statistical model could be compared
with or tend to the one obtained in this ideal benchmark Gaussian model. The relevance of the approximation of
large neural networks by linear models via the neural tangent kernel [19, 18] feature map in some regimes has been
discussed a lot in the machine learning community for instance in [4, 28, 1] and references therein.

The minimum /5-norm interpolant estimator. Interpolant estimators are estimators B that perfectly fit the
data, i.e. such that X3 = y. We denote by |||, the Euclidean norm on R? and consider the interpolant estimator
having the smallest ¢5-norm

A € argmin 8], (2)
B:XB=y

The relevance of the minimum ¢5-norm interpolant estimator for neural networks models is that gradient descent
algorithms converges to such estimators in some regimes (see Section 3.9 from [1] and Section 3 from [2] and references
therein).

The goal is to identify situations (that is covariance matrices ¥ and signal 3*) for which 3 generalizes well even
though it perfectly fits the data. Generalization capacity of an estimator 3 is measured via the excess risk:

2
.
where Y = (X,8") + &, X ~ N(0,%) and ¢ ~ N(0,0¢) is independent of X. In this model, the excess risk is
an estimation risk with respect to the norm HEl/ 2~H2. Our goal is to prove high probability upper bounds on the
£12(8 - B%)
(i.e. ¥ and B*) where this bound (i.e. the rate of convergence) tends to zero as N and p go to infinity. These cases
are all situations where the benign overfitting phenomenon takes place. The study of the BO requires to make both
N and p tend to infinity; it means that the number p of features also increases with the sample size N. A way such

asymptotic can be performed is by adding features in such a way that only the tail of the spectrum of ¥ is modified
by adding eigenvalues smaller to the previous one as p tends to infinity.

E[(Y — (X,B))%I(y, X)] - E(Y — (X,87))? = | 528 - 8°)

2 R
generalization error ‘ of the minimum ¢s-norm interpolant estimator 3 from (2) and to identify cases
2

Two seminal results on benign overfitting in linear regression. We state the main upper bound results
from [1] and [39] in the Gaussian linear model introduced above and for the minimum ¢5-norm interpolant estimator
(2) even though they have been obtained under weaker assumptions such as sub-gaussian assumptions on the design
and the noise or for a misspecified model or for the ridge estimator. Both results depend on two concepts of effective
rank of ¥. To recall their definitions, we use the following notation. The SVD of ¥ is ¥ = UDU " and (fi,..., fp)
are the rows vectors of U and D = diag(oy, .. .,0p) is the p x p diagonal matrix with o4 > -+ > 0, > 0 such



that Xf; = o, f; for all j € [p]. For all k € [p] we denote Vi, = span(fi,..., fr) and Vii1.p = span(fri1,..., fp)-
We denote by P, : RP — RP (resp. Pjy1.,) the orthogonal projection onto Vi (resp. Viyi:,) and for all 8 € RP,
we denote By, = P1x8 and By, = Pri1p0. We denote ¥y = UD1.,UT and Ykt1p = UDk+1;pUT where

D, = diag(o1,...,0%,0,...,0) and Dj41.p = diag(0,...,0,0%41,...,0p). We also denote X1, = G(NXP)EH; and

Xit1p = (G(NXP)E,ifl:p so that X = X1.x + Xpy1.p. The two effective ranks used in [1, 39] are given by
Tr(Xg1. Tr(Sht1p))?
Tk;(z) — r( k+1-p) and Rk(z) — ( r( k+1‘;0)) . (3)
1Ekt1:pllop Tr(2740,)

Theorem 1. [Theorem /4 in [1]] There are absolute constants b,c,c1 > 1 for which the following holds. Define
ky =min(k > 0:7,(2) > bN), (4)

where the infimum of the empty set is defined as +o0o. Suppose § < 1 with log(1/8) < n/c. If kf > n/c1 then
E HEUQ(,@ —B%)|| > o¢/c. Otherwise,
2

<09 1T (22) o, () v (4 205 )
(5)
‘2 > (o¢/e) (\/kg‘/N-ﬁ- \/N/ng(z))

Theorem 1 is one of the first results proving that the BO phenomenon in the linear regression model can happen
by identifying situations where the upper in (5) tends to zero: quoting [1]: ’..ro(X) should be small compared to the
sample size N (from the first term) and ryx () and Ryx (%) should be large compared to N. Together, these conditions
imply that overparametrization is essential for BO in this setting: the number of non-zero eigenvalues should be large
compared to N, they should have a small sum compared to N, and there should be many eigenvalues no larger than
Oy ... For these reason, we say that a sequence of covariance operator X is benign if

|=2B-8)

with probability at least 1 — §, and E HZl/Q(,@ -3
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The analysis of the BO from Theorem 1 is based uniquely on the behavior of the spectrum of 3. In particular,
it does not depend on the signal 8% (even though the norm ||3"||, appears as a multiplying factor in (5) and this
quantity may be large since 3" is a vector in R? with p being large to allow for over-parametrization). This analysis
was improved in the subsequent work from [39]. We recall the main result from [39] only for the ridge estimator
with regularization parameter A = 0 since in that case it coincides with the minimum /5-norm interpolant estimator

B from (2).

Theorem 2. There are absolute constants such that the following holds. Let § < 1 —4exp(—N/cg) and k < N/cg.
We assume that with probability at least 1 — &, the condition number of Xk+1;pX,;r+1:p 1s smaller than L. For all
t € (1,N/cy), with probability at least 1 — & — 20 exp(—t),

’2 Tr(Zkt1; p)) oeViL \/? NT(Z} 0, ») M)

H21/2(B_ﬁ*) Tr Ek-‘rlp)

I (o S e

and
Tr(2k+1ip) > ﬂ (8)
Xk, — L

Compare with Theorem 1, Theorem 2 shows that this is not the £s-norm of the entire vector 3" that has to be

paid by ﬂ in the bias term but the weighted ¢5 norm szﬂ pﬁk?+1 p of the signal 8" restricted to Vi41.p, the space

spanned by the p — k smallest eigenvectors of ¥ as well as HZ 1/2,61 kH Tr(Xk+1:p)/N. Theorem 2 also introduces

a key idea that the feature space RP should be decomposed as Vi., &+ Vi+1:p- This decomposition of R? is actually

associated to a decomposition of the estimator ,3 into a prediction component and an overfitting component following
the self-induced regularization idea from [2] (see also the ’'spiked-smooth’ estimates from [12]).



The choice of k from [39, 2] is given by k; from (4) and is called the effective dimension in [2]. For that choice
of k, it is claimed in [2] that the self-induced regularization property of B is to write it as a sum of an OLS over
Vi, and an overfitting component over Vj41.,. Moreover, for this choice of k, the upper bound on the variance term
from the analysis of [39, 2] has been proved to be optimal and a lower bound on a Bayesian version of the bias term
matching the upper bound on the bias term from [39] has been proved in [39]. In particular for benign overfitting,
these results require k; = o(XV).

Questions. Implicit in the work of [39] is the choice of decomposition RP? = V; @+ Ve with J of the form {1,... k}
and k S N — where V; = span(f; : j € J). One may however wonder if it is the best possible form of decomposition
of R? or if there are better choices of J (see [21])? Second, if it is the case that the best possible choice is of the
form J = {1,...,k} then what is the best possible choice of k? Given that the upper bounds from [1, 39] and ours
below depend on the signal 3%, one may expect the best choice of J and k (for J = {1,...,k}) would depend on 3*.
Several lower bound results on the variance term from [1, 39] may let us think that it is not the case. We will prove
thanks to matching upper and lower bound on the prediction risk itself (for any 3*) that the best decomposition is
RP = Vig; o+ Vi;+1:p for kj introduced in [1] (see (4)). Again, this fact is not obvious, given that the matching
upper and lower bound depend on 3* and thus minimizing such a bound over all decomposition R? = V; &+ Ve for
J C [p] is expected to depend on 3" a priori. This is in fact not the case: whatever the signal is, J = {1,...,k;} is
always the best choice made by B This result shows that the two choices from [1, 39] about the best decomposition
of R? with the best choice of k are in fact optimal.

Our contribution. We improve the rates and probability deviations from Theorem 1 and Theorem 2. We extend
the results to k& = N. This allows for a possibly better choice of the splitting parameter k that can lower the
price of overfitting (overfitting happens on the space Vj11.,). We also extend the features space decomposition (see
Section 4.3) beyond the one of the form RP =V, et Vi+1:p used in Theorem 2 to any features space decomposition
of the form R? = V; &1 Ve — where V; = span(f; : j € J) — with no restriction on the dimension |J| of V; (where
estimation happens). We also improve the lower bound results from [, 39] by removing unnecessary assumptions
(see Section 4.4 for more detail) as well as obtaining a result for the risk itself and not a Bayesian one as in [39].
Indeed, we obtain a lower bound on the expected prediction risk which shows that the best choice of J is {1,..., k] }.
However, we emphasis through that rate that the benign overfitting property of B depends on both ¥ and 8" and in
particular, on their interplay, i.e. the coordinates of 3 in a basis of eigenvectors of ¥ (and not only on the spectrum
of ). Our main contribution lies also in a technical point of view: our proofs are based upon the self-reqularization
property [2] of B and not on a bias/variance decomposition as in [39, 1]. We also show that the Dvoretsky-Milman
theorem is a key result to handle the behavior of the design matrix restricted to Vj41.,. In particular, we recover
the effective rank r¢(X) from [1, 39] as a natural geometric parameter of the problem: the Dvortesky dimension of
the ellipsoid 21;1-{:21735 (i.e. the one associated to the covariance matrix X restricted to the subspace of RP where
overfitting happens). The other geometric property that we introduce is a restricted isomorphic property of the
design matrix X restricted to V3., which is needed when k 2 N. These two tools are at the basis of our 'geometrical
viewpoint’ on the benign overfitting phenomenon.

The paper is organized as follows. In the next section, we provide the two main geometrical tools we will use to
prove the main results. In the third section, we provide a high-level description of the proofs of our main results. In
Section 4, we provide the four main results of this paper, identify situations of benign overfitting and introduce a
self-adaptive property of ,3 All proofs are given in the last section.

Notation. For all ¢ > 1, ||||q denotes the £;-norm in RP, BI its unit ball and Sg_l its unit sphere. The operator

norm of a matrix is denoted by ||-[|,,. For A € R™*", s1(A) > -+ > sman(A) denote the singular values of A and
its spectrum is the vector spec(A) = (s1(A), -+, Sman(A)). The set of integers {1,...,p} is denoted by [p]. Let T’
be a p x p semi-definite (not necessarily positive) matrix. We denote by I'"! the generalized inverse of this matrix.

2 Two geometrical properties of Gaussian matrices

We will use two properties of Gaussian matrices related to Euclidean sections of convex bodies. The first one is
the Dvoretsky-Milman’s theorem (which implies the existence of Euclidean sections of a body via a section of that
body by the span of a Gaussian matrix) and the second one is a restricted isomorphy property of Gaussian matrices
(which implies Euclidean sections via the kernel of a Gaussian matrix). We recall these two tools because they play
a central role in our analysis of the minimum #5-norm interpolant estimator ,3



The Dvoretsky-Milman’s theorem for ellipsoids. The original aim of the Dvoretsky-Milman (DM) theorem
is to show the existence of Euclidean sections of a convex body B and to identify the largest possible dimension (up
to constant) of such Euclidean sections. Even though the terms of the problem are purely deterministic the only
way known so far to obtain such sections are obtained via the range or the kernel of some random matrices such
as standard Gaussian matrices and that is the reason why we will use this theorem for the properties of Gaussian
random matrices they also use. We provide the general form of the DM theorem even though we will use it only for
ellipsoids.

Definition 1. Let ||-|| be some norm onto RP denote by B its unit ball, by ||-||, its associated dual norm and
by B* its unit dual ball so that for all x € RP, ||z|| = sup((z,y),y € B*). The Gaussian mean width of B* is
0*(B*) =Esup({z,G) : © € B*) where G ~ N(0,1,) and the Dvoretsky dimension of B is

d.(B) = <ch£gg:,)€;0)2

where diam(B*,£5) = sup (||v||, : v € B*).

The Dvoretsky dimension d.(B) is up to absolute constants the largest dimension of an Euclidean section of B
(see [35] for both upper and lower bounds). For instance, d.(BY) = p means that there exists a subspace E of R? of
dimension cop where cq is some absolute constant such that (¢1/,/p)B5 N E C Bl NE C (cz/\/p)B5 N E — in other
words the section BY N E of the convex body BY by E looks like the Euclidean ball BS N E with radius (1/,/p) up to
absolute constants. Another example that we use below is the case of ellipsoids ¥~ 1/QBP ={veRr: HEl/sz <1}

where ¥ € RP*P is a PSD matrix. In that case, the Dvoretsky’s dimension of ¥~/2BY is

) (T 28], VIS, e TH(E)
i, < =T, <43V < e ©)

because £*((SV/2B8)*) = £+(SV/2B8) = E||£1/2G|, < \/E||SV2G|S = /Tx(S) and E||T2G]|, > /Tx(T)/2.
The quantity appearing in the right-hand side of (9) has been used several times in the litterature on interpolant

estimators and was called there the effective rank or effective dimension [1, 39] (see (%) in (3)). As a consequence,
assuming that HEHOP N < Tr(¥) is equivalent to assume the existence of an Euclidean section of dimension of the

order of N of the ellipsoid ¥~'/2B5.

Let us now state the general form of the Dvoretsky-Milman’s Theorem that will be useful for our purpose that
is the one that makes explicitly appearing a standard Gaussian matrix. The following form of Dvoretsky’s theorem
is due to V.Milman (up to the minor modification that [32] uses the surface measure on the Euclidean sphere S7~!
instead of the Gaussian measure on RP).

Theorem 3. There are absolute constants kpyr < 1 and co such that the following holds. Denote by G := GWxp)
the N x p standard Gaussian matriz with i.i.d. N'(0,1) Gaussian entries. Assume that N < kppnds(B) then with
probability at least 1 — exp(—cods(B)), for every A € RY,

L e < 6T < 3 e ) 10

Classical proofs of the Dvoretsky-Milman (DM) theorem hold only with constant probability as in [10] or [35]
because DM’s theorem is mainly used to prove an existence result: that Im(GT) realizes an Euclidean section of
the convex body B. However, we will need DM’s theorem to hold with large probability and it is straightforward
to get the right probability deviation as announced in Theorem 3 above for instance from the proofs in [40] or [35].
Theorem 3 has also implications on standard Gaussian matrices. We state such an outcome for anistropic Gaussian
matrices.

Proposition 1. Let Xo = GVXPITY2 yhere GIN*P) s a N x p standard Gaussian matrice and I' is a semi-definite
matriz. Assume that N < kpprd.(T=/2Bg). With probability at least 1 — exp(—cod.(T~/2BY)),
[%ax] = e 2BE2IN)| < (/20 (/2B
op

which implies that
\/51(XoXT) = 51(Xy) < /3/20*(TV/2BE) < /3Tr(T)/2
Vaw(KaX]) = sn(Xs) > (1/V2)e(DV/2BY) < /Tx(D)/2



and

2 2
> 51[Xg (XoXJ) 7Y > sy [Xg (XoX]

Tr(F)fsl[Q(QQ) } 3N[2(2 )~ ] 3Tr()
Proof. Tt follows from Theorem 3 for |||-|| = HF1/2-H2, (so that B = F_l/ng and B* = Fl/ng) that with probability
at least 1 — exp(—cod,(I'~Y/2BY)),

F1/2BP
HXQXJ e @V2B2IN|| = sup ‘||XT>\||2 (TV2BE)? (|2 ‘ < f)
P IAll=

Moreover, we already saw that Tr(T')/2 < ¢*(I''/2B5)? < Tr(T') which proves the first statements. We finish the
proof by using that for all j =1,..., N, s;[Xg (XoXJ )71 = 4/5;[(XaX35 ) 1] [ ]

A consequence of Proposition 1 is that in the Dvoretsky’s regime (i.e. when N < kpyrd.(I'"1/2BY)), XoX] =
GI'G' (where G = GV*P)) behaves almost like the homothety ¢*(T'/2B%)2Iy. DM’s theorem holds for values of N
small enough — which means from a statistical viewpoint that it is a high-dimensional property.

Remark 1 (Effective rank and the Dvoretsky dimension of an ellispoid). The effective rank ri(3) (see (3)) and the
Dvoretsky dimension of Zki{ po are up to absolute constants the same quantity. Note also that when the condition
number L from Theorem 2 is a constant, the lower bound from (8) is a consequence of a general result on the
upper bound on the dimension of an Fuclidean section of a convex body which implies (8) in the case of Ellispoid

(see Proposition 4.6 in [35]). Indeed, when L is like a constant, Xk+1;pX,;r+1:p behaves like an isomorphy and so
E,Zi{zpo has an FEuclidean section of dimension N given by the range of X;_l:p, hence, from Proposition 4.6 in

[35], the Dvoretsky dimension of Eki{Qpo has to be larger than N up to some absolute constant and so (8) holds.

The Dvoretsky-Milman theorem is behind several results previously used in literature about BO such as Lemma 9 and
Lemma 10 in [1] and Lemma 4.3 in [2].

There are cases where we want to avoid the condition "N < kppsd,(T~1/2B¢)" in DM theorem. Since this
assumption is only used to obtain the left-hand side of (10) (which is sometimes called a lower isomorphic property),
we can state a result on the right-hand side inequality of (10) without this assumption. The proof of the following
statement is standard and follows the same scheme as the one of Theorem 3. We did not find a reference for it and
so we sketch its proof for completeness.

Proposition 2. Let ||-|| be some norm onto RP and denote by B* its unit dual ball. Denote by G := GIN*P) the
N x p standard Gaussian matriz with i.i.d. N(0,1) Gaussian entries. With probability at least 1 — exp(—N), for

every A € RV,
IGTAN| < 2 (¢(B*) + V2N (1 + 1og(10)) diam(B*, ) ) 1Al

Proof of Proposition 2. It is essentially the proof of the DM theorem which is followed here. Denote by
G1,...,Gy the N iid. N(0,I,) row vectors of G. Let A € S5’ 1. It follows from Borell’s inequality (see Theorem 7.1
in [24] or p.56-57 in [25]) that with probability at least 1 — exp(—t),

IIGTA|| = IIGIIl < EIG| + V2t sup \/E(G,z)* = £*(B*) + V2t diam(B*, 3)
reB*

where G = Zivzl NGy ~ N(0,1,). Let 0 < e < 1/2 and A, be an e-net of Sy’ w.r.t. the £Y-norm. Let A* € S ~*
be such that [||GTA"||| =sup (||[GTAl|| : A € S 1) := M and let A} € A. be such that [A* — AZ[|, < e. We have

M= [le"N [ < [ICTx[ + (6T A" =X < sup [[GTA| + e
and so M < (1 —€)tsupy_ca, [[|GTA||. It follows from the bound above derived from Borell’s inequality and an
union bound that with probability at least 1 — [Ac|exp(—t), M < (1 —€)~! (£*(B*) + V2t diam(B*, £8)). It follows
from a volume argument [35] that |A.| < (5/€)" hence, for e = 1/2 and t = N(1 + log(10)) with probability at least
1- exp(—N),
sup ([[GTAf| : A e sy <2 (E*(B*) + V2N + log(lo))diam(B*,Kg)) .



Isomorphy and Restricted isomorphy properties. We use our budget of data, i.e. N, to insure some isomor-
phic or restricted isomorphic property of a matrix X; = GIN*P)T'1/2 for some semi-definite matrix I'. Let B be the
unit ball of some norm ||-||. Let Krrp be some absolute constant. We define the following family of fixed points: for
all p >0,

r(p) = inf (r >0: 0 ((pFl/QB) N (rBS)) < RRIP’I"\/N) (11)
where ¢* ((pI''/2B) N (rBY)) is the Gaussian mean width of (pI''/?B) N (rBY). We see that for all p > 0, r(p) =
pRx (T2 B) where

Ry (TY2B) = inf (R >0 0 ((r1/2B) N (RBg)) < KRIPR\/N) . (12)

The relevance of the fixed point Ry (I''/2B) may be seen in the following result. This result follows from a line of
research in empirical process theory on the quadratic process [20, 31, 30, 15, 3].

Theorem 4. There are absolute constants 0 < krrp < 1 and co such that for the fixed point RN(Fl/QB) defined in
(12) the following holds. With probability at least 1 — exp(—coN),

1 2 1 3 2
—||\rt/? H < —|IX 2<7HF1/2‘
QH U2_NH 1U||2_2 U2

; (13)

for all v € R? such that Ry (T'Y2B) ||v|| < ||F1/21)H2.

Proof of Theorem 4. For all v € RP, we set f, : © € RP — (x,v) and denote by F := {f, : v € R?,||v| <
Ry(TY2B)~! and ||T%/2v||, = 1} when Ry(T''/2B) # 0 and F := {f, : v € R?, ||T*/2v]|, = 1} when Ry(I''/2B) = 0.
We denote by u = N(0,T") the probability measure of the i.i.d. p-dimensional rows vectors Y7, --,Yn of Xj.
According to Theorem 5.5 in [15] there is an absolute constant C' > 1 such that for all ¢ > 1, with probability at
least 1 — exp(—t),

JN N

where diam(F, La(p)) := sup(|[f 1, : f € F). Note that we used the majorizing measure theorem [35] to get the
equivalence between Talagrand’s ~»-functional and the Gaussian mean width and that for the Gaussian measure p
the Orlicz space Ly, (1) is equivalent to the Hilbert space La(p). One can check that diam(F, Lo(p)) = 1 and the
result follows for t = N/(64C?) and krrp = 1/[8VC). [

N
rer legf%m ~Ef*(Y)

“c (diam(F, Lol (F) | CEP | i (F, Lo()? ( %JF ;;)) (14)

Let us give some insight about Theorem 4 in the case that is interesting to us that is for T of rank k and B = B5.
When £%;pN > k we have ¢* ((I'/2B%) N (RBY)) < ¢* (RB} Nrange(T')) < RVk < kprpRVN for all R and so one
has Ry(I''/2BY) = 0 which means that X satisfies an isomorphic property (see (13)) on the entire space range(T").
We will use this property to study ,@ in the case where k < krypN; we therefore state it in the following result.

Corollary 1. There are absolute constants cy and ¢y such that the following holds. If T' is a semi-definite p X p
matriz of rank k such that k < krrpN then for Xy = (G(NXP)FUQ, with probability at least 1 — coexp(—c1N), for all

v € range(T), (1/v2) [TV/20], < [Xuoll, /YA < /372 ||TY/20,

Corollary 1 can be proved using a straightforward epsilon net argument and there is no need for Theorem 4
in that case. However the other case 'k > N’ does not follow in general from such an argument. When p >
4k%,;p N, we necessarily have Ry (T''/2B) > 0 because there exists a R* > 0 such that R* B} Nrange(I") C T*/2B5 N
range(I") (take R* for instance to be the smallest non-zero singular value of I') and so for all 0 < R < R*, we
have ¢* ((I''/2B% Nrange(I')) N (RBY)) = ¢*(RBY Nrange(l')) > RVk/2 > coRVN and so one necessarily has
Ry (TV/ 2B) > R* > 0. This is something expected because when k > N, X; has a none trivial kernel and therefore
X; cannot be an isomorphy on the entire space range(T"). However, Theorem 4 shows that X; can still act as an
isomorphy on a restricted subset of range(I') and given the homogeneity property of an isomorphic relation, this set
is a cone; in the setup of Theorem 4 this cone is the one endowed by BY N Ry (I‘1/2B)I‘*1/2S§71 since one can check
that

C := cone (Bg N RN(Fl/QB)F_l/QS§_1> = {v e range(T) : Ry(TY2BE) ||| < HI‘l/QvHQ} (15)

(where we denote cone(T) = {Az:x € T,\ > 0} for all T C RP). We therefore speak about a ’restricted isomorphy
property’ (RIP) in reminiscence to the classical RIP [10] used in Compressed sensing.

As we said, Theorem 4 is used below only for k-dimensional ellipsoids — that is when I is of rank k and B = B5.
For this type of convex body, there exists a sharp (up to absolute constants) computation of their Gaussian mean



width intersected with an unit Euclidean ball: denote by o7 > - -+ > o} the k non zero singular values of I" associated
with k eigenvectors fi,..., fx, it follows from Proposition 2.5.1 from [38] that there exists some absolute constant
Cp > 1 such that

¢ (F1/2B§ N RBg) < Gy (16)

(this estimate is sharp up to absolute constants) and so Ry (I''/2B%) < inf (R : 2521 min(oj, R?) < cORQN) where

co = (krrp/Co)?. We may now identify three regimes for the geometric parameter RN(F1/2B§):

A) when k < ¢oN (which is up to absolute constants the case studied in Corollary 1);

B) when there exists kg € {1,---, |co/N|} such that Z?:ko 0j < (coN — ko + 1)oy, and in that case we define
E** =max | ko € {1,---, |coN|} Z 0j < (coN — ko + Loy, | ; (17)
J=ko

C) when for all ko € {1, , [coN |} we have 5, 0 > (coN — ko + 1),

Depending on these three cases, we find the following upper bound on the complexity fixed point

& 0 in case A)
Ry(TY2BE) <inf [ R>0: min(o;, R?) < RN | ={ k= incaseB) (18)
j=1 T;(II\;) in case C).

We note that k** (when it exists) has a geometric interpretation: if Z?:k** o;j ~ (coN — k™ 4+ 1)o;* and
k** < ¢gN/2 then k — k** is the smallest dimension of an ellipsoid of the form F,:*l*/ in having an Euclidean
section of dimension of the order of NV since we see that the Dvoretsky dimension of Fk**/ W By is d (T k*l*/ in ) ~
Tr(Cherk)/ 1Tk kell o = Zj wes 05 /0= and so N ~ d,(T ,:i/in) which is the regime of existence of Euclidean

sections of dimension of the order of N for ' k*l*/ in

We also note that in case B), span(fi,..., fy==) C C where C is the cone defined in (15) and in case C),
span(fi,..., fr) C C where r is the largest integer such that coNo, > Tr(I'). Hence, a way to understand the
cone C is to look at it as a cone surrounding a space endowed by the top eigenvectors of I' up to some dimension k**
or r depending on case B) or C). On that cone, X; = GV*P)T'/2 hehaves like an isomorphy.

A

3 The approach: (3 is a sum of a ridge estimator and an overfitting
component.

Our proof strategy relies on a decomposition of ﬁ that has been observed in several works. It is called the self-induced
regqularization phenomenon in [2]: the minimum f-norm interpolant estimator 3 can be written as 8 = 3., +Bk+1 p

where Bl:k is the projection of 6 onto the space V1., spanned by the top k eigenvectors of 3 and [)’k 41:p 18 the
projection onto the space spanned by the last p — k eigenvectors of 3. Both ,C:}l: . and Bk +1:p Play very different role:
B,., is used for estimation whereas 3, +1:p 15 used for overfitting. In the next result, a key feature of the ¢>-norm is

used to write B3,., in a way which makes explicit its role as a ridge estimator of 8}., and of 3, 41:p @8 a minimum
fo-norm estimator of Xy 1,585 1., + & It can be seen as a formal statement of Eq.(39) in [2].

Proposition 3. We have 8 = Bl:k + BkH:p where
2 . - 2 2
B € amgmin (|| Xy (Xes1n X a) ™ = XanB) [ + 18113) (19)
1 p

and
ﬂk-‘rl:p = Xl;r+1:p(Xk+11PXI;r+1:p)_1(y - Xl:klal:/c)'



Proof. Since ﬁ minimizes the ¢3-norm over the set of vectors B € RP such that X3 = y and since for all 3,
2 2 2. . > > >
Hﬁ“Q = H/@LkHQ + H/Bk:Jrl:pHQ it is clear that /8 = /Blzk +/Bk+1:p and

i 2 . 2 2
(B1.ks Bry1:p) € argmin (H/BIHQ + 1825+ X168y + Xpg1:p89 = y)
(B1:B2)EVL e X Vig1:p

. 2 2
e argmin (1813 + I1Bal} : XuBy + X182 = )
(B1,82)ERP xRP

The result follows by optimizing separately first in 3, and then in 3;. [ |

Proposition 3 is our starting point to the analysis of the prediction properties of B It is also a key result to
understand the roles played by B, and 8y .,

Risk decomposition. We prove our main theorems below by using the risk decomposition that follows from the
estimator decomposition 8 = B, + By 1.

2

’ = HElk (Bis — BT H JrHE,Hlp Brt1:p — ﬁz“”’)Hz' (20)

|z 26— 87

Estimation results will follow from high probability upper bounds on the two terms in the right-hand side of (20).
As in [2], the prediction component Bl:k is expected to be a good estimator of 37.;, that is of the & components of
3" in the basis of the top k eigenvectors of 3. These k components are the most important ones to estimate because
they are associated with the largest weights in the prediction norm H21/2~H2. We will see that Blzk estimates (37,
as a ridge estimator. On the contrary, the overfitting component Bk-‘rl:p is not expected to be a good estimator of
anything (and not of Bj ., in particular), it is here to (over)fit the data (and in particular the noise) and to make

B an interpolant estimator.

Bl: x: aridge estimator of 37.,. One of the two components of our analysis based on the self-induced regularization
property of 3 as exhibited in Proposition 3 is to prove that 3., is a good estimator of 37.;, and to that end, we rely

on the following observation: if k is chosen so that N < nDMd*(E;i{QPBP) then, it follows from DM’s theorem (see

Theorem 3), that with large probability HXI;F+1'p(Xk+11PXIj+1'p) 1” is isomorphic (i.e. equivalent up to absolute
' ' 2

constants) to (Tr(Xg+1.5)) "2 |||, and so, according to Proposition 3, B1.x is expected to behave like

argmin (|ly = X124 3 + Tr(Sesr) 18 13) (21)
/Glevl:k

which is a ridge estimator with regularization parameter Tr(Xy41.,) and with a random design matrix Xi.,. When
k < N, with high probability, the spectrum of X . is up to absolute constants given by {/No1,...,v/No,0,---,0}
(because, w.h.p. for all 8, € Vig, || X168l ~ VN HEi/If 1 ’ and for all By € Viyip, X168y = 0). As a
consequence the ridge estimator with regularization parameter Tr(Ek_H ») from (21) will be like an OLS only when
VNoy 2 Tr(Ski1p). But since, we chose k such that \/Noji1 < Tr(Xg41:) (to apply the DM’s theorem), Bi
will be an OLS estimator of 87,;, only when N ~ Tr(Xy11.p)/0k+1 ~ ds(Z o2 BY) unless there is a big gap between

k+1:p

o and opy1. Otherwise, in general we only have N < /{DMd*(E,:i{QPBp) and so (in general) 3,., behaves like a

ridge estimator and the regularization term Tr(Xg41.p) ||B1k||§ has an impact on the estimation properties of 37,
by 3., (this differs from the comment from [2] because in [2] k = ki so the ridge regularization term in (21) has
almost no effect because the regularization parameter Tr(Xg41.p) is smaller than the square of the smallest singular
value of X7, restricted to Vi.,). Our proof strategy is therefore to analyze /élzk as a ridge estimator with a random
anisotropic design with the extra two difficulties: the operator X;+1:F(Xk+1:pX,;r+1:p)_1 appearing in (19) and the
output y equals X3" + € and not X;.,037.; + &. We will handle the first difficulty thanks to the DM’s theorem which
implies that X[, . (Xg41:p X, 1,,) " is an Yisomorphic’ operator and the second difficulty will be handled by looking
at y as y = X181, + (Xkt1pBry1p + &); which means that X1 1,585, 1., + § is considered as a noise. In fact, in
all our analysis Xk+1;pﬁ;;+1:p + & is considered as a noise even from the viewpoint of BkH:p. In particular, ,G' does

not aim at estimating By, ., well even via 3, ., as we are now explaining thanks to Proposition 3.



ﬁkJrl:p: a minimum /;-norm interpolant estimator of Xj1.,08;,1., +§. The overfitting component BkH:p
(see [2]), even though it appears as an estimator of Bj,;, in the decomposition (20) is not expected to be
a good estimator of (3} +1.p- In fact, the remaining space Vi1 is (automatically) used by ,3 to interpolate
Xit1:pBry1.p + & we see from Proposition 3 that if Bl:k was an exact estimator of 3] then Bk+1:p would be
equal to X,;r+1:p(Xk+1:pX,;r+1:p)_1(Xkﬂ;pﬁkﬂ:p + &), which is the minimum /fy-norm interpolant of X1 1.,85, 1., +&
— and not just of Xx11.,0}, +1:p- 1t is therefore the place where overfitting takes place. This overfitting property of
,@k +1:p and so of 3 has a price in terms of generalization which can be measured by the price to pay for 'bad estima-
tion’ of By 1., by Bk+1:p in the second term HEifl:p(BkH:p - ,BZ_H:I))HQ of (20). However, this price is expected to
be small because this estimation error is associated with the smallest weights in the prediction norm ||21/ 2~H2. This
will be indeed the case under an extra assumption on the spectrum of X, that N Tr(X7, ;. b)) = o(Tr(X+1.p)?) which
essentially says that the spectrum of ¥ 1., needs to be well-spread, i.e. that it cannot be well approximated by a
N-sparse vector. We will therefore use the estimation properties of Bl:k and the bound

172 2 12 g+
< H2k+1:p6k+1ipH2 + HEkJrlzpﬁk-‘rl:p 9

1/2 2 *
sz{kl p lgk'—‘,-l:p - 6k+1:p) (22)

to handle this second term. In particular, it is clear from (22) that we will not try to estimate B8y, with ﬁk+1:p.

The key role of parameter k. Decomposition of the feature space RP = Vi, &+ Vi+1:p is natural when B is
estimated with respect to the prediction/weighted norm ||21/ 2~||2 and when 8" has most of its energy in V7.,. This
features space decomposition is at the heart of the decomposition in (20) and is the one used in [ ]. In the approach
described above, parameter k is the parameter of a trade-off between estimation of B, (by B,.) and the lack of
estimation of B . » (by ﬂk +1.p) that permits overfitting. Both properties happen simultaneously inside ,6 and so
k needs to be chosen so that the price for the estimation of 3] and the price of overfitting have equal magnitude.

From this viewpoint, there is a priori no reason to take k£ smaller than V; in particular, will be part

1/2
k+1:pﬂz+1:p 9
of the price of overfitting (since ,GZH:Z, is not estimated by ﬁk+1:p) and so having k large will be beneficial for this
term — in particular, when the signal is strong in Vj41.,. Hence, we will explore the properties of ,@ beyond the case
k < N. This is different from the previous works on the benign overfitting phenomenon of 3 [1, 39] which do not
study this case. That is the reason why there are two subsections in the next section covering the two cases 'k < N’
and 'k 2 N’. From a stochastic viewpoint, the two regimes are different because in the first case X;.; behaves like
an isomorphism on the entire space Vi.; whereas, in the second case, X;.; cannot be an isomorphism on the entire
space V1. anymore but it is an isomorphism restricted to a cone as proved in Theorem 4; a geometric property we
will use to prove Theorem 6, that is for the case k 2> N.

4 Main results

In this section, we provide two estimation results of 3* by B with respect to HEl/ 2” depending on the value of
the parameter k& driving the space decomposition R = V7., &+ Vi+1:p with respect to the sample size N. We start
with the case £ < N and then we state the result in the case k 2 N. We show that these two results also hold for
any features space decomposition of the form RP = V; @ Ve in Section 4.3. Given that the minimum ¢s-norm
interpolant estimator does not depend on any parameter nor on any features space decomposition this shows that it
can find the ’best features space decomposition’ by itself. In a final section, we obtain a lower bound on the expected
prediction risk which matches the upper bound for the choice J = {1,...,k;} where k] has been introduced in [1]
(see (4)) for some constant b. This shows that choices of features space decomposition as well as the introduction of
ki from [1, 39] are the right choices to make regarding the minimum /¢;-norm interpolant estimator in the Gaussian
linear model.

4.1 The small dimensional case k < N

Theorem 5. [the k < N case.] There are absolute constants cy, ¢; and Cy = 9216 such that the following holds.

We assume that N > 5logp and that there exists k < k;soIN such that N < IQDMd*(Zki{ZPBp) then the following
holds for all such k’s. We define

Jl::{je[k]:0j>Tr(%’\€[+lw)}, JQ;:{je[k]:aj<Tr(EJ©+1w)}
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and X i,{fes =UD; b{fesUT where U is the orthogonal matriz appearing in the SVD of ¥ and

_ Te(Se )\ 2 Te(S, ) ~ /2
Dl,tli{fes::diag<(al\/(]tf+1'p)) 7~--;(0'ka> 70,...,0 .

With probability at least 1 — ¢y exp (—01 <|J1| +N (Zjer aj) / (Tr(Zk_H:p)))),

17, /N Tr(zgﬂp HE”Q

=25 - 8)

’ SD+U§
2

where

i) if 1N < Tr(Zg41.p) then

Tr(X1.%) Noy 1/2 Tr(Xpt1:p)
0= C?max<{ o , HZ B ki) 23
’ { 5\/T]f(zlwrlzp) Tr(Zgy1:p) Hl'pﬂkﬂ'p B3l N (23)
i) if o1 N > Tr(Zg41.p) then
> ety Ti 1/2 $—1/2 Tr(Ek41:p)
D = Cgmex | o¢ Tr(J;kil )’ ’“il:pﬁ’““:f’Hz’ “’CTGSBMH N[ (24)
p

Several comments on Theorem 5 are in order and we list some of them below.

Effective dimension and the Dvoretsky dimension of an ellipsoid. We recall that Tr(X11.)/(40ks1) <

d. (Z,;iprp) < Tr(Zg41.p)/0k41 so that the choice of k in Theorem 5 is to take it so that IV is smaller than the

effective rank r(X) as in [1, 39] (see (3)). Theorem 5 holds for all such k’s so that the self-induced regularization
phenomenon holds true for every space decomposition R? = V7. o+ Vi+1:p simultaneously such that this condition
holds. One can therefore optimize either the rate or the deviation parameter over this parameter k. This is an
interesting adaptive property of the minimum ¢s-norm interpolant estimator that will be commented later.

Price of overfitting. The price paid by B for overfitting on the training set in terms of generalization capacity
is measured by the ’estimation’ error HE,lvfl:p(,@kH:p - ,8’,2+1ZP)H . Because, unlike none interpolant and reasonable
estimators that would try either to estimate B}, or to take2 values 0 on Vji1, (such as a hard thresholding
estimator which avoids an unecessary variance term on Vii1.), By1., is in fact interpolating the data (if we had

B1.. = B, then we would still have Xk+1ika+1:p = Xit1:pBrs1p + &) One may find an upper bound on this rate
in Proposition 5 below. In the final estimation rate obtained in Theorem 5 only remains the sum

17,/NTe (53, ,,) Hz”z

Tr(Zka k+1:p62 2

¢ (25)

which is what we call the price for overfitting from the convergence rate in Theorem 5.

Persisting regularization in the ridge estimator Bl: 5~ Another way to look at the self-induced regularization
property of B from [2] is to look at it as a persisting regularization property of ,@ because Bl:k is a ridge estimator.
Indeed, ﬁ is the limit of ridge estimators when the regularization parameter tends to zero, hence, since 31; i 1s also
a ridge estimator, ﬁ still keeps a part of the space RP onto which it performs a ridge regularization. In particular,
there are two regimes in Theorem 5 (o1 N < Tr(Xg41:p)" or ‘o1 N > Tr(X41.)’) because there are two regimes for a
ridge estimator: either the regularization parameter Tr(Xj11.,) in the ridge estimator (21) is larger than the square
of the largest singular value of X.;, i.e. 01N (with high probability and up to absolute constants) or not. In the
first case ‘o1 N < Tr(EkH »)’, the regularization parameter in (21) is so large that it is mainly the regularization
term "Tr(Xgi1:p) |81, k||2 which is minimized. So for B, to be a good estimator of B}.;, we require 8}, to be
close to zero, that is why we pay a price proportional to ||3]., ||, in that case in Theorem 5. In particular, BO will
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require in that case that Hﬁ;ng = 0 (Tr(Xk+1p)/N). However, this case should be looked at a pathological one
since it is a case where the regularization parameter of a ridge estimator is too large (larger than the square of the
largest singular value of the design matrix) so that the data fitting term ||y — Xlzk,ﬁ'l:kﬂg does not play an important
role in the definition (21) of the ridge estimator compared with the regularization term. In particular, sources of
generalization errors are due to a bad estimation of 837, (when 87, is not close to 0) as well as overfitting. Since
our aim is to identify when overfitting is benign, this case adds some extra difficulties which are not at the heart of
the purpose and so we look at it as pathological even though it is possible to obtain a convergence rates also in that
case from Theorem 5

In the general case where ridge regularization parameter is not too large, i.e. the second case ’o1N > Tr(Zj41.p),
then the regularization term appears in the rate through the two sets J; and Js as well as in the thresholded matrix

El_:,if% This is the interesting case, because it shows that benign overfitting happens when o1 N > Tr(Zg41.p),

NTe(S3,,,) = 0 (Tr*(Si1s),

Tr(Sk+1:p)

2 —1/2 *
Y o(1) and || Syif% 81 o —o(1).  (26)

|J1| = O(N)’ Z 0j =0 (Tr(zk-i-l:p)) ) k+1;pﬁk+1:p 9 =

JE€J2

In particular, situation where BO happens depends on both the behavior of ¥ as well as 3*. Compare with Theorem 1
from [39] (recalled in Theorem 2), we observe that the convergence rate from Theorem 5 is better because it fully
exploits the thresholding effect of the spectrum of X;., by the ridge regularization; indeed, we have

Zjer 1/2 1/2
<\ o oz, < 5t ei),
Tr(2k+lp an 1thresﬂ1-k 5 = IBIk

and the other terms are the same in Theorem 1 and Theorem 5 so that Theorem 5 indeed improves the upper bound
result from [39] for any & < N (it also improves the deviation rate, see below). We may also check that the two
results coincide when Jo = ); which is what happens for the choice of k = k; for b = 1. However, even in that
case our proof is different from the one in [39] since it is based on the self-induced regularization property of B and
not a bias/variance trade-off. It also improves the deviation parameter from constant to exponentially small in k;:
1 — coexp(—cik;) is the deviation estimate expected for an OLS in the Gaussian linear model over R¥s .

The benign overfitting phenomenom happens with large probability. The generalization bounds obtained
in Theorem 5 hold with exponentially large probability. This shows that when ¥ and 3" are so that benign overfitting
holds then it is very likely to see it happening on data that is to see the good generalization property of B on a
test set (even though it interpolates the training data). In Theorem 1 or Theorem 2 the rates are multiplied by the
deviation parameter ¢ so that they essentially hold with constant probability — unless one is willing to increase the
rates — and does not explain why benign overfitting happens very often in practice.

4.2 The large dimensional case k 2> N.

Theorem 6. [the k > N case.] There are absolute constants co,c1,ca,cs and Cy such that the following holds. We

assume that there exists k € [p] such that N < kpprd(Z kiﬁ)Bp) and Ry (2 1/2Bp < /Tr(Xk+1:p)/N. Then the

following result holds for all such k’s: with probability at least 1—cq exp (—01 (|J1\ +N (Ej€J2 O'j) / (Tr(2k+1:p))>),

NTr(2i+1:p)+ quz s
Tr(Zgt1:p) G| =k 1P|,

[= 2B 8)

‘ SD-f—O’g
2

where J, and Jy are defined in Theorem 5 and
i) if uN < Tr(Zp41:p) and Tr(Xq.x) < Noy then O is defined in (23)
i) if o1 N > Tr(Zg41p) and Zjng 0j <Tr(Bpt1p) (1 = |J1|/N) then O is defined in (24).

As mentioned previously, Theorem 6 is the main result if one wants to lower the price of overfitting by considering
features space decomposition R? = V;., &+ Vi+1.p beyond the case k S N, which was the only case studied in the
literature so far to our knowledge. In particular, we can now identify situations where benign overfitting happens
thanks to Theorem 6 but before that let us comment on the assumptions in Theorem 6.
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Assumptions in Theorem 6. Both assumptions 'N < ,%DMd*(Zki{Qpo) and ’RN(Zi/;BS) < VTr(Ekt1p)/N’

are of geometric nature: the first one involved the Dvoretsky dimension of the ellipsoid E,;i{?pBg and the second one
is used to define the cone (15) onto which X7.; is an isomorphy. Following (18), The latter condition is implied by
the slightly stronger condition:

Tr(Xgt1:p) > Noge when k** = max (ko e{l,---,lcoN]}: Z?:ko 0j < (coN — ko + 1)0;%) exists
co Tr(Zp1:p) > Tr(X1:5) when for all kg € {1, -, |coN|}, Z?:ko gj > (coN — ko + 1)oy,

In case i) of Theorem 6 which is the most interesting case to us, the extra condition "y, ;. 0 < Tr(Zg11:) (1 — |[J1]/N)’

0/ Tr(Xg41:p) appears in O and

(compared with the case k < N) is a very weak one given that the term \/ZjeJQ

is therefore asked to tend to 0 to see the BO happening.

Comparison with the previous results. The reader may be interested in the benign overfitting phenomenon
when k 2 N, which seems to be contradict with the lower bound of Theorem 4 in [1] (recalled in Theorem 1), that
is for kf recalled in (4) and some absolute constants b, c > 1:

\/F \/NT‘Y k+1p

TSk tp)

\\/

sl

However, this is not the case. This is because our choice of k is different from theirs. We choose k such that

Tr(Ept1:p) 2 N || Ept1:pll,, and RN(Z}:/;BQ’) SV Tr(Bk41:p)/N. It is therefore (not yet) optimized and not taken
equal to k; or k** + 1 — it is a free parameter only asked to satisfy the conditions of Theorem 6. In fact, £** + 1
(where k** is defined in Equation (18)) plays a role similar to k;. Indeed, by definition, k** € {1,---,¢coN} satisfies

Tr(ZkJrl:p)
||2k5**+15k||0p

Tr(Spes1p)  Tr(Spe s Tr(Shir:
Creetrp) _ Te@peegin) | TChirp) o e g

>N
Eertollyy  TErsrally,  [Ersiml,

and so k; < k** +1 for b = 1. Therefore, the k; defined in [1] plays a similar role to the geometric parameter k** 41,
which is also assumed to be smaller than cg/N + 1 in one case considered in Theorem 6.

As remarked previously in [1], a necessary condition for overfitting is the existence of a kf < N such that
Tr(Ek;H:p) pe Nak;H. However, the existence of such a kj does not necessarily forces us to take it equal to £ in the
decomposition RP = V7 @LVkH:p. A priori, one could find a better features space decomposition RP = Vl;k@LVkH;p
that in particular lower the price for overfitting. Since [|X'/28],;||, is part of this price (25) and that it decreases

when k increases, one may look for larger k’s, and Theorem 6 shows that it is possible to take it larger than an order
of N.

Benign overfitting in the regime k£ > N. It follows from Theorem 6 that BO happens for choices of k larger
than V. Such a situation holds when the spectrum of X is as follows: let kg < N <k,a<b<e¢,0< a <1 and

b
Jj:a,Vjil,...,ko; O'j:jfa,Vj:k0+1,...,kaIldO'j:C,VjZk+1. (27)

It follows from Theorem 6 that HEl/z(ﬁ )
a>b/kg, ko = o(N), k'=2kg = o(1) and N = o(p — k) (which is the well-known ’over-parametrized’ regime needed

for BO) and
* ak§ * k& * kap
18Tk |l =0 <\/; . ) v Brorkll, =0 < lf) and |81, =0 ( b?\[) (28)
where we used that HE 1/2 Bk z

e < 185,15 /a + (N/ Te(Sit1)) 185,15 when a > Tr(Spi1,)/N and b <

Tr(Zg41.p)/N so that J1 = {1,...,ko} and Jo = {ko + 1,...,k}. Note that under these assumptions, k** (de-
fined in (17)) exists and is of the order of N so that one can apply Theorem 6 in that case. In general, we do not
want to make any assumption on 87, , which is where we expect most of the information on the signal 8 to lie,
hence, for the ko-dimensional vector 87, we expect H'@Tiko H2 to be of the order of v/kq. This will be the case when

a > 1/2 or when a >> b2k1/ >~® The remarkable point here is that BO happens even for values of k larger than N.

, tends to zero when N, p — +oo when ¢ ~ bN/[k§p|, (k/ko)® < p/N,
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Other situations of BO in the case k 2 N may be found with various speed of decay on the three regimes introduced
in (27).

A priori, given the bound obtained in Theorem 1, 2, 5 or 6, the benign overfitting phenomenon depends on both
Y and B*. Ideal situations for BO are when for some & € [p] (not necessarily smaller than V), we have

(PO1) B" is mostly supported on Vi, so that HE}thPﬂzH:pHQ =o(1),

(PO2) the spectrum of ¥j41.,, denoted by spec(Xg+1.p), has to be such that its ¢5/¢;-ratio is negligible in front of
1/ V/N. This type of condition means that spec(Xgy1:p) is not compressible: it cannot be well approximated
by a N-sparse vector. In other word, spec(Xi41.,) is asked to be a well-spread vector.

(PE1) the cardinality of J; (the set of eigenvalues of ¥ larger than Tr(Xy41.,)/N) is negligible in front of N and the
remaining of the spectrum of X1.; is such that Zjeb 0j = o(Tr(Zki41:p)),

PE2) top eigenvalues of ¥ are large so that 01 NV > Tr(Xg41.,) and nol2 B7..]| is negligible in front of N/ Tr(Xgi1.p)-
p 1,thres™1:k 9 P

The price for not estimating 3, +1:p 1s part of the price for overfitting as well as the bias term in the estimation of

B1., by the 'ridge’ estimator Bl:k; the term “Eifl:pﬁz+1:pH2 appearing in both components of the risk decomposition

(20). One way to lower it is to ask for a condition like (PO1). Together with (PO2), they are the two conditions for
BO that come from the price for overfitting. The other (PE) conditions come from the estimation of 87, by B1..:
(PE1) is a condition on its variance term and (PE2) as well as (PO1) are the conditions for BO coming from the
control of its bias term.

4.3 On the choice of k£ and the self-adaptive property

The choice of k in [39] is limited by the constraint k& < N (see Theorem 2) and so the recommendation from [39] is to
take k for which pg, := Tr(E41:p) /[N [|Eg+1:p]l,,] is of order of a constant and if such k doesn’t exist, one should take
the smallest k for which pg is larger than a constant. However, this recommendation does not take into account all

the quantities depending on the signal even though HE}C/ELPBZ H:pH appears explicitly in the upper bound from [39]
' 2

(see Theorem 2). A consequence of Theorem 5 and Theorem 6 is that there is no constraint to choose & < N and so
all features space splitting R? = V7., ot Vit1:p are allowed even for k 2 N as long as the two geometrical conditions
of Theorem 6 hold. In particular, one can chose any k satisfying the geometric assumptions of these theorems and

optimize the upper bound, including signal dependent terms such as HZ,lcfltpﬂZH:p . The best choice of k is a

priori making a trade-off between three terms coming from the estimation of 3% by the OLS part of Bi.1, from
the estimation of 3%, by the ’over-regularized’ part of Bl:k (where J; and J have been introduced in Theorem 5)
and the none-estimation of 3j; Flp by the overfitting component B fet1op- On top of that this trade-off is particularly
subtle since the ridge regularization parameter of 3., is of the order of Tr(Xk41.p) and therefore depends on k (as
well as the spectrum of ¥). Fortunately B does this trade-off by itself.

It follows from the analysis of BO from the last subsection that cases where BO happens depend on the coordinates
of 3" in the basis of eigenvectors of ¥ and that the best cases are obtained when B* is sparse in this basis with all
its energy supported on the first top k eigenvectors. However, such a configuration may not be a typical situation
for real-world data. Fortunately, the decomposition of the features space RP as V7. et Vi+1:p is arbitrary and can
in fact be more adapted to 3*. It is indeed possible to obtain all the results (Proposition 3 and Theorems 5 and
6) for any decomposition R? = V; &1 Ve where J C [p], J¢ = [p]\J and V; = span(f;,j € J) as in [21]. The key
observation here is that Proposition 3 still holds for this decomposition: one can still write ,3 as a sum ﬁ = [3 g+ ,@ Je
where

. . _ 2 - _ A
5J€aggf%m<HX;(XJCX;c) Wy = X805+ 18,113) and By = X7 (XpeX 1) My = XuBy). (29)
1ERP

where X; = GV*PEY? and X0 = GAPSY? (so0 that X, + Xye = X) and £, = UD,;UT and $ye = UD U T
where Dy = diag(o1I(j € J),...,0,I(j € J)) and D e = diag(o1I(j € J°),...,0,1(j € J)).

As a consequence, Theorem 5 and Theorem 6 still holds if one replaces the subsets {1,--- ,k} and {k+1,--- ,p}
respectively by J and J°.
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Theorem 7. [features space decomposition RP = V; @+ Vje.] There are absolute constants cg,ci,c,c3 and
Co such that the following holds. Let J U J¢ be a partition of [p]. We assume that N < KDMd*(E;Cl/2B§) and
RN(ZlJ/zBS) < /Tr(Xje)/N (note that RN(ZlJ/ng) =0 when |J| < krrpN so that this conditions holds trivially
in that case). We define

. TI'(ZJc) . TI'(ZJ(:)
J1::{]EJ:0']‘ZN}, JQZZ{jEJZUj<N

and £712 = UD;,%?%UT where U is the orthogonal matrixz appearing in the SVD of ¥ and

J,thres
_ Tr(2 )\ /2 Te(S 0 )\ /2
5t =ais (v Z20) e (o PR e ).

Then the following result holds for all such space decomposition RP = Vj @+ Vje: with probability at least
1 —coexp (—61 (\J1| + N (Zjer aj) /(Tr(EJc))>>,

cay/N Tr(X5.) Lo H21/2

Hzl/z(ﬁ_ﬁ*) Tr(Z ) 7o Bie

‘2 < D(J) + o¢

2

where

i) O(J) is defined by O in (23) where {1 : k} (resp. {k+1:p}) is replaced by J (resp. J¢) when |J| < N and
1370l N < Tx(Eye) or when |[J| Z N, [[Z4]l,, N < Tr(Ee) and Te(X,) < N [[Z,]]

op"
ii) O(J) is defined by O in (24) where {1 : k} (resp. {k +1:p}) is replaced by J (resp. J¢) when |J| S N and
[Zllop N = T(Ege) or [J| 2 N, [|Es]l,, N > Te(Xy¢) and 37, 5, 05 < Tr(E5¢) (1= [J1|/N).

It follows from Theorem 7 that the range where benign overfitting happens can be extended to cases where: a)
estimation of 3% by 3 is good enough (this happens under the same conditions as for instance in (28) except that
{1,---,k} should be replaced by J) and b) the price for overfitting is low that is when |3 je3%. ||, is small and when
the £5/¢; ratio of the spectrum of ¥ jc is smaller than o(1/vN).

Since B is a parameter free estimator, we observe that the best features space decomposition R =V @t Ve is
performed automatically in 3. This is a remarkable property of 3 since, given the upper from Theorem 7, this best
features space decomposition should a priori depends on both ¥ and 3*. However, in the next sub-section, we will
see that in fact the best choice of J is for {1,...,k;} for some constant b so that it only depends on ¥ and not on
B

This subsection and the previous ones lead to the following problem: what is the optimal way to decompose the
features space? Does it necessarily have to be a direct sum of (two or more) eigenspaces of X7 It may be the case
that there is a better way to entangle 3 and 8* in some (3, 3*)-adapted basis B such that on the top k eigenvectors
of B, B and ¥ have simultaneously most of their energy and that the restriction of 3 to this k-dimensional space
is a good (OLS or ridge) estimator of the restriction of 8% to it and the rest of the space is used for overfitting (as
long as it has the properties for benign overfitting, i.e. the restricted spectrum is well-spread and the restriction of
3" has low energy). We answer this question in the next subsection.

4.4 Lower bound on the prediction risk of ﬁ and the best features space decomposition

In this section, we obtain a lower bound on the expectation of the prediction risk of [5' This lower bound improves
the lower bounds obtained previously in [I] and [39]. It removes some (a posteriori) unnecessary assumptions on
the condition number of Xy 1., as well as the smallest singular values of A_; (see Lemma 3 in [39]) and, more
importantly, it is a lower bound on the prediction risk of ﬁ, not a lower bound on a Bayesian prediction risk as in
[1, 39]. This lower bound shows that the best space decomposition is of the form R? = V; @1 Vje where J = {1,...,k}
and for the optimal choice of k = k;j as previously announced in [1]. This answers the question asked above and
proves that the two intuitions from [I] and [39] that the best split of R? is V; @+ Vj. for J = {1,...,k} and it is
best for k = kj; and some well chosen constant b. In particular, this optimal choice depends only on ¥ and not at all
on B* even though the convergence rate depends as well on 3*.

15



Theorem 8. There exists absolute constants co,c1 > 0 such that the following holds. If N > ¢y and % is such that
ki < N/4 for some b > max(4/kpn,24) then

2 Tr(zk;;+1;p) 2

2 N '

2 ¢ o'gkl’: o?NTr(Z%;+1:p)
‘gzb?max N ' T(x ’
k§+1:p)

This result holds for the generalization excess risk of ,3 for any B*. In particular, Theorem 8 differs from the
previous lower bound results from [1, 39] on some Bayesian risks where models on 3" are assumed on the signal.
The upper bound on the generalization risk from Theorem 5 with O from (24) for k¥ = k} matches (up to an
absolute constant) the lower bound from Theorem 8. This indeed shows that optimal features space decomposition
is RP = V; &1 Vye for J = {1,...,k;} and that the convergence to zero of the rate obtained in Theorem 5 for k = k;
and Theorem 8 is almost a necessary and sufficient condition for benign overfitting of 3 when consistency is defined

1/2 /8*
ki+1:p ki+1:p

E |28 -87)

—1/2 o%
Zlzlc;: 611’6;

)
2

as the convergence to zero in probability of HZl/ 28— 8%
for (X,3") when there exists kj = o(NN) such that o 11N < Tr(Xgs11:), 01N > Tr(Eg; 1), NTI"(Ei;-H:p) =
o (Tr2(2k;+1:p))7

‘ . We will therefore say that overfitting is benign
2

— Tr(Zk* 1: )
/2 o« 172 N
sznglzplgkg+1:pH2 =o0(1) and HEl / Bk QTI’ZD

The main point in this definition is that it depends on both ¥ and 8" unlike the previous one given in [1] or [21]
which depend only on ¥. Finally, we also emphasis that, once again, our proof of Theorem 8 highlights the role
played by the DM theorem on the overfitting part of the features space.

=o(1). (30)

5 Conclusion

Our main results and their proofs brings the following ideas on the benign overfitting phenomenon:

e It was known [39, 2] that the minimum /¢s-norm interpolant estimator B is the sum of an estimator Bl:k
and an overfitting component Bk +1:p- It is indeed the case that for the optimal features space decomposition
RP = Vy &+ Vye for J = {1,...,k;}, Bl:k,’; is a ridge estimator with a regularization parameter Tr(Xgs 1)
negligible in front of the square of the smallest singular value of the design matrix so it is essentially an
OLS (as announced in [2]) and Vj41., is used for interpolation. For other choices of J it is in general a ridge
estimator over V; (we showed that all the result can be extended to a more general features space decomposition
R? = V; @t Vje even when |J| > N). Our findings support the previous ideas of ’over-parametrization’ (i.e.
p >> N) which is necessary for the existence of a space Vj11., used for interpolation as well as the one that the
features space contains a space Vi.x+ with a small complexity (because kf < N) where most of the estimation
of B* happens.

e the proofs of the main results (Theorem 5 and Theorem 6) follow from the risk decomposition (20) which
follows from the idea that B can be decomposed as a sum of an estimator and an overfitting component
[2]. In particular, it does not follow from a bias/variance analysis as in [I, 39] because we wanted to put
forward that for interpolant estimators, there is part of the feature space RP which is not use for estimation
but for interpolation (see Section 6). The two geometrical tools we used (i.e. Dvoretsky-Milman theorem and
isomophic and restricted isomorphic properties) are classical results from the local geometry of Banach spaces
which are both using Gaussian mean widths as a complexity measure. The study of the benign overfitting
phenomenon may not require new complexity measure tools but just a better understanding of the feature
space decomposition (in contrast with the discussion from [14]) together with a localization argument (which
is used here to remove all non plausible candidates in a model). Whereas isomophic and restricted isomorphic
properties have been often used in statistical learning theory (and we used it on Vj., the part of the features
space where ’estimation happens’), we don’t know of any example where the Dvoretsky-Milman theorem has
been used in statistical learning theory to obtain convergence rates. It may be because it is used to describe the
behavior of the minimum ¢2-norm interpolant estimator regarding its overfitting component Bk t1p O0 Vieg1p
which is not an estimator and therefore cannot be analyzed with classical estimation tools (see (22)). The
Dvoretsky-Milman theorem may be a missing tool in the ’classical theory’ that may help understand interpolant
estimators and the benign overfitting phenomenon (see [44, 4, 2] and references therein for discussions regarding
the *failure’ of classical statistical learning theory constructed during the 1990’s and 2000’s). Both tools are
however dealing only with the property of the design matrix X and not of the output or the signal. We believe
that it is because the linear model that we are considering should be seen as a construction coming for instance
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after a linear approximation of more complex models (such as the NTK approximation of neural network in
some cases) and that it may be the case that for this construction of a features space (that we could look at
a feature learning step coming before our linear model) one may require a complexity measure depending on
X and y (or on ¥ and B*). Somehow, the linear model considered here comes after this features learning step
and does not require any other tools than the one considered in this work.

e Even though the optimal features space decomposition is totally independent of 3", the benign overfitting
phenomenon depends on both ¥ (spectrum and eigenvectors) and B as well as their interplay; indeed benign
overfitting (see the definition in (30)) requires that kj = o(N), the spectrum of s 1., is well spread, the
singular values of . :k; should be much larger than the one of Yk +1:p and that B* and ¥ need to be well
‘aligned’: ideally B* should be supported on Vi

e the benign overfitting phenomenon happens with large probability,

e The minimum />-norm interpolant estimator ﬁ automatically adapts to the best decomposition of the features
space: it "finds’ the best split R = Vi ot Vir+1:p Dy itself. However, since this optimal split is independent
of the signal, it shows that ,3 does not learn the best features in RP that could predict the output in the
best possible way. In other words, B does not do any features learning by itself and so it needs an upstream
procedure to do it for it; that is a construction of a space RP, design matrix X with covariance ¥ and signal
B* that can predict well the output Y as well as the couple (X, 3") allows for benign overfitting.

Acknowledgement. We would like to thank Matthieu Lerasle, Jaouad Mourtada and Alexandre Tsybakov for
useful discussions on interpolant estimators and the benign overfitting phenomenon.

6 Proof of Theorem 5.

In this section, we provide a proof of Theorem 5 which relies on the prediction risk decomposition from (20).
To make this scheme analysis described in Section 3 works we need Xi.; to behave like an isomorphy onto Vi.j:

for all By € Vi, | XikByll, ~ \FHEW ‘

(Tr(Zk41:p)) "2 |||l These two properties hold on a event that we are now introducing.

; and we need “X,;r+1:p(Xk+1;pX;+1:p)_1-H2 to be isomorphic to

Stochastic event behind Theorem 5. We denote by £ the event onto which we have:

o for all A € RY, (1/(2v/2))/Tr(Srr1s) IAll, < HXHlp)\H (3/2)\/Tr (St 1) 1Al
o forall B, € Vi, (1/2) [S128, | < V) X0l < 3/2) 21284
It follows from Theorem 3 and Corollary 1 that if N < KJDMd*(Zk+{2po) and k < KisoN then P[Qg] > 1 —

co exp(—c1N). We place ourselves on the event €y up to the end of the proof.
To make the presentation simpler we denote 81 = 87,1, B2 = Bry1.p: B1 = Brx and By = B i1,

6.1 Estimation properties of the 'ridge estimator’ Bm

Our starting point is (19):

Bri € argmin (| AQy — X048, 3 + 18,13 (31)

B1EVik
where we set A = X,L_l:p(XkH:pX,L_l:p)*l and where we used that the minimum over R? in (19) is actually
achieved in Vi.;. Next, we use a ’quadratic + multiplier + regularization decomposition’ of the excess regularized
risk associated with the RERM (31) similar to the one from [23] but with the difference that the regularization term
in (31) is the square of a norm and not directly a norm. This makes a big difference (otherwise we will need a lower
bound on the quantity Tr(X;41.p) which will play the role of the regularization term in (31), a condition we want to
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avoid here). We therefore write for all 3, € V1.,

= Ay = X1aB)I3 + 18115 — (1A - X180 5 + 18113)

= |AX 1481 — B3+ 2(A(y — Xlzk,@l) AX1(B7 - BY)) + 184115 — 1185115 (32)
= H(XkJrl:le;Ll:p)_1/2X1:k(/61 - ﬂ?) 9 + 2<X1:k(Xk+1:pXk+1:p)_l(XkJrl:pﬁ; + £) - /3;/31 - ﬂ?> + ||ﬂ1 - ﬂ?”g
(33)

where we used that for all A € RV, |AX[, = H(XkaX,ij 1/2>\H2, ATA = (Xpsr1p X)) and |18, ]2 —

H,B’{Hg = |18, — 8] Hg —2(B}, 81 — B1). The last equality is a modification on the regularization term 118,15 - ||BTH§’
as well as the multiplier term (i.e. the second term in (32)) in the classical ’quadratic + multiplier + regularization
decomposition’ of the excess regularized risk written in (32). As mentionned previously, this modification is key to
our analysis (we may look at it as a ’quadratic + multiplier decomposition’ of the excess regularization term).

We will use the excess risk decomposition from (33) to prove that with high probability

HZl/Q -B7) <A (34)

<O and HBI - B
2 2

where O and A are two quantities that we will choose later. In other words, we want to show that 8, € 37 + B
where B = {3 € Vi : [|B]| < 1} and for all B € Vi,

1/2
|=8], a1,

181 = mas | ==z 15 (33)

To do that we show that if 8, is a vector in V1., such that 8, ¢ B8] + B then necessarily L£g, > 0. This is what we
are doing now and we start with an homogeneity argument similar to the one in [22].

Denote by 9B the border of B in V}.;. Let 8, € Vi.; be such that 3; ¢ 87 + B. There exists 3, € 9B and § > 1
such that 3, — 8] = 0(B, — B7). Using (33), it is clear that Lg, > 0Lg . As a consequence, if we prove that Lg, >0
for all B, € B] + OB this will imply that Lg, > 0 for all 3, ¢ 3] + B. Hence, we only need to show the positivity
of the excess regularized risk Lg, on the border 37 + 0B and since an element 3 in the border 8] + 0B may have
two different behaviors, we introduce two cases:

2) [z -8

) =D and |8, _/81”2 <A

b) ||Z1 (8, - 81|, < 0 and 18, - Bill, = A

All the point is to show that in the two cases Lg, > 0. If we look at (33) among the three terms in this equation
only the 'multiplier term’ Mg, := 2<X1Tk(Xk+1;pX,;'—+1:p)_l(XkH:pﬂ; + &) — 81,81 — B}) can possibly be nega-

2
tive whereas the two others quadratic term Qg := “(Xk+1 p X1, o) V2X5.(8, — ,BT)H and ’regularization term’
2

Rp, = B — BTH; are positive. As a consequence, we will show that Lg, > 0 because either Qg > [Mg, | (this
will hold in case a)) or Rg, > |[Mg, | (this will hold in case b)).
Let us first control the multiplier term Mg, for 8, € 8] + 9B. We have

|M51 ‘/2 = |<XIk(Xk+1ZPXI;r+1:p)_1(XkJrl!p/B; + £) - /GL /81 - 13*1‘>|
< sup [ (XXt 10 Xi1) " (Xiri +6) = B0
v

where we recall that B is the unit ball of ||-|| intersected with V.. It is straightforward to check that for all 3 € V1.,
I8l < [[£1728], < Va8l where 512 = UDY2UT and

DI/? = diag (max<g i) max<\g“ i) 0,. ,0). (36)
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Therefore, ||-||’s dual norm ||-|||, is also equivalent to H2~31/2~

B € Viu, (VDI < [£7%8

—1/2.H

’s dual norm which is given by Hil . for all
2

2
‘ < |IBIll,- Hence, we have for all 3, € 3] + 9B,
2

S — 2 — * *
Ma,| < 2V2 [ £ (X (K10 X 1) ™ (Kis1oB5 +€) — 81|

<2v2 (Hz_l/QXl k(X1 PXkH p) "X pBQH + HE_1/2X1 k(Xk+1 pXk+1 P 15” + "2_1/2/31

. 37
). 6D
Next, we handle the first two terms in (37) in the next two lemmas.

Lemma 1. Assume that N < kppd. (2 ki{Qpo) and k < k;soN. With probability at least 1 — coexp(—c1N),

S—1/2 T T -1 * 18N0' D A 1/2 %

Hzl Xk (Xt 1:p X 1p) 7 X193 ;= 7Tr(2k+lp HZ,CH:},LE ,

where PA
L ([l 1 \VO1 > (Il
o, 8) = { YA/ otherwise. (38)
Proof. Tt follows from Bernstein’s inequality that with probability at least 1 — ¢ exp(—c1 N),
/2 g%
X8l < 2 5202 s

On the event €y, we have HE 1/2X—'—

_ HXl 1@2 1/2

< (3/2) \F H21/2 1/2

< (3/2)(Tr(Zk+1p)) " because of the Dvoretsky-Milman’s property

because of the isomorphic
op op

property of Xi.; and “(Xk+1:pxk+1:p)_l‘ <
op

satisfied by X1, (see Proposition 1). As a consequence, with probability at least 1 — ¢ exp(—c1N),

1/2 — * 1/2 — *
HZ / XIk(Xk+1:le;r+1:p) 1Xk+1:p/62H HE / XlTk;H op H(Xk—i-lszk;TJ,-l;p) 1Hop ||Xk+1:pﬂ2||2
$1/2

< 18N HE1/2 —1/2” H21/2 3 18N 13,7, pﬂ?

= Tr(Crtrp) Fp Tr(Xkt1:p)
because HE}/;Z;}C/z is smaller than max (max(01 (A,/5; > 0), A, /o;1 (A /o; <0)) : j € [k]) which is equal

op

to o(0, A) as defined in (38). [

To control the second term in (37), we recall the definition of the following two subsets
Jy = {j e[kl o; > (D/A)Q} and Jp := [k]\J, = {j e[k o < (D/A)2}.

Lemma 2. Assume that N < kprds (Z;i{QPBp) and k < KisoN. With probability at least 1 — exp(—t(O, A)/2) —
coexp(—c1 V),

i 32\FU§
HE / XK1 Xi 1) 1€H T \/IJ |D2+A2j§e}: 0;
2

where t(0,A) :== (|J1 |02+ A2, 0;) /o3(0,A) and o(0, ) has been defined in Lemma 1.
JjEJ2 7

Proof. Tt follows from the Borell-TIS’s inequality (see Theorem 7.1 in [24] or p.56-57 in [25]) that for all ¢ > 0,
conditionnaly on X, with probability (w.r.t. the randomness of the noise &) at least 1 — exp(—t/2),

S—1/2 _
[N K1 X ], < o (y/ODT) + VDL, (39)
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where D = 2;1/2Xﬂk(Xk+1;pX,;'—+1:p)_1. For the basis (f;)}_, of eigenvectors of X, on the event (g, we have

P

k : —2
oD =320 =3 (V) k) s

Jj=1 Jj=1
<3 (T Y e gl < 3 (M L) 20N
< = A E4+1:pAk41:p op LkJjllg = e O A (Tr2k+1;p)2

and therefore

Te(DDT) < 16VN \/|J1|DQ+A2ZUJ-.

TI' Zk-‘rlp JeTs

Using similar arguments and that HEI/ 221 ,lc/ 2

is smaller than o (0, A), we also have (still on the event Q)
op

1/2 —1/2

16VN |2 o 16v/No (O, A)
op ~ Tr(Xrt1:p) T Tr(Bkg1p)

||D||op = HDTHOP < H(XkJrlthl;rJrl:p)_lHOp Xl:ki;1/2

We use the later upper bounds on /Tr(DDT) and || D], and take t = (|J1| 0% + A? dicds O'j) /o?(00,A) in (39)
to conclude. m

Let us now show that Lg > 0 for 8, € 8] + 0B using the upper bounds on the multiplier part Mg, which
follows from the last two lemmas. Let us first analyze case a): let B, € V1. be such that HEl/z(ﬁl - B*{)HQ =0
and [|3; — B1]l, < A. In that case, we now show that Qg > Mg, . On the event €, we have

A
1

= |(Xpa1p Xy )2 X, L
o, = ||(Xer1pXi1,) 2 X1 (B = BY)| = AT

N
> - 40
- 32 Tl"(Ek+1 p ( )

It follows from (37) that to get Qg, > Mg, (and so Lg, > 0), it is enough to have

NO?
64‘/§Tr<2k+1:p)

1/2

S—1/2 - * S — - s —1/2 g%
X T X X ) KB+ |57 i X ) €|+ 785

(41)
Let us now assume that we choose O and A so that o(0J, A) = O, which means that A,/o7 > O (we will explore

the other case later). Using Lemma 1 and 2, inequality (41) holds if we take [J such that
O > Comax | o¢ ‘Jl ZO’ '
N’ J

—1/2
]
where Cy = 4608/2.

Next, let us analyse case b): let B; € Vi.x be such that ||21/2(,61 - B’{)HQ < Oand |8, — Bill, = A. In that
case, we show that Lg, > 0 by proving that Rg, > Mg, . Since Rg, = A?, it follows from (37) that Rg, > Mg,
holds when

2) ’

/2

Tr(EkH p)

. (42)

$1/2
k+1: pﬁQ

? > 2\/5 (Hil_l/QXlT:k(Xk+1:lej-~-1:p)71Xk’—&-1:pﬁ;H2 + H21_1/2X1T:k(Xk+1:le;,r+1:p)71€H2 + Hil_lmﬁi

Using Lemma 1 and 2, the latter inequality holds when

av/| LN oZ 521/2 S—1/2
A2 > Iy eV H / /2 g+ 4
C1 max Te®nr1y) | TS 1) Z oj, T Ek+1 Te(Srr1g) K1 pﬁz 1B ) (43)
for C7 = 4608.
We set A so that O/A = /Tr(Zk41.p)/N and take
|J1 jeJ ‘ 1/2 * S—1/2 % Tr(Xgq1:p)
0= Comax{ oe\/ —— Tr ij—l ) “Ek+1:pﬁ2 5 H21 B1 , N (44)
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In particular, we check that for this choice A satisfies (43) and A, /o1 > O holds iff o1 > Tr(Zg41.p)/N. As a
consequence, in the case where o1 > Tr(Xg41:p)/N, O is a valid upper bound on the rate of convergence of ,6'1
toward 3] with respect to the HZ}:/;"L'HOHD' This upper bound holds with probabilty at least 1 — ¢y exp(—c1N) —
exp(—t(d, A)/2) where in that case

Zjng gj

Tr(Zkt1:p)

We also note that because /A = /Tr(Xg41.p)/N, one has 531_1/2 = UD1_1/2UT with

o Te(2 ' —1/2 Tr (% . -1/2 _
D11/2:Dd1ag<<0—1\/(k+1p)> ’7<0'k\/r(k+1p)> 7O,...,O ::Dlel}{szg

t(O,A) =|J1|+ N

N N

and so one can simplify the choice of [ from (44) and take

Tr(Ept1:p)
N

JEJz
Tl" Ek+1 p

1/2

0 = C3 max$ o¢ k+1:pP2

—1/2 *
’ Zl,th'resIBl 9

(45)

where ¥7Y2 —yup7Y?2 UT.

1,thres 1,thres
Let us now consider the other case that is when OJ and A are chosen so that o(0,A) = A,/o1, which means

that Ay/o7 < 0. In that case, Jy is empty, Jo = [k], t((0,4) = Tr(Z1)/01, 21/2 = Uﬁi/QUT with Di/Q =
(1/A)diag(1,---,1,0,---,0) (with k ones and p — k zeros). In case a), it follows from Lemma 1, Lemma 2 and
inequality (41) that Qg, > Mg, holds when

Tr(X
02 > Cgmax{AJE ( 1k)

1/2
v,

21811, (EN*)} (16)

where Cp = 4608v/2. In case b), we will have Rpg, > Mg, when

UENTT(El:k) <
, 0
Te(Sri1)? | \Tr(Sks1p)

N>y max{ HEUQ

k+1:p

) ||ﬁ1||2} (47)

for Cy = 4608. We choose A = [O04/N/ Tr(Xj+1.p) and take

Tr(S1.r) Noy W2
:
C max {05\/Tr(2k+1:p) VT () 5 "’

In particular, we check that for this choice, A satisfies (47). Therefore, when A /g7 < O — which is equivalent to
01N < Tr(Xg41.p) — the choice of O from (48) provides an upper bound on HEi/z(Bl —B7)|| with probability at
2

least 1 — c¢gexp(—c1 V) — note that ¢(0,A) = Tr(X1)/01 > N > k so that exp(—¢(0, A)/2) < exp(—k/2).

We are now gathering our finding on the estimation properties of 3; in the next result. We state the result for

1/2
both norms ||X;""-|| and ||-[|,.
2

18l (EN*)} (15)

Proposition 4. There are absolute constants ¢y, ¢1 and Cy = 4608v/2 such that the following holds. We assume

that there exists k < kisoIN such that N < kpprd. (2 ki{QPBp) then the following holds for all such k’s. We define
Tr(Xpt1: Tr(Spi1:
ni={semsoz Tl g ey o, < Tl

and X, 1/2 =UD; 1/2 UT where

1,thres 1,thres

- Tr(Shrrp) ) > Tr(Spar)) 2
Dl,l}}{’?‘es:diag<<gl\/r(]§;_l.p)) 7"';<O'k,vr(zl\€;_l.p)> ’O;-.-,O .

With probability at least 1 — p*, )21/2(31 - B67)

, <0 and Hﬁl - 61

< Oy/N/Tr(Zgt1.p) where,
2
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i) if o1 N < Tr(3g 1), p° = coexp(—ciN) and

Tr(E1) Noy 1/2
O=C2 Hz
Comex {Ug\/Tr(Zk+1:p) 7 Tr(zk+1:p> . p

ii) if 1N > Tr(Sit1yp), D° = coexp (—01 (\J1| +N (zj% oj) / (Tr(2k+1:p))>> and

Tr(Xgi1.
I8l (N”}

Tr(Zk11:p)
N

|J1 J€J2
TI' Ek+1 p

1/2
k+1:p

—-1/2 *
2 Z’HELthresﬂl 9

0= C’O max | o

The two cases i) and i) appear naturally in the study of the ridge estimator (21): in case i), the regularization
parameter Tr(Xj11.,) is larger than the square of the top singular value of X1, and so the ridge estimator is mainly
minimizing the regularization norm. Whereas in the other case, the regularization terms is doing a shrinkage on
the spectrum of X1., and one can see this effect through the threshold operator i ¢nres appearing in case i) from
Proposition 4.

6.2 Upper bound on the price for overfitting.

Following the risk decomposition (20), the last term we need to handle is HEifl_p(ﬁkH:p - 'BZ"’L”)H . As we said
‘ 2

above, we do not expect Bk+l:p to be a good estimator of 85 := B} ., because the minimum /y-norm estimator Bis
using the ‘reamaining part’ of R? endowed by the p — k smallest eigenvectors of ¥ (we denoted this space by Viyi.p)

to interpolate the noise € and not to estimate 35 that is why we call the error term HZ,lcfl,p(ﬁkH:p - B3) ’ a price
: 2

for noise interpolation instead of an estimation error. A consequence is that we just upper bound this term by

~ ~ 1/2 *
H2k+l p /BkJrl p ﬂ H sz—i-l pﬂk+1 p + H2k+1:p/82 9

Then we just need to find a high probability upper bound on HEllc/fl:pﬁkH:p

Bk+l:p = X]::r+1:p(Xk+12pX/;r+1:p>_1(y - Xl:kﬁl:k)7 hence, we have for A := XI;|—+1:p(Xk?+11PXl::r+1:p)_17
12 2 1/2 -
sz-i-l pIBkJrl pH = sz{i-LpA(y_Xl:kﬁl:k)Hz

1/2 * 1/2
< [ 035 B [ ]+ [5506], "

. It follows from Proposition 3 that
2

and now we obtain high probability upper bounds on the three terms in (49).
We denote by €; the event onto which for all A € RV,

| XA, <6 (YT + VN ISkt ) 1A, (50)

It follows from Proposition 2 that P[2;] > 1 — exp(—N) (and this result holds without any extra assumption on N).
On QO n Ql, we have

1/2 * z 1/2
szil:pAXlik(lgl - Bl:k)HQ = HEkil:pr;r—i-l:p(Xk-l-l:pX];rJ,-l:p) Xl k(IB ﬁl k)H

1/2 — * p
< HZ /2 X,Ll:p o H(Xkﬂ;pX;th) 1H0p HX1:Ic(ﬂ1 _61:1@)”2

k+1:p

NTH(SF 41,) + N[ Sks14l,)
r(2k+1:p)

It follows from Bernstein’s inequality that || Xx11.585(, < (3/2) WN HE,lcfl - holds with probability at least
1 — coexp(—c1N). Hence, with probability at least 1 — cgexp(—c1N) — P[(©p N Ql) I,

|(Xks1:p Xy 1) ™" [ op 1 X k185l
N Tr(%2

< 30\[2 k+1: p) +N sz+1:p||op
- Tr(ZkJrlzp)

§30\@(

|zt - B, (51)

1/2 * 1/2 T
=35 A, < 25X,

$1/2
k:+1 p'62
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Finally, it follows from Borell’s inequality that, conditionnaly on X, for all ¢ > 0 with probability at least
1 — exp(—t/2), | DE|l, < o¢ (\/Tr(DDT) +\/f||D||op) where D = Eiflsz. Moreover, it follows from Bern-

stein’s inequality that if N > 5logp, with probability at least 1 — cgexp(—ciN), for all j € [p], [[Xet1pfilly <

B/2VN 512,05, = 3vNai/2, 50

T(DD") ZHDTfaHQ ZHATz;fmeH Z 110X 1) X i [0
=k+

20N L 20N Tr (%7 ,,,)

< H Xht1: PXk—i—l 1H HXk-i-l pf]” 0j < =~ o? =
jzk-:ﬁ-l ” or ? ’I‘r2(2k+1 ;D) j=k+1 ! ’I‘I‘Q(EkJrl:p)

and

1/2 — 1/2 —
”D”op = "Ek{&-l:le;rJrl:p(Xk+1:le;r+1:p) 1Hop S szil:le;rJrlzp op |‘(Xk+1:le;r+1:p) 1“01)

12
< (/Tx(33 NS, ) .
T Tr(Zkt1p) (\/m"_ \F” k+1.p||op
As a consequence, if N > 5logp then for all ¢ > 0 with probability at least 1 — exp(—t/2),

20N Tr(23,,,,) 12V
+
Tr(EkJrl:p) TT(Ek+1:p)

1/2
el <

(VT2 41p) + VN Bk ll,y)

Gathering the last three upper bounds in (49), we obtain the following result on the cost for noise interpolation.

Proposition 5. There are absolute constants ¢y and c1 such that the following holds. We assume that N > 5logp
and that there exists k < K;soN such that N < kpprd.(Z ];1_{2po) then the following holds for all such k’s. For all
t > 0, with probability at least 1 — co exp(—c1N) — exp(—t/2),

NTr(33,1.,) + N[ Zes1pll
< 40V2 by !
2

* Jst,

T‘r(zk-&-l:p) e
2

L (PNECLL) v ( \/T(i“ﬁ 1Sks1pll,)

¢ Tr(Shetp) Tr(Zk41:p) i) o

6.3 End of the proof of Theorem 5.

1/2 e *
szil p IBkJrl:p - ﬁQ)

12 1/2
/ (87 — Bk H )+sz{|—1p

Parameter k is chosen so that N [[Zyi15],, < Tr(Ept1) (because ipar < 1), in particular, /N Te(27,,,) <

Tr(Xk+1:p). As a consequence, under the assumption of Proposition 5, we have, with probability at least 1 —

coexp(—c1N) — exp(—t/2),

20N Tr(¥? 1 p)
Tr(2k+1:p)

+0c (s (VIR + VE [Bs1sl,) ) 52

Theorem 5 follows from the last result by choosing t = N Tr(Z1.5)/ Tr(Zg41:p) when o1 N < Tr(Zp41.p) and t = |J1|+
N (Zj€J2 aj) [ (Tr(Xg+1:p)) when o1 N > Tr(Eg41.p). Because, in the first case, when ¢t = N Tr(X1.)/ Tr(Zk1:p)
we have t < N and

Hzllcfl p ﬁk}-‘rl:p ; H <80f"21/2 ﬂl - Bl:k)HZ + (80\/§+ 1) Hzllcflpﬂ; 9

VN Sk, NTe(S2,,,)
Tr(ZkJrl:p) o Tr(ZkJrl:p)
and when t = |J1| + N (Zjer crj) / (Tr(Xg41:p)) we have t < N and

A ”Ek+1;ﬁ”op |J1 JEJzG

TI‘ Ek+lp TI‘ Ek‘—‘—l:p).
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Therefore, in both cases, the term in (52) is negligible in front of 120¢ (/N Tr(X3 )/ Tr(Ex41,) and O defined in
Proposition 4.

7 Proof of Theorem 6

The proof of Theorem 6 relies on the decomposition given in Proposition 3 of the estimator B = ﬁl + ,32 like in the
proof of Theorem 5. It therefore follows the same path as the one of the proof in the previous section (we will therefore
use the same notation and detail only the main differences); in particular, it uses the excess risk decomposition (20).
However, because k > N, X, cannot act anymore as an isomorphy over the entire space Vj.; since Vi is of
dimension k and X7.; has only N < k rows and is therefore of rank at most N; in particular, ker(Xy.;) NVi.; is none
trivial.

However, following Theorem 4 there is a cone in Vj.; onto which Xj.; behaves like an isomorphy; it is given by

C:= {v € Vit RN(E%EBS) |lv]l4 < 1/"”‘2UH } We will use this restricted isomorphy property to lower bound the
quadratic process Qg, in case a) (it is the case defined in the previous section where the quadratic process is used
to dominate the multiplier process); we will therefore need 3; — 37 € C in case a). The other difference with the
proof from the previous section (that is for the case k < N) deals with the upper bound on the multiplier process:

we will use an upper bound on HZ L/ 2X i H that does not follow from an isomorphic property of Xi., but from
op

the upper side of DM’s theorem like the one given in Proposition 2. The stochastic properties we use on Xp41.p in
the case k > N are the same as the one used in the previous proof since having k < N or k > N does not play any
role on the behavior of Xjy1.p.

We gather all the stochastic properties we need on X.; and Xj1., to obtain our estimation results for Bl and
,@2 in the case k > N in the following event.

Stochastic event behind Theorem 6. We denote by € the event onto which the following three geometric
properties hold:

o forall A € RY, (1/(2v2))VTiSrry) Al < || X[11,2]|, < 8/2) v/ TiErrs) Al

e for all B, in the cone C := {v € Vig: RN(Ei:/;Bg) ]|, < HE%?UH },

s[=iee], < = 1xul, < 5 [=i2a
2 2
o for all A € RV,
o—1/2
|E2xla| <6 \/D2|J1| + 223 o5+ VNo(@D,4) | 1Al (53)
JEJ2

where i}/ ? has been introduced in (36) and o(0J,A) in Lemma 1. However, in the following we will always
assume that

Jj€J2

\/D2|J1| + A2 oy <VNo(D,0) (54)

where o(0J, A\) is defined in Lemma 1. We will explain the reason in Section 7.1.

If N <kp Mcl*(E,Hl_{2 BY), we know from Theorem 3 and Theorem 4 that the first two points defining the event
Qf hold simultaneously with probability at least 1 — cg exp(—c1 V). It only remains to handle the last point. To that

end we use Proposition 2: with probability at least 1 — coexp(—c;N), for all A € RV,

st - st stie, <2 (i (i sise st + Ve it sic], )
where G is a N x p standard Gaussian matrix. The spectrum of X, 1/221_/,? is the same as the one of D 1/2Di/k2

given by p— k zeros and (d,/7;/ max(\/a;, (O/A)) : j=1,... k). Therefofe the third point of event holds with
probability at least 1 — exp(—N). We conclude that P[] 2 1 — 2¢ exp(—clN).
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Note that for the choice of (J and A such that (O/A)? = Tr(Zk41.p)/N that we will make later, (54) is equivalent
to

Zjng o; < Tr(ZkJrl p) (1 - %) when Noy > Tr(ZkJrl:p) (55)
Tr(31.,) < Noy otherwise.

We place ourselves on the event € up to the end of the proof. As in the proof of Theorem 5, we split our analysis
into three subsections: one for the study of 3;, one for 3, and the last one where the two previous sections are
merged.

7.1 Estimation properties of the ’'ridge estimator’ Bm; case k > N

We are now providing some details on the arguments we need to prove Theorem 6 which are different from the one of
Theorem 5. Let us first handle the lower bound we need on the quadratic process in case a) that is when 3, is such
that ||£/2(8, — ,3’{)”2 = DO and [|3; — B7ll, < A. We can only use the restricted isomorphy property satisfied by

Xy over the cone C so we have to insure that 3; — 37 lies in that cone. That is the case when O/A > RN(Z}:/,fBg)
since, in that case, we have
’2 '

That is the reason why, in the case k¥ > N we do have the extra condition O/A > RN(E}:/;BS) (note that when
k < kgprpN then RN(Ei/,?Bg) = 0 and so there is no need for this condition). As a consequence, when /A >
RN(E}:/EBQ) we have B; — 8] € C in case a) and so (on the event Qf),

A
Ry (S1EBY)18: — Bill, < Rn (S5 BDA = Ru (B =[928, - 87, < |28, - 87)

1 oo N2

05, — H(Xk+1:le;r+1:p)71/2X1:k(18 - B7) ’ > ST (Sriim) [ X1:6(81 — B2 = BT

We therefore recover the same lower bound as in the proof of Theorem 5 (see (40)).
Let us now handle the multiplier process. It follows from (37) that we need to upper bound the two quantities

H2;1/2X1Tk(Xkﬂ:px,jﬂ,p)*lXHl:pB; H and H531_1/2X1T_k(Xk+1:pXkT+14p)*1£H as we did in Lemma 1 and Lemma 2
: : ) : : )
but without the isomorphic property of Xi.; on Vi.5. We know from the third point of the event €, that

Hz—wxﬂkuw < 6V No (O, A). (56)

If we use either \/DQ | S|+ A2 s, oj+VNo(d, ) or \/D2 |Ji| + A2 5, 05 as the upper bound of HZ 1/2XT

this will lead to the symmetric of the true noise o¢ and the “formal” noise szfl p,BQ , which further leads to the

fact that: all the terms containing o¢ or ‘

in Proposition 4 has to be replaced by o¢ V HZ,lcfl,pﬁz
: 2

k+1: pIBQ 9
Therefore, if the two noises are symmetric, there will never be benign overfitting phenomenon. The aim of using
VNo (O, A) instead of \/D2 |J1| + A2 ¢ 5, 0j 1 to keep them asymmetric as that in section 6.1.

As a consequence, using similar argument as in the proof of Lemma 1, we have with probability at least 1 —
coexp(—c1N),

<—1/2 — * —1/2 — *
|0 X T (K0 X ) KB < || /XIkHopH(XkH;pXJH;p) oy 11X 41:085 15
BAN [l
<00 A 7"2 B 57
<o )Tr(2k+1:p) k+1.pﬁ2 5 (57)

which is up to absolute constants the same result as in Lemma 1.
Next, we prove a high probability upper bound on Hifl/QXIk(Xk+1;pX,:+1,p)_1£H . It follows from Borell’s
: : )
inequality that for all ¢ > 0, with probability at least 1 — exp(—t/2),

|57 XL K XL 6], < o (DD 4 VE DL, )

25

op

)



where D = i;l/zXIk (XkH;pX,;'—H:p)_l. We know from Bernstein’s inequality that with probability at least 1 —

exp(—c1N), for all j = 1,k || X1xfj|l, < 2VN as long as N > c;log(k). Hence, using this latter argument in
place of the ’isomorphic’ argument used in the proof of Lemma 2 we have with probability at least 1 — ¢y exp(—c1N),

16V N
Tr(DDT) < 6\F\/|.11|D2 + A2 ;.

Tr(Zkt1:p) jeds

We also have
- 24v/No (O, A)
o Tr(szrl:p) .

Finally, using the same other arguments as in the proof of Lemma 2 we obtain the very same bound as in Lemma 2:
with probability at least 1 — cgexp(—c1 V) — exp(—t(0, A)/2),

1Dl < [ S50 K Xia) ™

- 32V No
[ XK X e, < g T8 e (58)
TI‘ Ek+ JeTs

which is up to absolute constants the same result as in Lemma 2.
As a consequence, all the machinery used in Section 6.1 also applies for the same choice of O and A (up to absolute

constants) under the three extra conditions that O/A > RN(Z}:/;Bg), that (55) and N > ¢glog k. We therefore end
up with almost the same result as in Proposition 4:

Proposition 6. There are absolute constants cg, ¢y and Cy such that the following holds. We assume that there
exists k € [p] such that N < nDMd*(Z,:_il_{ngp) (65) holds and Tr(Zgq1.p) > RN(Zi/kQBg)QN, then the following
holds for all such k’s. We define

le{je[k]:ngTf(E]@Hm)}, Jz;{je[k]:aj<Tr@]kV+lm>}

and El_i}/]fm = UD;%?ESUT where
- Tr(Sherp)\ > Tr(Sesq)\ 2
Dl,tllizes ::diag<(ale) 7---;(UkVW> 70,...,0 .

< Oy/N/Tr(Zg41.p) where,
2

With probability at least 1 — p*,

=128, - 81)

< U and HBl - B
2

i) if o1 N < Tr(Xk 1), p* = coexp(—ciN) and

Tr(S1.k) Noy 2
:
Cy max {Uf\/Tr(Ekﬂ:p) ) T (Eh) R P

ii) if 1N > Tr(Spp1p), P* = coexp (—c1 (\J1| +N (Zjeh aj) / (Tr(2k+1:p)))> and

Tr(Xgi1.
18l (N*)}

Tr(2k+1:p)
N

]€J2
TI‘ Ek+1 p

1/2

O = Cf max  o¢ kt1p

~1/2
62 2’H217th7‘68ﬁ>{ 9

Remark 2. If we use

“251/2X1Tk“0p§6 \/D2|J1+A220j :

JEJ2
which holds when N < kpyt(0, D) instead of (53), we will end up with

Tr(2k+1:p)

e
)\, N

0 = Cf max (05\/“21/2 B3 m
P

$—1/2
k+1:p 1 thresﬁl

|‘]1| 1/2 *
2) N’ ( gvHZk“‘p'@z 2

However, the latter rate does not showcase the benign overfitting phenomenom. Indeed, if one has N < kppt(0, D)
then
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o when o (0, A) = 0O: in this case, (0, &) = | J1|[+N 325 5, 05/ To(Zkt1p) Z N, which leads to ;¢ 5, 05/ Tr(Epi1p) 2
L—|Ji| /N. As |Ji| /N tends to 0, we have ;. ;, 05/ Tr(Eky1:p) tends to 1, on which we will never have BO.

e when o(0,A) = A\/o1, which is equivalent to o1 N < Tr(Zgy1.p). In this case, Tr(Xq1.)/o1 = t(O0,4) 2
N. Therefore, Tr(X1.5)/ Tr(Zkt1:p) = 01N/ Tr(Eky1:p). However, as Tr(Xgy1.)/N tends to 0, this will not
converge.

7.2 Upper bound on the price for noise interpolation; the case k > N

The aim of this section is to obtain a high probability bound on HE,lgfl_p(ﬁkH:p - 'BZJFLP)H . We use the same
' 2

decomposition as in (22) together with the closed-form of 3, +1:p given in Proposition 3:
1/2 2 * 1/2 2 1/2 *
szﬁrl :p 18k+1:p - ﬂk+1'p S szilpAQ/ - Xl:klal:k})H2 + sz{‘rl:p'@kJrl:p 9

1/2 1/2 * 1/2 1/2 *
< |22 A1 (81 - B) H || AX 5|+ |EiE A, + || B (59)

where A = X,;rH:p(XkH:pX,;rH:p)*l. We will handle the last three terms of (59) as in the Section 6.2 because they do
not depend on X7.,. However, for the first term in (59), we used in the proof of Theorem 5 the isomorphic property
of Xy in (51): HX1 (B8] — 51 " H < 3\/>H21/2 81 — ﬁl L H /2. We cannot use this isomorphic property in the
case k 2 N since it does not hold on the entire space Vi.,. However, this last inequality still holds if one can show
that 3 — By, lies in the cone C; that is to show that Ry (3/2BE) ’Bl B, k” HE”Q B~ B H This type
of condition usually holds when we regularize by a norm (this is for instance the case of the LASSO) but it is not

clear if this holds when the regularization function is the square of a norm as it is the case for the 'ridge estimator’
B1. Therefore, we cannot use this argument here. The way we will handle this issue is by showing an upper bound

on [ X1(81 - Br)|, i
We know from Proposition 3 that E 3, < 0 where Eﬁl = Qﬁl + ./\/l a, T ’R 3, and for all B € Vi,

directly without going through a norm equivalence with HE

2
Qﬁl = H(Xk+13pX];r+1:p)_1/2X1:k’(’61 B ’QT)‘ 2’

Mﬁl = 2<X1T:k(Xk+l:pXkT+1:p)_l(ch-&-l:pﬁ; + 5) - IBTaﬁl - BT>

and Rg, = [|8; — ,81‘“3 We therefore have Q5 +Rj5 < |M31|‘ We are now proving a lower bound on Q5 and an
upper bound on |/\/l[31 |. For the lower bound on Q[B17 we use that on €,

_ P 1 A NI
Qs = [ (eers X1 ™2 X0(8: - B, 2 gy [Xan(8: - 80 (60)
For the upper bound on |M 3, |, we consider the norm (restricted to Vi.x) defined for all 8 € Vi,
1/2 r(Zkt1:p)
Il = max (Hz g ) g, (61)
and we set |||B]l = 0 for all 8 € Viy1,. On the event €, we have HH'Bl - B ‘ < O where O is defined in

Proposition 6. Therefore, if we define 6 := sup (Mg, | : [[|B; — Bi|l| < 1) we have

1
32 Tr(EkJr] p) |

and so we have HXlik(Bl B < 4v2,/00Tr(Zki1,) (we also have Hﬁl 81l < v/600 however we will not use

it here). The last result we need to prove is a high probability upper bound on 6. It appears that we already did it in
the previous Section 7.1 since for the choice of O and A such that (0/A)? = Tr(Zk41.)/N we have O8] = |||
for all B € RP. Hence, if we denote by ||||-|||, the dual norm of |||-|||, we have ||-]|, = O|lll-|lll, and so |||-]|l, is equivalent

to 0! Hifl/?H where 5];1/2 is defined in (36). Therefore, using (57) and (58) in the decomposition
2

B - ﬁl | X11(8, — B))II2 < 600,

0/2 < BTN + X150 (X tip Xl 1) ™ Xt B | + X (Ktp Xl 1) €I

we obtain the following result:
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Proposition 7. Under the same assumptions as in Proposition 6, with probability at least 1—p*,

4v/NO where p* and O are defined in Proposition 6.

<

Xl:k(,él;k - /3>1k) 9

The following result follows from the decomposition (59) and Section 6.2 and Proposition 7, for the control of the
four terms in this decomposition. Namely, if N > 5logp, then

$11/2
k+1: pﬁQ

NTT(E%JA p) +N ||Zk+1¢pHop H

SY2 AXp, H < 30v2
[t AXer a3, < 30v2 T (Srrr)

and

20N Tr(Z)iH:p) 12\/1?
Tr(szrl:p) Tr<2k+1:p)

holds with probability at least 1 — exp(—t/2) — ¢p exp(—c1N) — P[(£2{, N Q1)¢], where £ is defined in (50).

1/2
=i 4], <

(VT2 i1,) + VN [Zkisll,)

Proposition 8. There are absolute constants cg and c1 such that the following holds. We assume that N > 5logp
and that there exists k > N such that N < kppd. (X ,Hl{z BY)), then the following holds for all such k’s. For all
t > 0, with probability at least 1 — 2¢co exp(—c1 N) — exp(— (D AN)/2) —exp(—t/2),

< 10V3 NTr(Zi_H p) + N ||Ek+1:pHop 12

- Tr(Zrt1:p) (H ’C+1Pﬁ2

1/2 . *
szérl p /Bk'+1:p - ﬁQ) 9

12 1/2
/ (87 — Bix) H )+H2kérlp

20N Tr(x2

L) 12V1
+ o¢ Tr(Srs1p) + T (10 (m+f\|zk+lp|| )

7.3 End of the proof of Theorem 6

We use the decomposition of the excess from (20), the result on the estimation property of Bl from Proposi-

tion 6 and the one on ,C:]Q from Proposition 8 to conclude. Since the upper bounds on HZifl p(ﬁkﬂ » —B3)

and
2
HEUZ Bix — B H are the same up to absolute constants as that in Section 6.1 and Section 6.2, all the choices of

t from Section 6.3 also applies for the case k 2 N under the two extra assumptions: Tr(Xgy1.,) > Ry (2 1/,€2B§) N
and (55).

8 Proof of Theorem 8

The proof of Theorem 8 is based on a slightly adapted randomization argument from Proposition 1 in [36] that allows
to replace the Bayesian risk from [I, 39] by the true risk as well as the argument from [I, 39] on V1.5 and the DM
theorem on ng“;p. We denote by Q* the event onto which for all A € RY,

(1/ VD) Tr(Eig 1) Mz < | X 10A | < 372y TS 41) 1A, -

It follows from Theorem 3 and (9) that when b > 4/kpas, P[Q*] > 1 — exp(—coN).
We start with a bias/variance decomposition of the risk as in [I, ] We have

2
E|s25- 87 (xxT) g (62)
where we used that 3 = XT(XXT)_ly = XT(XXT)~{XB" +¢).

For the variance term (second term in the right-hand side of (62)) we use Lemma 2 and Theorem 5 from [39] (see
also Lemma 16 in [1] for a similar result).

IEH21/2 (XT(XXT)"IX - 1,)8"

Proposition 9. [Lemma 2 and Theorem 5 in [39]]There exists some absolute constant co > 0 such that the following
holds. Let b > 1/N and assume that ki < N/4. We have

2 2 * N Tr(X5.
o g s (1 N0k
> = max(2+ 5% (1+ 20 )2) \ N~ T2 (Sig 1)
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For the bias term (first term in the right-hand side of (62)), we cannot use the results from [1, 39] because they
hold either for one specific 3" (see Theorem 4 in [1]) or for some Bayesian risk (see Lemma 3 in [39]). Moreover
Lemma 3 in [39] requires some extra assumptions on the smallest singular values of some matrix (see the condition
o forany § >k, w.p. at least 1 —6, pn(A_;) > l)‘l(Zj>,C 0;).” in there). The following lower bound holds for the

prediction risk of 3 for the estimation of 8* itself. It holds for any given 8% and not a random one. It also holds

under only the assumption that ki < N (which is a necessary condition for BO according to Theorem 1 in [1]).

Proposition 10. There is an absolute constant cg > 0 such that the following holds. If N > cq then for any
b > max(4/kpnr, 24), we have

2 Tr(zk;‘-&-l:p) 2

2 N '

Proof of Proposition 10. We show that the bias term can be written as a 'Bayesian bias term’ using a similar
argument as in Proposition 1 from [36]. Let U be an p x p orthogonal matrix which commutes with . We have

E Hzl/Q(xT(XXT)*lx — )8

—1/2 g%
21;k; ﬁl:k;

2 1 1/2 " 2
27 T80 (HEkz*H:pﬁk:Hm\ 2

- g 2

= | o) T o)) o) - )80

2

Moreover, XU has the same distribution as X and so ||SY2(XT(XXT)~!'X - I,,)UB" , has the same distribution
as || SY/2(XT(XXT)"'X — 1,)8"||,- In particular, they have the same expectation with respect to X. Now, let us
consider the random matrix U = 37%_, ejfif} where (¢;)5_, is a family of p i.i.d. Rademacher variables (and (f;);
is a basis of eigenvectors of X). Since Uf; = ¢;f; for all j, U commutes with ¥ and it is an orthogonal matrix.
Therefore, we get

E HZl/Q(XT(XXT)‘lx —1,)8" (63)

2 2
— EyEx Hzl/z(xT (XXT)"IX - 1,)UB"
2 2

where Ey (resp. Ex) denotes the expectation w.r.t. U (resp. X).

We could now use Lemma 3 from [39] to handle the Bayesian bias term from (63) (that is the right hand side
term). However, we want to avoid some (unnecessary) conditions required for that result to hold. To do so we use
the DM theorem on Vir+1:p-

We denote for all j € [p], 8} = (8%, f;),2; = o} /*Xf;, that is 2; = Gf; where we recall that X = GZ'/2. We
have

By 2207 o) x - LU = iy 57207 oex Ty % - )|
P p 2
> 3B, AT (XX TIX - L) ) = Y (85)%0; (1 — H<XXT>‘”Q%‘H2) -
j=1 Jj=1

We lower bound the terms from the overfitting part (i.e. j > k; + 1) using the DM theorem and the one from the
estimating part (i.e. 1 < j < k) using the strategy from [39]. Let us start with the overfitting part.
Let j > k; 4+ 1. On the event Q*, it follows from Proposition 1 that

_ _ [E21P 2|1zl
[ oxxT) 12| < (XX 251, = <
2 \/SN[XXT] \/T‘I‘(Ek;+1;p)
where we used that XXT = Xlzk;XIk; + Xk;+1;pXkT;H:p - Xk;+1;pXkTZ+1:p = (Tr(Xky+1:p)/4)In (thanks to Propo-
sition 1). It follows from Borell’s inequality that with probability at least 1 — exp(—N), |z, = |Gf;]l, < 3V/N.
Hence, we obtain that with probability at least 1 — exp(—coN), ||(XXT)’1/2ZJ-H2 < 64/N/Tr(Zks41:p) and so

—_

1204+ 11N
Oki+1 21_2>7

2\ 2 2
1— -HXXT—W H >1-2 -HXXT—W H >1 o mAT
( 7 KX 4, ) = 73 || (XX ), = Tr(Ek; +1:p) b —2

when b > 24. Therefore, when N is larger than some absolute constant so that 1 — exp(—coN) > 1/2, we get that

2

12 o
gp 2\? 1< sz*—‘rl:pﬂk‘*+1:pH
B O @ (1o oo ) | 27 3 (B =
j=ki+1 et
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which is the expected lower bound on the overfitting part of the bias term. Let us now turn to the estimation part.

Let 1 < j < k;. To obtain the desired lower bound we use the same strategy as in Lemma 3 from [39] together
with Borell’s inequality and the DM theorem. It follows from the Sherman-Morrison formulae (see the proof of
Lemma 15 in [39]) that

o (1 . H(XXT)_l/sz

—

= 12
2 (]. +O'jZ_;rA_;Zj)
where A_; = XXT — 0,2,z . We have z;'—A:}zj < Izlly HA:}ZJ‘H2 < ||zj||§ sl[A:}] = ||zj|\§ /sn[A_;]. Since j <k,
we see that A_j - Xk;+1;pX];rz+1:p and so SN[A_j] > SN[Xk,’;-l—l:pXkTngLp}- On the event Q*, SN[Xk,’;-l—l:pXkTngLp} >
Tr(Xk;+1:p)/4 (see Proposition 1). The last result together with Borell’s inequality yields with probability at least
1 — exp(—coN), z;A:;zj < 36N/ Tr(Xg; +1). Furthermore, by definition of kj and since j < kj, we have bNo; >
Tr(¥).p) = Tr(Xg; ). Gathering the two pieces together we get that with probability at least 1 — exp(—coN),

0j gj TrQ(EkZJrl:p)

> = .
(1+ szjTA:}Zj)Q < (36+b)o; N >2 (36 + b)?o; N?

Tr(zk;+1:p)

Therefore, when N is larger than some absolute constant so that 1 — exp(—coN) > 1/2, we get that

ky

2 2 1 k; * 2 T Z . : 2
Y R W R R €
j=1

j=1

which is the expected lower bound on the estimation of 81 : k; part of the bias term.
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