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Abstract

New robust estimators are introduced, derived from median-of-means principle
and Le Cam’s aggregation of tests. Minimax sparse rates of convergence are
obtained with exponential probability, under weak moment’s assumptions and
possible contamination of the dataset. These derive from general risk bounds
of the following informal structure

.. . .. number of outliers
max | minimax rate in the i.i.d. setup,

number of observations

In this result, the number of outliers may be as large as (number of data)
X (minimaz rate) without affecting the rates. As an example, minimax rates
slog(ed/s)/N of recovery of s-sparse vectors in R? holding with exponentially
large probability, are deduced for median-of-means versions of the LASSO when
the noise has gy moments for some gy > 2, the entries of the design matrix have
Cp log(ed) moments and the dataset is corrupted by up to Cyslog(ed/s) outliers.
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1. Introduction

Consider the problem of estimating minimizers of the integrated square-loss
over a convex class of functions : f* € argmingep P(Y — f(X))? based on a
data set (X;,Y;)i=1,...,~, where the outputs Y are real-valued and the inputs X
take values in any measurable space X.

Let Py denote the empirical distribution based on the sample (X;,Y;)i=1,...~
and let reg : ' — Ry denote a regularizing function, regularized versions
(RERM) of Empirical Risk Minimizers (ERM) Vapnik (1998); Vapnik and Cher-
vonenkis (1974) are defined by

f;}ERM € argmin{ Py (Y — f(X))? +reg(f)} .
feF
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These estimators are optimal in i.i.d. subgaussian setups but suffer several
drawbacks when data are heavy-tailed or corrupted by “outliers”, see Catoni
(2012); Huber and Ronchetti (2009), a situation that occurs with declarative
data on internet, for storage/transfer issues or when one applies some compres-
sion algorithm. They may also be observations met in biology as in the classical
eQTL (Ezxpression Quantitative Trait Loci and The Phenogen Database) from
Saba et al. (2008).

To overcome the problem, the most common strategy is to replace the square-
loss in the definition of RERM. Huber (1964) proposed a loss that interpolates
between square and absolute loss to produce an estimator between the unbiased
(but non robust) empirical mean and the (more robust but biased) empirical
median. Huber’s estimators have been intensively studied asymptotically by
Huber (1964); Huber and Ronchetti (2009), non-asymptotic results have also
been obtained more recently by Chichignoud and Lederer (2014); Mendelson
(2015b); Fan et al. (2017) for example. An alternative approach has been pro-
posed by Catoni (2012) and used in learning frameworks such as least-squares
regression by Audibert and Catoni (2011) and for more general loss functions
by Brownlees et al. (2015).

Another line of research to build robust estimators and robust selection
procedures was initiated by Le Cam (1973, 1986) and further developed by
Birgé (1984); Birgé (2006), Baraud (2011) and Baraud et al. (2017). It is based
on comparisons or tests between elements of F. More precisely, the approach
builds on tests statistics T (g, f) comparing f and g. These tests define the
sets Br, (f) of all g’s that have been preferred to f and the final estimator f
is a minimizer of the diameter of By, (f). The measure of diameter is directly
related to statistical performance one seeks for the estimator. These methods
mostly focus on Hellinger loss and are generally considered difficult to compute,
see however Baraud et al. (2014); Sart (2014).

In a related but different approach, Lugosi and Mendelson (2017) have re-
cently introduced “median-of-means tournaments” where Median-of-means es-
timators of Alon et al. (1999); Jerrum et al. (1986); Nemirovsky and Yudin
(1983) are used to compare elements of F. A “champion” is an element f that
is better than all g sufficiently far from it. As L?-distances cannot be computed,
these diameters are evaluated using an estimator of distances that only provides
a reliable estimate when one of the functions is f*, which is sufficient to bound
the risk of champions.

This paper studies estimators derived from Le Cam’s procedure based on reg-
ularized median-of-means (MOM) tests (see Section 4.1). The main advantage
of MOM’’s tests over Le Cam’s original ones is that they allow for more classical
loss functions than Hellinger loss. This idea is illustrated on the square-loss.
Compared to Huber or Catoni’s losses, this approach allows to control easily
the risk of our estimators by using classical tools from empirical process theory
and to tackle the problem of “aggressive” outliers.

The radii of the sets Bry, (f) are computed for regularization and L% norms.
The regularization norm is chosen in advance by the statistician to promote



sparsity or smoothness and can be used to build estimators. However, it is not
sufficient to derive estimators with small L% risk and this is why it is necessary
to evaluate L%-diameters. The L%-norm is unknown in general since it depends
on the distribution of X and cannot be properly estimated by the L%N -empirical
metric without subgaussian properties of the design vector X. Fortunately, the
L%-norm can be estimated by median-of-means estimators. The estimators used
in this paper differ from those of Lugosi and Mendelson (2017) but also provide
reliable estimators only to distances to oracle. To handle simultaneously both
regularization and L% norms, an extension of Le Cam’s original idea is also
required. Our first result shows that our new estimators are well localized w.r.t.
both regularization and L2 norms.

The closest work is certainly that of Lugosi and Mendelson (2017) even if
some important differences can be noticed. Here, the approach does not re-
quire a partition of the dataset into three parts and the robustness to corrupted
datasets is stressed. This is an important feature in practice even if this robust-
ness follows from a simple argument. In addition, MOM estimators rely on a
data splitting into K blocks and this parameter drives the resulting statistical
performance of the estimator (cf. Devroye et al. (2016)). Our main results show
that optimal rates can be achieved when K is chosen using parameters that de-
pend on both the number of outliers and the oracle f*, such as its sparsity,
which are unknown quantities. To bypass this problem, the strategy of Lepski
(1991) is used as in Devroye et al. (2016) to select K adaptively and get a fully
data-driven procedure with optimal performance. We also refer to Birgé (1984)
where a closely related construction is also proposed in the proof of Theorem 1.
This latter adaptive step is not performed in Lugosi and Mendelson (2017) and
the problem of regularization is also not studied.

There are four important features in our approach. First, all results are
proved under weak L?T¢ moment assumptions on the noise, which is an almost
minimal condition for the problem to make sense and the class F' is only assumed
to satisfy a weak “Lo/L;” comparison. Second, performance of the estimators
are not affected by the presence of complete outliers, as long as their number
remains comparable to (number of observations)x (rates of convergence). Third,
all results are non-asymptotic and the regression function z — E[Y|X = z] is
never assumed to belong to the class F. In particular, the noise ¥ — f*(X)
can be correlated with X. Finally, even “informative data”, those that are not
“outliers”, are not requested to be i.i.d. ~ P, but only to have close first and
second moments for all f € F — {f*}. Nevertheless, the estimators are shown
to behave as the ERM when data are i.i.d. ~ P, E[Y|X = -] € F, the noise
¢ =Y — f*(X) and the class F' are Gaussian and the noise is independent from
the design.

From a mathematical point of view, our results are based on a slight exten-
sion of the Small Ball Method (SBM) of Koltchinskii and Mendelson (2015);
Mendelson (2014a). Indeed, the SBM was initially introduced to prove lower
bounds on nonnegative empirical processes. The method is extended here to
control centered empirical processes. All other arguments are standard and the
approach is thus easily reproducible in other statistical learning frameworks.



The paper is organized as follows. Section 2 briefly presents the general set-
ting. Section 3 presents Le Cam’s construction of estimators based on tests. The
construction of estimators and the main assumptions are gathered in Section 4.
Our main theorems are stated in Section 5 and proved in Section 6.

Notation. For any real number z, let |x| denote the largest integer smaller
than z and let [x] = {1,...,|z]} if z > 1. For any finite set A, let |A| denote
its cardinality. All along the paper, (¢;);en denote absolute constants which
may vary from line to line and 6., with various subscripts, denote real valued
parameters introduced in the assumptions. Finally, for any set G for which it
makes sense, for any g € G, ¢ > 0and C C G,

g+cC=cC+g=1{h:3g €Csuchthat h=g+cg'} .

Let also g + G = g+ 1G. We also denote by I(g € C) the indicator function of
the set C which equals to 1 when g € C and 0 otherwise.

2. Setting

Let X' denote a measurable space and let (X,Y'), (X;, Y;);e[n] denote random
variables taking values in & xR, with respective distributions P, (F;);e[n]. Given
a probability distribution @, let Lé denote the space of all functions f from X

to R such that Hf||Lg2 < oo where ||fHL% = (Qf2)1/2. Let F C L?% denote a
convex class of functions f : X — R. Assume that PY? < oo and let, for all
feF,

R(f)=P[(Y - f(X))?], f*€ arfger%in R(f)and ( =Y — f*(X) .

Let ||-|| denote a norm defined onto a linear subspace E of L2 containing F'.

3. Learning from tests

3.1. General Principle

This section details a construction of Le Cam’s to build estimators from
increment estimators. By definition of the oracle f*, one has

f* = argmin R(f) = argmin sup{R(f) — R(g)} .
fEF fEF geF

AsTia(g, f) = R(f)—R(g) depends on P, it has to be estimated by test statistics
T(g, f,(Xi,Yi)ien)) = Tn (g, f) which are real random variables such that

In(f,9)+Tn(g, f) =0 . (1)

These statistics are used to compare f to g, simply by saying that g Tn-beats
fiff Tn(g, f) > 0. In this paper, the statistics T (g, f) are median-of-means
estimators of R(f) — R(g) (cf. (9) in Section 4.1).



Le Cam’s construction. Let (T'n(g, f))¢,ger denote a collection of test statistics
and let d(-,-) denote a pseudo-distance on F, that may be data-dependent,
measuring (or related to) the risk. For all f € F, let

Bry(f) ={9 € F:Tn(g,f) >0}

be the set of all functions g € F that beat f. By (1), either f € By, (g) or

g9 € Bry(f) (both happen if Tx(f, g) = 0), hence d(f,g) < Cry(f) V Cry(9)-
In particular, for all f € F,

d(f, [7) < Cry () V Con (f7) (2)
Eq (2) suggests to define the estimator

fry € argmin Cry (f) = argmin =~ sup  d(f,g) . (3)
fer feF  geBry(f)

This estimator satisfies, from Eq (2),

d(fTN?f*) < CTN(f*) . (4)

Risk bounds for fTN follow from (4), isometry properties of d as a distance to
oracle and upper bounds on the radii of Br, (f*).

Remark 1. More generally, one can compare only the elements of a subset
F C F, typically a mazimal e-net by introducing for oll f € F, the set

Bry(f,.F)={9 € F:Tn(g,f) =2 0} (5)

and then by minimizing the diameter of By, (f,F) over F. This usually im-
proves the rates of convergence for constant deviation results when there is a
gap in Sudakov’s inequality of the localized sets of F, cf. (Lecué and Mendel-
son, 2013, Section 5).

Dealing with regularization : the link function. Statistical performance of esti-
mators and the radius of Br, (f*) can be measured by two norms: the regular-
ization norm || - || and ||.|[z2 . As one distance only is used in (3), we extend Le
Cam’s construction to handle two metrics simultaneously.

Assume first that d(f,g) = [|f — g[|z2, can be computed for all f, g € F" (this
is the case if the distribution of the design is known). Remark that

Crx(f)= sup |[[f—gl=min{p>0: sup [g—fl|<p}
g€Bry (f) g€BT (f)

can be used to get estimation results w.r.t. the regularization norm ||-||. But if
one also wants estimation results w.r.t. the L%-norm then the main point is to
design a link function r(-) between the two metrics. In a nutshell, the value r(p)
is the L%-minimax rate of convergence in a ball of radius p for the regularization
norm (cf. (10) in Section 4.3 for a formal definition). Then one can define

O (f) = min {p >0: sup |g—fl[<pand sup d(f,g) < T(p)} :
9E€BT (f) g€BTy (f)



Theorem 1 shows that a minimizer f( of C’?N) has both [f® — f*|| and
d(f@, f*) properly controlled.

Dealing with unknown norms : the isometry property. In general, L%-distances
cannot be directly computed and have to be estimated. It is estimated by MOM
estimators dy(f, g) of all d(f,g) (cf. Section 4.4) that are relevant as distances
to the oracle, see Lemma 3. The final estimator is any minimizer of

Cry(f)=mingp>0: sup [lg—fll<pand sup dn(f,g)<r(p)
9EBT (f) 9gE€BTy (f)

4. Regularized MOM estimators

4.1. Quantile of means processes and median-of-means tests

Start with a few notations, see van der Vaart and Wellner (1996). For all
a €1[0,1], £ >1and z € RY, let Q,(2) denote the set of a-quantiles of z. For
any non-empty subset B C [N] and a function f: X x R — R, let

Psf = ﬁzfm,m .

i€B

Let K € [N] and let (By,...,Bk) denote an equipartition of [N] into bins of
size | Bi| = N/K (assuming for simplicity that K divides N). For any a € [0, 1]
and any f: X x R — R, the set of a-quantiles of empirical means is denoted by

Qo x(f) = Qa ((Pka)kG[K])

With a slight abuse of notations, we shall repeatedly denote by Q. x(f) any
element in Q, k (f) and write Qa,k (f) = uifu € Qq k(f), Qu.ix (f) > wif there
is at least (1—«)K blocks By, such that Pg, f > u, Qq,x (f) < w if there is more
than oK blocks By, such that Pp, f < u, and Qu, k (f) + Qo k (f') any element
in the Minkowski sum Qq k (f) + Qa’,k (f'). Let also MOMk (f) = Q12 x(f)
denote an empirical median of the empirical means on the blocks By. Empirical
quantiles satisfy for any ¢ >0, f, f/: X x R = R and « € [0, 1],

Qa,K(Cf) = CQa,K(f) y (6)
Qa.x(—f) = =Qi—ak(f) ; (7)
sup { Q1 /4,5 (f) + Quja,x (f)} <inf Quyo x (f + f') - (8)

With some abuse of notations, these properties will be written respectively

Qa,K(cf) = CQa,K(f)a Qoz,K(_f) = _Qlfa,K(f) )
Q10,5 (f) + Qi/ax(f') < MOMg [f + f] .



The regularization parameter A > 0 is introduced to balance between data
adequacy and regularization. The (quadratic) loss and regularized (quadratic)
loss are respectively defined on F' x X X R as the real valued functions such that

Upley) = (= f@)? GG=L+MIFlL V(foy) eFxX xR

To compare/test functions f and g in F', median-of-means tests between f and
g are now defined by

Tica(g, f) = MOMy [£7 — £g] = MOMg [£p — L] + M fll = llgll) - (9)
From (7), Tk, satisfies (1) and is a tests statistic in the sense of Section 3.

4.2. Main assumptions

Assume that [N] = O UZ and that the “outliers” (X;,Y;)ico bring no
information on f*. Inliers, or informative data (X;,Y;);cz are supposed to
satisfy the following assumptions.

Assumption 1. There exists 0, > 1 such that, for alli € Z and f € F,
I1F = Flles, <6:0F = £l

Of course, Assumption 1 holds in the i.i.d. framework, with 8, = 1 and
Z = [N]. The second assumption bounds the correlation between the noise
function ¢ : (y,xz) € R x X — y — f*(x) and the design on the shifted class
F — f*in L, for all Q € {P, (Pi)iez}-

Assumption 2. There exists 0, > 0 such that, for all Q € {P,(P;)icz} and
feF,

varg(C(f = 1) = Q[C(f = £ = [QU(f = F P < 05 If = £7I172
Assumption 3. There exists 0y > 1 such that for all f € F and alli € T
1 = 7l < 60lf = £ llgy,

Examples of functions and distributions satisfying Assumptions 2 and 3 can
be found in Appendix .1.

4.8. Complexity parameters and the link function

This section defines the link function r(-) required in the extension of Le
Cam’s approach. For any p > 0 and any f € F, let

B(f,p)={9€E:|f-gl<p}, Sf,p)={9€E:llg—fl=0pr}.



Definition 1. Let (¢;);cz be independent Rademacher random variables, inde-
pendent from (X;,Y:)iez and let J = {J C Z,|J| > |Z|/2}. For any vg,vm >0
and p >0 let Fy« , . ={f € FOB(f*,p):||f— f*HL% <r}, let

Q}Y?VP:{T>O:VJ€(7, E sup Zei(f—f*)(Xi) <7Q|J|r} ,
FE€F o |icd
ey {w@:\ﬂej, E sup S a(%— X - )X zwuw}
7 Fe€Fs pr lic
and denote by
rq(p,1q) = sup {inf Q32 },  ra(p,ym) = sup {inf MY
frer ’ frer ’

The link function is any continuous and non-decreasing function r: Ry — Ry
such that for all p > 0

r(p) = r(p, Vg, Ym) > max(rg(p,vq), ra (psyar)) - (10)

4.4. The estimators

Let (Tk,A(g, f))sger denote the family of tests defined in (9). For every
function f € F, let B (f) = {g € F : Tk.A(g, f) > 0} denote the set of all
functions g € F that beat f. As explained in Section 3, these sets are measured
with two metrics. First, let

R&W) = sw {llg = 1) and Jidh € argmip BEA ()

gEBr A (S

Next, let

RY\(f)= sup {MOMg[lg— fI}.
9EBK A (f)

The second criterion is given by

C2\(f) =inf {p>0: RE () < p and BE, (/) < 856,0(0)} |

where r(+) is a link function as defined in Definition 1. The associated estimator
is then given by

ff(?))\ € arfgn;in C’é?’)A(f) .
€

For the definition of f [((1 ))\ and f I(? )M if the argmin does not exist, one can choose
an approximate 1/n-minimizer without altering statistical performance of these
estimators.



4.5. The sparsity equation

From the quadratic / multiplier decomposition of the excess quadratic loss:

Tra(f* f) = MOMk((f = f*)* = 2¢(f = fOL+ AL =11 - (AL

Let f € Fand p=|f — f*|. When p is large and || f — f*HL% is small, one can
prove Tk A (f*, f) > 0 only thanks to the regularization term A(||f]| — ||f*|]) in
(11). This is why a lower bound on the regularization term is usefull.

Recall that the subdifferential of ||-|| in f € F is the set

@)y =A{z" € E* = [|f + hll = |[f]| + 2" (h) for every h € E}

where (E*,||||*) is the dual normed space of (E, ||-||) (and E is the linear space
containing F' onto which ||-| is defined). For all p > 0, let H, denote the set

Hy={feF:f=fl=p Ilf = fllz <r(p)}

where 7(-) is the link function from Definition 1. Let I';+(p) denote the union
of all subdifferentials of ||-|| at functions “close” to f*

T-0)= U @Iy -

FeB(f*,p/20)

Intuitively, every norm promotes the “sparsity” defined by large (in the dual
sphere) subdifferentials of this norm. Sparse functions f** are useful in our
context because a large lower bound on ||f|| — ||/**|| (and so for || f|| — ||/*]l
when ||f** — f*| is small enough) can be derived when the vector f — f** is in
the right direction. This intuition is formalized in the sparsity equation. Let

Vp > 0, A(p)= inf sup 2*(f-—f") .
(°) FEHp 2xeT u (p) ( )

By definition, A(p) — p/20 is a uniform lower bound on ||f|| — ||f*| if f €
H,. Thus, ||f|| = If*Il Z p, when A(p) 2 p which is the sparsity equation as
introduced in Lecué and Mendelson (2016a).

Definition 2. A radius p > 0 satisfies the sparsity equation if A(p) > 4p/5.
If p* satisfies the sparsity equation, so do all p > p*. Therefore, one can define

p* =inf p>O:A(p)ZE . (12)
5. Main results

5.1. Basic risk bounds

Theorem 1 gathers estimation error bounds satisfied by the estimators f I(g’)A for
j = 1,2 defined in Section 4.4.



Theorem 1. Grant Assumptions 1, 2 and 3 and let rq, vy anr v denote the
functions introduced in Definition 1 for

. 1 1 € d 3
=min | —, — = — = —.
e 6610,° 17646, )" '™ = 168 “" T 33162

Let p* be defined in (12) and let K* denote the smallest integer such that

8|0| Ne2r2(p*)
K* > Sl Xerip)
—max( 7 77 33662,

For all K > 1, let px be a solution of r*(px) = [33662,/e?]\/K/N. Assume
that for everyi € T, K € [K*,N] and f € FﬁB(f* PK),

. ( 33662, K

(7= P = ) < e (B0 T R I - 712 ) - (09

For all K € [K*, N/(846203)], with probability larger than 1 — 4 exp(—K/1008),
one has

(1
I

and

£(2
|72,

|72 -

Lf, S 340909TT(pK)
when the reqularization parameter satisfies

20er*(px) _y _ 10 r*(px)
7 PK 33198 PK '

To the best of our knowledge, Theorem 1 provides the first theoretical guar-
antees for any estimator in this setting. Recall that the dataset may be corrupted
by adversarial outliers, that informative data may be heavy-tailed and that their
distribution P; for i € T only induce L? and L' geometries over F — f* equiv-
alent to that of P. In particular, the distributions P; may be different from P.
When K = K*, the rates in Theorem 1, for Lo estimation (to the square) of f*
is 72(prc+ ) which is ~ max(|O|/N,72(p*)), as announced in the abstract. When
the number of outliers |O| is less than N72(p*), this rate is the minimax rate of
the RERM in i.i.d. subgaussian frameworks with independent noise Lecué and
Mendelson (2013).

In Theorem 1, K can be as small as the infimum between the number of
outliers and N times the minimax rate of convergence. Hence, if the optimal
rate is known, as in Lugosi and Mendelson (2017), Theorem 1 shows that Le
Cam’s estimators with K = K™ achieve the same performance as the champions
in this paper.

Assumption 1 and (13) are automatically satisfied when for alli € Z, P, = P.
Theorem 1 goes beyond the i.i.d. setup, relaxing the i.d. assumptions into
proximity assumptions between L%i and L% geometries.

10



5.2. Adaptive choice of K by Lepski’s method

The main drawback of Theorem 1 is that optimal rates are only achieved
when K =~ K*. Since K* is unknown, it cannot be used in general.

Let K1 = K* and Ko = N/(846302) be defined as in Theorem 1. For any
integer K € [K1, K3, let px and X be defined as in Theorem 1 and for j = 1,2

denote by f;g) = A;g’)/\ for this choice of A. For all f € F, let

BR(f) ={g € F: MOMk [lg — []] < 2890062007 (pxc)} -
Now, let
RY = B(fi,px), R =B, o) N B2 (FD)

and for every j = 1,2, let
Ko .
KW :inf{K €[k : [ RY 74(0}
J=K

Finally, define adaptive (to K) estimators via Lepski’s method: for j = 1,2,
A. P .
It € M52 g RY.
Theorem 2. Grant assumptions and notations of Theorem 1. There exist ab-

solute constants (c¢;)1<i<2 such that the estimators fg% for j = 1,2 satisfy for
every K € [K*, N/(8460202)], with probability at least 1 — ¢y exp (—co K),

|fin-r

SQ;OK )

and

A(2 N

[7EEa

In particular, for K = K*, if the following regularity assumption holds: there
exists an absolute constant cg such that for all p > 0, r(2p) < car(p), with

probability at least
O 2/(
1—cpexp <—C4Nmax <|N|’ ng%;j))

Lf, S 6809r90T(2pK) .

then,

o
o

|

Assume that all (X;,Y;),i € [N] are distributed according to (X, Y /"), where
ffer, Yl =f *(X) 4+ ¢ and ( is a centered Gaussian variable with variance
o, independent of X. Assume that F' is L-subgaussian: for every f € F' and
P >2, [[fllzr < LyD|fllz2- Then, (Lecué and Mendelson, 2013, Theorem A’)

proves that if fy is an estimator such that for every f* € F and every r > 0,

0|
< o ap2 1O 5
L S ¢5 max (906‘m ~ " (p ))

11



with probability at least 1 — coexp(—o~1r2N/cy), ‘fN —f*

< (n, then
L3
necessarily
(N 2 min (r, diam(F, L?;)) . (14)

When Y/~ = f*(X)+¢, ¢ ~ 1/6,, ~ 1/o. Applying this result to r = r(px)
for some given K > K* shows no procedure can estimate f* in L% uniformly
over F' with confidence at least 1 — ¢gexp(—K/co) at a rate better than r(px)
(we implicitly assumed that 7(px) < diam(F, L%) since 7(px) can obviously be
replaced by 7(px) A diam(F, L%) in all results). Moreover, this rate is mini-
max since (Lecué and Mendelson, 2013, Theorem A) also shows that the ERM

ERM _

over pi B, fERM ¢ argmingc, p Pnly, satisfies HfN < r(pr) with

L2
probability at least 1 — ¢ exp(—o~1r?(pr)N/co) when o > rg(pK).

Theorem 2 shows that fL g achieves similar rates of convergence with the
same exponentially high confidence in the relaxed setting of this paper. Com-
pared to Lugosi and Mendelson (2017), the Lepski method chooses automat-
ically the tuning parameter K, which yields to exact minimax rates without
knowledge of this rate for the construction of the estimators and for a possibly
corrupted database.

5.3. Application to MOM Lasso

As a proof of concept, theoretical properties are illustrated in the exam-
ple of sparse-recovery in high-dimensional spaces using ¢;-regularization, cf.
Biithlmann and van de Geer (2011); Giraud (2015). The interested reader can
check that it also applies to other procedures like Slope (cf. Bogdan et al. (2015);
Su and Candes (2015)) and trace-norm regularization as well as kernel methods,
for instance, by using the results in Lecué and Mendelson (2016a,b).

Recall this classical setup. For every t = (¢;){ € R and 1 < p < +o0, let

d 1/p
F={(,ty:teR" and |[|(;,t)| = [1tll,, where |/t], = (Z |tj|P) .
j=1

Let t* be defined by f* = <~,t*>. Let (e1,...,eq) be the canonical basis of R?
and let Bf (resp. S¢~!) denote the unit ball (resp. sphere) associated to (R
To simplify presentation of this example, assume that P = P; for all 4 € Z and
write L? for L%, that is (X;,Y;)iez are i.i.d. ~ P. The following result is then
a corollary of Theorem 2.

Theorem 3. Assume that ]E<X,t>2 = ||tH§ for all t € R and

0) there exist s € [N] such that N > cislog(ed/s) and v € RY such that
|t* —v|; < osy/log(ed/s) /N /20 and |supp(v)| < s.

i’) |Z| > N/2 and |O| < e¢1slog(ed/s),

it) (=Y — (X, t*) € Ly, for some qo > 2

<X’€j>HLP < Lyp,

i11’) for every 1 < p < ¢glog(ed),

12



w’) there exists 0 such that ||(X, t>HL1 <o ||t|ly, for all t € R,
v) there exists by, such that var(¢(X,t)) < 62, ||t||§, for all t € R,

The MOM-LASSO estimator i1,p defined by fLE = <fLE, > satisfies, with prob-
ability at least 1 — co exp(—czslog(ed/s)), for every 1 < p < 2,

- 1 d
Jivs = 1|, < ealLOm el 5y 1o ()

Theoretical properties of MOM LASSO outperform those of LASSO, cf. for
example [Theorem 1.4 in Lecué and Mendelson (2016a)], in several ways.

e Estimation rates achieved by MOM-LASSO are the actual minimax rates
slog(ed/s)/N, see Bellec et al. (2016), while classical LASSO estimators
achieve the rate slog(ed)/N. This improvement is possible thanks to the
adaptation step in MOM-LASSO.

e the probability deviation for LASSO is polynomial — 1/N(@0/2=1) it is
exponentially small for MOM LASSO. Exponential rates for LASSO hold
only if the noise ¢ is subgaussian (|[¢ll, < C\/p[¢ll;, for all p > 2).

e MOM LASSO is insensitive to data corruption by up to s times log(ed/s)
outliers while only one outlier can break performance of LASSO.

e All assumptions on X are weaker for MOM LASSO than for LASSO.

6. Proofs

In all the proof section, P denotes the distribution of (Xi,...,Xy) and E
the corresponding expectation. For any non-empty subset B C [N] and any
f X = R for which it makes sense, let Ppf = |Tl3| > iep Pif. Forany f € L%
and r > 0, let

Bo(for)={g € Lp:|If =gl <r}. Sa(fir)={g€Lp:|f —gllp2 =7} -
Let IC denote the set of indices of blocks Bj, containing only informative data:
K={ke[K]:By CI}.

The are mainly three stochastic results necessary to analyze regularized Le
Cam’s test estimators. The first and the second bound the quadratic and multi-
plier “MOM processes” and the third one is an isometric result. Similar ingredi-
ent were used to analyze ERM in Lecué and Mendelson (2013), see Lemma 2.6
and its following remark and Equation (2.4). Proofs of these stochastic ingredi-
ents are based on the small ball method of Koltchinskii and Mendelson (2015).
In parallel to our work, similar results appeared in Lemmas 5.1 and 5.5 in Lugosi
and Mendelson (2017) in the i.i.d. setup for the study of tournament estimators,
see also Mendelson (2017).
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6.1. Lower Bound on the quadratic MOM process

Lemma 1. Grant Assumptions 1 and 3. Fizn € (0,1), p > 0 and let o, g, v,z €

(0,1) be such thaty (1 — a — x — 320pyg) > 1—n. Let K € [|O|/(1—), Na/(2600,.)?].
There exists an event Qo (K, p) such that P (Qq(K, p)) > 1 —exp(—Kvyxz?/2)

on which for all f € B(f*,p) if ||f — f*||L%D >ro(p,vq) then

1 1
Quicllf = £ 2 o If = Pl and Quicl(f = 972 s 1 = £

Proof. For all f € F —{f*}, let ny = (f — f*)/Hf_f*HL; For i € 7,
Pilng| > 65" by Assumption 3 and P} < 62 by Assumption 1. By Markov’s
inequality, for all k € I,

_ 9,
P |PBk|nf|_PBk|nf||> <a
v @Byl

1 0,
P<P3k|nf|2 )21—04.

0 \/a|By]

Since K < Na/(2000,.)? then |By| = N/K > «/(2600,)% and thus

and so

P(Polnsl> —)>1-a. (15)
26,

Let ¢ denote the function defined by ¢(t) = (¢t — 1)I(1 <t < 2) 4+ I(t > 2)
for all t e Ry and, for all f € F — {f*}, let Z(f) = Zke[K} I(46pPg, |ns| > 1).
Since I(t > 1) > ¢(t) for any t > 0 then Z(f) > >, cx ¢ (400 Pp,|ns]). Since
o(t) > I(t > 2) for all t > 0, it follows from (15) that

E

> ¢(490PBk|nf|)1 >3 P (460 Ps,|ns| > 2) > |K|(1—a) .
ke keK

Therefore, for all f € F,

Z(f) = [KI(1 =)+ Y (6 (460 P, |ny|) — E[¢ (460 Pp,|ns])]) -
ke
Let F ={f € B(f*p) : |If — f*||L%D > rg(p,vQ)}. By the bounded difference
inequality (cf. (McDiarmid, 1989, Lemma 1.2) or (Boucheron et al., 2013, The-

orem 6.2), there exists an event () such that P(Q(z)) > 1 — exp(—2?|K|/2),
on which

> (6 (460Pp,Ing|) —E[¢ (490PBk|n.f|)])‘

sup
Te7 |kex
< Esup Z(¢(490P3k\nf\)*E[¢(490P3k\nf\)]) +[Klz .
FeF ek

14



By the Giné-Zynn symmetrization argument (Boucheron et al., 2013, Lemma 11.4),

E sup
fer

> (¢ (460P5, |ngl) — E[¢ (460 P, Iny|)])

keK

< 2E sup Z k¢ (400 Pp, [ngl)

keK

where (er)rex are independent Rademacher variables independent of the data.
Moreover, ¢ is 1-Lipschitz and ¢(0) = 0. By the contraction principle (cf.
Equation (4.20) in (Ledoux and Talagrand, 1991, Theorem 4.12))

E sup Z €x® (400 P, Inys|)| < 86oE sup Z €xPp, [Ny
FeF ek ke
The family (ef|ng(Xs)| : i € UpexBr), where [i] = [i/K] for all i € T, is

a collection of centered random variables. Therefore, if (¢} )kex and (X])iez
denote independent copies of (ex)rex and (X;);er then

Y alPrlngl| < Z = 2 el (X0 = eins (XD

ke keIC 1€Bk

E sup
fer

<E sup

Then, as (X;)iez and (X/);ez are two independent families of independent
variables therefore, if ( ! )zeI denote a family of i.i.d. Rademacher variables
independent of (;), (€}), (Xi)iez, (X])icz then (egxng(X;)| — €,Iny(X])|) and

/

(€] (ex|ns(X;)| — €;ns(X7)|)) have the same distribution. Therefore,

€
i)

E sup Z Z ex|ng (Xi)| = eplng (X))

fer keIC zeB

< Esup Z = 2 el (g (X0 = il (X '>|)|
fer keIC lEBk

= Esup Z Z §(Inp (X3)] = [np(X )I)‘
fer ke)C zGB

2K
< —Esup Z enyp(X;)|.

N fer 1€Urex Br
Therefore
4K
E sup Z exPp, Iny|| < W]E sup Z eny(X;)
fer ke fe i€Urecx Br

It follows from the convexity of F' that for all f € F, rq(p,yg)ny € F'— f* and
it also belongs to the L% sphere of radius 7g(p,vg). Therefore, by definition of
ro == rq(p,vg) and for J = Ukex By,

Zemf

i€J

IICIN

1
=—FE sup K

TQ feFNSa(f*,rq)

E sup
feF

ei(f — ) (Xi)| <

ic€J
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In conclusion, on §2(z), all f € F are such that
Z(f) 2 K| (1 —a =z =32007q) = (1 —n)K .

In other words, on Q(z), for all f € F, there exist at least (1 — 1)K blocks By
such that Pp, |[ns| > (46p)~!. For any of these blocks By, PBkn?c > (Pg,Ing])?,
hence, on Q(z), Qq,r[|nfl] > (460) ™" and Q, x[n}] > (460) 2. [ ]

6.2. Upper Bound on the multiplier MOM process

Lemma 2. Grant Assumption 2. Fizn € (0,1), p € (0,4+00], and let o, ypr,7, x
and € be positive absolute constants such thaty (1 —a —x — 8vyar/e) > 1—n. Let
K €[|0|/(1—7),N]. There exists an event Qp (K, p) such that P(Qp (K, p)) >
1 — exp(—yKx?/2) and on Qun(K,p), for all f € B(f*,p) there is at least
(1 —n)K blocks By, with k € K such that

_ 02
207, ~ P )67~ 7] < emax (A2 220 17 - 71 )

Proof. For all k € [K] and f € F, define Wi(f) = 2(Pp, — P,) (C(f — f*))
and
1602, K
ul7) = ema (2L 02 (o) 7 = I, )

Let f € F and k € K. It follows from Markov’s inequality and Assumption 2
that

— 2
& | (2P, - Po (- D)
S =l
a) . varp, - f* 62 — f*132
<O TiepnCU 1) Ol 2y g
B0 — F Iy & IBl6Z NS = S %

Denote J = Ugex B and remark that J € J as defined in Definition 1. Let
ra =1 (p,var) for simplicity. We have

P [2wi(h)| = ()] <

E sup Y & Will) < om  sup . (Pp, ‘2P3k>(<(f — )
FEB(f*,p) kek ’Yk(f) FEB(f*,p) Py emaX(TM, ||f _ f*HLfD)
2 _ o
<ok sup S n(Po, — Pry) (ool
T [ SEBUTP\B2(I"ru) |fogxe 1F = £z,

V sup
feB(f*,p)NB2(f*rm)

Z ek(PBk - PBk) (C(.f - f*))H

ke

2
—E sup
€M fEB(f*.p)NB2(f*,rm)

IN

Zek(PBk 7ﬁBk) (C(ff*))| y

kex
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where in the last but one inequality we used that F' is convex and the same
argument as in the proof of Lemma 1. Moreover, since the random variables
((&G(f = (X)) — PC(f — f*) : i € I) are centered and independent, the
symmetrization argument applies and, by definition of ry;,

4K
E sup Zek Wi(f) < E sup
resi o fae - W) T ey N feB(f P)NBa(f* )

4K 47M
< K
< Skl = 2

Z &G (f — f1)(Xq)

i€J

Kl . (17)

Now, let ¥(t) = (2t —1)I(1/2 <t < 1)+ I(¢ Z 1) for all ¢ > 0 and note that 1
is 2-Lipschitz, 1(0) = 0 and satisfies I(t > 1) < (t) < I(t > 1/2) for all ¢ > 0.
Therefore, all f € B(f*,p) satisfies

S LW < w(F)
ke
— k|- ZI('W’“ )

kel

> K] - Zw('w’“ )

ke

i Ere (40 (2

7) (5 )

ke

S ;;cpczk((f) Z;) G,C[ < ) Plﬁ('Wk(g“))')}
> (1-a)lK] T k%; [¢ ( Z(i?) - (|ﬁ((£)|)“

where we used (16) in the last inequality. The bounded difference inequality
ensures that, for all z > 0, there exists an event Q(z) satisfying P(Q(x)) >
1 — exp(—2?|K|/2) on which

5 [ () = ()]

% o (D) gy (B2

Furthermore, it follows from the symmetrization argument that

sup
FEB(f*,p)

<E sup
FEB(f*,p)

+ |Klz

= o 15 o () -m ()
< S (W01)
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and, from the contraction principle and (17), that

s (5)

In conclusion, on (x), for all f € B(f*,p),
DLW < () = (1 —a—z—8yr/e) K|

ke

(Wi (f)]
€k

< 877M|IC| .
keK Y (f)

- €

E sup
feB(f*.p)

<2E sup
FE€B(f*.p)

>Ky(l-a—z-8y/e)>(1-nK .

6.3. An isometry property of MOMy [-] processes

Besides the controls of the quadratic and multiplier MOM processes pre-
sented in Lemmas 1 and 2 respectively, the estimation error bounds for the
MOM estimators rely on the following isometry property of the MOM proces-
sus f € F — MOMgk [|f — f*|]-

Lemma 3. [Isometry property of the MOMf [] process] Grant Assumptions 1
and 3. Fizn € (0,1), p > 0 and let o, g, v, denote absolute constants in (0, 1)
such that v (1 — a —x — 40,7q/a) > 1—n. Let K € [|O]/(1—7), Na/(2600..)?].
There exists an event Q;50(K,p) C Qq(K,p) such that P(Qys0(K, p)) > 1 —
2 exp (—’nyK/2) and on the event Q;s0(K, p), for all f € B(f*,p),

40, .
Quniclf = F1< 0,15 = g, + =7 max (ralp.10) 1 = 113

and i 1 = Nl = rlp 1) then Quuclf — £71 > (1/(400)) I — £ .
In particular, for n = 1/2, on the event Qiso(K, p), for all f € B(f*,p), if
||f - f*”L?, 2 TQ(pa VQ)y then

1 4
o= Il < oMl = <0 (14 2 ) 1=l 9

Proof. It follows from Lemma 1 that on the event Q¢ (K, p) for all f € B(f*, p),
it F~ Sl > ro(pyq) then Quuclf — f = (1/(460) | — F*[l 5. This
yields the “lower bound” result in (18).

For the upper bound of the isomorphic result, we essentially repeat the proof
of Lemma 2. Let us just highlight the main differences. We will use the same
notation as in the proof of Lemma 2 except that for all f € F', we define

Wi(f) = (Pp, — Pp,)|f — f*| and %(f) = %max (TQ(P/YQ)a If = f*HLg,) :

It follows from Chebyshev’s inequality and Assumption 1 that

4Pp,|f = 1| _ A0 11 = f* Ml 2,

PRIWL(H)] Z ()] < S e <a

18



Moreover, by convexity of F, we have, for r¢ := r¢(p,vq),

Wi (f)
=K
) fegl(lﬁ‘,p)kelc "% ()

40,
< "E sup
ArQ  feB(f*,p)NS2(f*,rq)

> en(Ps, — Py)|f =[]

ke

and then using a symmetrization argument, we obtain that

< 497“7Q|IC|.
(6%

460, K
< E sup
arQN  jeB(f+ NS (f*rq)

> alf = f)(X)

i€

Finally, using the same argument as in the proof of Lemma 2, for all z > 0 there
exists an event Q(z) such that P(Q(z)) > 1 — exp(—22|K]|/2), on which for all

feB(fp),
D IIWRH < () 2 IKI(1 =« = 2 — 46,70 /a) = (1 = n)|K].
kek

In particular, on the event Q(z), for all f € B(f*,p) there are more than
(1 —n)K blocks By for which, Pp,[f — f*| < Pp,[f — f*| + (f). Now, the
result follows from Assumption 1 since Pp,|f — f*| < 0, ||f — f* HL%. |

6.4. Conclusion to the proof of Theorem 1
The proof relies on the following proposition.

Proposition 1. Grant conditions of Theorem 1. Let vg = 1/(6616y), ypm =
€/168 for some € < 7/(66202) and the regularization parameter be such that
20er? 1072
Oer®(pr) _y 107 (2PK).
7/)[( 33190PK

The event Qo(K) = Qo(K, pr) N QU (K, pr) is such that P(Q(K)) > 1 —
2exp (—K/1008) and on Qo(K) for all f € F if |f — f*llrz, = r(pk) or || f —
1*Il = pk then

MOMic [y = Ly=] + A = 1F71) >0

Proof. Using (6), (7) and (8) together with the quadratic / multiplier decom-
position of the excess quadratic loss yields that for all f € F|

MOM [(f — €] = MOMg [(f — f*)* = 2¢(f — f*)]
> Quuaxl(f — 1) = 2Qspax[C(f = )] - (19)

Note that v(1 — o — x — 3260p7¢) > 1 — n when one chooses
1 7 1 1 1 € 1
M= TR T T a9 gy ™ T Tes M S gz (0
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For this choice of constants, Lemma 1 applies and for p = px we get that there
exists an event Q¢ (K, px) with probability larger than 1 — exp(—K/1008) and
on that event, for all f € B(f*, pk), if ||f — f*||L2P > ro(pK,vg) then

1

Quanlf = 1) 2 gz I = I, (21)

Moreover, for the choice of parameters as in (20), we also have v(1 —a — z —
8vnm/e) > 1 — 1, hence Lemma 2 applies and for p = pg we get that there
exists an event Qs (K, px) with probability larger than 1 — exp(—K/1008) and
on that event, for all f € B(f*, px) there are more than 3K /4 blocks By, with
k € K such that

K

_ 02
2(Pa, ~ Pr)c( - 1) < emax (52 23 a1 - 11

Combining the last result with Assumption (13) together with the fact that
PC(f— f*) <0 forall f e F (because of the convexity of F'), it follows that on
the event Qp (K, pg), for all f € B(f*, px),

* 1607271 K 2 * (12
2054,k [C(f = F7)] < 2emax { —% iy (or, yua), 1f = Follzg ) - (22)
Let us now prove that on the event Q/(K, px) NQq (K, px), one has for all
f € B(f*, px),
MOMK [(f = f*)? = 2¢(f = f*)] = —2er*(px) - (23)
Assume that Qs (K, px)NQo (K, pi) holds and let f € B(f*, px). First assume
that || f — f*||Lz;) > r%(px). Then, it follows from (19), (21) and (22), the choice
of € in (20) and the definition of px that
If = 172
3202
(24)

Now, if || f — f*”Lﬁ, < 1r2(pg) then it follows from (19), (22) and the definition
of px that

MOMy [(f — F*)2 — 2¢(f — )] = <<491> 2e> 1= 12 =

MOM [(f = f*)* = 20(f = )] = —2er*(px)
and (23) follows.

Conclusion of the proof when the reqularization distance is small (i.e. || f—f*| <
px) and the L% -distance is large (i.e. || f — f*HL% > r(pk)). Let f € F besuch
that || f — f*|| < px and ||f — f*||L§’ > r(pk). Tt follows from the triangular
inequality that || f|| — || f*| > —||f — f*|| > —px. Combining this together with
(24), it follows that

||f*f*|‘%§3 r(pK)

MOM s — D > — e >
OM [ty — -1+ M = 151D 2 =g~ Apic = T30

— g >0

when A < 72(pg) /(3203 pxk ).
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Conclusion of the proof when the reqularization distance is large (i.e. || f—f*|| >

Pk ): the homogeneity argument.

Lemma 4. For all f € F such that ||f — f*]| > pK

* * * PK
IFI= 10> s (- -2
z*€l = (pK)

Proof. For every f** € f* 4+ (px/20)B and every z* € (aH'H)f**v
WA == A= =M = o = 2 = ) = %
(e f) - ) - P s () - P

Lemma 5. Assume that, for oll f € FNS(f*, pk),

MOMx [(f—f*)2 _2C(f—f*)} +X sup (f-f")> )\% ]

z*€lpx (pr)

Then (25) holds for all f € F such that ||f — f*|| > pk-

(25)

Proof. Let f € F be such that ||f — f*|| > px. Define g = f* +pK% and
remark that ||g — f*||L2P = px and that, by convexity of F, g € F. It follows

from (25) that for k = ||f — f*||/px > 1, one has

MOMK [(f = f)* =2¢(f = f)] + X sup  2"(f = f")

z* €Tl ¢+ (px)

= MOMg [HQ(g—f*)Q—ZQC(g—f*)} +Ax sup  2"(g—f7)
z*€l = (pK)

ZI{(MOMK [(g—f*)Q—QC(g—f*)] 4+ A sup z*(g—f*)>

z* €Tl ¢+ (px)
> ALK > ALK
10 10
Let f € F be such that || f — f*|| > px. By Lemma 4,

MOMg [(f = £*)* = 2¢(f = £)] + MFI = 1F*1)

> MOM [(f = 1) = 20(f = /)] +4 s =*(F =7 = NG5

z*€T g« (px)
Therefore, it will follow from Lemma 5 that

MOMg [(f = £*)* = 2¢(f = £9)] + M = ILF*1) > 0
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if we can prove that for all g € F such that ||g — f*|| = px one has

MOMy (9= £)? = 2(g— f)] +4 s 2*(g—f)>AEE . (26)
z* €T px (pK)

Let us now prove that (26) holds. Let g € F be such that ||g — f*|| =
pk. First assume that ||g — f*||L§) < r(pk) so that g € H,,. By definition
SUD T (o) 2*(g — f*) > A(pk) and, since pg > p*, px satisfies the sparsity
equation and thus, sup..cp . (,.)2"(9 = f*) = 4px /5. Therefore, thanks to
(23), when X > 20er?(pg)/(7pk ), one has

MOMk [(g— f*)? =2C(g — )]+ X sup  2*(g— f*)
z*€l = (pK)
APE

4
> —2¢r? A=
> —2er-(pk) + PK > 10

Finally assume that |lg — f*[l2 = r(pk). Since sup..cpr . () 2" (f = f7) =
—|If = f*ll = —pxk, it follows from (24) that

MOMk [(g— f*)* = 2¢(g — f)] + A sup  z*(g9—f")

z*€l = (pK)

g— 2 — APK —APK > AT~
o 112~ dox = )y a2

1
>
- 326’2 3262

when A < 10r%(px ) /(33163 px ). ]

End of the proof of Theorem 1. On the event Qo (K) of Proposition 1, Bg (f*)
is included in the ball B(f*, pk ), therefore, by definition of f(l) (ct. (4)),

i

Again, by Proposition 1, on the same event Qo (K), Bx (f*) C B(f*,px)N
Bao(f*,r(pK)), hence, on Qo(K) N Qg0 (K), where ;5,(K) is an event defined
in Lemma 3, for all f € Bg A(f*),

<O\ <px

MOMyc [|f — £*1] < 856, |1 — £*2, < 856,(pxc)

where o = 1/21 according to (20). Therefore, C}?)/\(f*) < pk, which implies
that Hfl(?& — *|| < pi (cf. (4)) and that C}?A( ) ) < pr and therefore, by

Lemma 3, on Q0(K) N Q;s,(K), either A - f* . < ro(pk,vK) and so
’fg)x = L = 340000, (px ) or —f* .- ro(pK, i) and so
P

H (2) #*
L

| < 46,MOM [| 2 - f*|} < 340000,7(px) -
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6.5. Conclusion to the proof of Theorem 2

First, it follows from Theorem 1 that for all K € [K;, K5], with probability
at least 1—cgexp(—c1 K), for both j = 1,2, f* € ﬂfiKR%), so K < K, which
implies that both f* and f](jE) belong to B(/¥7)A7PK)7 therefore, ||f* — A](J]E) <
2pk. Second, for the L%-estimation error bound of fIEQE)7 denote by r; =
3400,.0or(p.s) the bound on the L% risk of the estimator f§2) obtained in The-
orem 1. Let K € [Kq, K3]. It follows from Lemma 3 for p = 2p;,J > K that
there exists absolute constants c¢1,co and an event €5, such that P(Q;4,) >
1—cy exp(—c2K) and, on the event s, for all J > K, n € {1/4,1/2,3/4} and
f € B(f*a2pJ>7

> = s
<850, |f — £l

Let Q be the event defined as the following intersection:

K
Q= m {H]?‘(]Q)_f* L2 ST]}HQ(K)ﬂQiSo .
J=K P

It follows from Theorem 1 that P(2) > 1 — ¢z exp(—c4K). Moreover, on €, for
all J > K,

i (If = f e, 2702ps70),  @ua(lf - f*l){

< ps and ny) - [

Q3/4,7 (|f* - f?”) < 8560,r; .
So, in particular, f* € N2 {f e B(f%, ps) : MOM, {|f - fff)@ < 8597,77}.
By definition of K(Q), this implies that K® < K on Q. Therefore, on 2,
i) e nke {f € B(f*,2p;) : MOM, {|f - f‘fﬂ < 850m} .

In particular,
MOM [[f{ — i2l] < 850,mc .

Now on 2;5,, one has for all f € B(f*,2pk), if | f — f*HL?D > ro(2pK,vQ) then

Quasllf = 1> = I = £l

>
L3

— 40,
Therefore on €;,,, one has either Hffbl —f* Lo <ro(2pK,vgQ)or Hffbl —f*
ro(2pK, 7o) and in the latter case, }
HffbZ -/ L2 S 400Qu .k (| fi2 — I*1]
P
< 405 (MOM [|£12 = Fi2|] + Qoyac1FE = £1)
< 680600,k .
|
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6.6. Proof of Theorem 8
Gaussian mean widths of any V' C R? are defined by

d
(V)=E (51)1p Zgjvj ,  where  (g1,...,9a4) ~ Na(0,14) . (27)
v er:1

The dual norm of the ¢¢-norm is 1-unconditional with respect to the canonical
basis of R? (Mendelson, 2016, Definition 1.4). Therefore, (Mendelson, 2016,
Theorem 1.6) applies, for every p > 0,

E sup Z ei<v,Xi> < @\/]Vf*(prﬁng) ,
vEpB{NrBY i€[N]

E sup Z eiQ<v,Xi> < czax/ﬁé*(pr ﬂng) )
vEpB{nrBY i€[N]

Local Gaussian mean widths ¢*(pB{ NrBg) are bounded from above in (Lecué
and Mendelson, 2016a, Lemma 5.3) and computations of rj; and r¢q follow

024 if p2N > o2d?
2 <
3 (P) SLiq0var 1] ( ead ) therwis
poy|wlog (7% ) otherwise
5(p) ! 2 Lye)d 1 ke 6 :
Q St & log (C( ’13,‘2) ) otherwise

Therefore, a link function is explicitly given by

max (pa + log (:\‘;dﬁ>7 ‘Tde) itN=>pd

2

T(P)NL, O,

T e Llog (<2d ) 22 10g (4 therwi
poy [ xlog (JU% ) v log (m otherwise

(28)
The sparsity equation has been solved in this example in (Lecué and Mendel-
son, 2016a, Lemma 4.2), recall this result.

Lemma 6. If there exists v € R? such that v € t* + (p/20)B{ and |supp(v)| <
cp?/r2(p) then

4p
Ap) = inf sup (g,h—t") > — .
hepSi—Ar(p) BY gGFt*(p)< ) 3

Compute finally px and A ~ 72(pg)/pr. The equation K = cr(pg)2N is

solved by
K |1 4 (o3d
PK ™~ L,qo P log ! <K> (29)



for the () function defined in (28). Therefore,

r%(px) 1 ead 1 eo?d
A~ ~ —1 |~ —1 )
PK b 7\ 08 (PK\/N> bao T\ N8 < K ) (30)

Conclusion of the proof. It follows from Theorem 2, the computation of r(pi()
from (28) and pg in (29) that with probability at least 1—cq exp(—cr(pk)?N/C),
|tLE —t*||, < px+ and HtLE — t*H2 < r(pk). The result follows since pg« ~
P* ~rge 05\ & log (<) and |[vfl, < [[ol; TP [lofl3*7 for all v € R? and
1<p<2
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Appendiz .1. Discussion of the main assumptions

Let us give some examples where Assumption 2 holds. If the noise ran-
dom variable ((Y, X) (resp. ((Y;, X;) for i € 7) has a variance conditionally
to X (resp. X; for ¢ € Z) that is uniformly bounded then Assumption 2
holds. This is the case when ((Y,X) (resp. ((Y;, X;) for ¢ € I) is inde-
pendent of X (resp. X; for i € Z) and has finite L?>-moment with 6, =
maxgep,(p}ier S]] 13- It also holds without independence under higher mo-
ment conditions. For example, assume 0 = maxgep (p,}.c. €]l s <0 and, for

every f € F, ||f — f*”L‘é_) <O|f- f*||L% then by Cauchy-Schwarz inequality,
Vg~ F) < IC(F ~ F)ls, < IClls If — Fllss < Bullf = £l
and so Assumption 2 holds for 6,, = 6:0.
By Cauchy-Schwarz inequality, |f — f* ||L1 < |f- f*||L2 for all f € F

and ¢ € Z. Therefore, Assumptions 1 and 3 together 1mply that all norms
L%,L% 7L}3 ,i € T are equivalent over F' — f*. Note also that Assumption 3
is related to the small ball property (cf. Koltchinskii and Mendelson (2015);
Mendelson (2014a)) as shown by Proposition 2 bellow. The small ball property
has been recently used in Learning theory and signal processing. We refer to
Koltchinskii and Mendelson (2015); Lecué and Mendelson (2014); Mendelson
(2015b, 2014b, 2015a); Rudelson and Vershynin (2014) for examples of distri-
butions satisfying this assumption.

Proposition 2. Let Z be a real-valued random variable.
1. If there ea:ist ko and uy such that P(|1Z| > ko ||Z||y) > uo then ||Z]||, <

(uokio) " | Z]];.
2. If there exists 6y such that ||Z]|, < 6o ||Z||1, then for any ko < 605,
P(|Z| > ko ||Z|y) = uo where ug = (0" — Ko)?

Proof. If P(|Z| > ko || Z]|5) > uo then
121> [ JeAPa(d) 2 wara 2],
|z[2r0llZ ],

where Pz denotes the distribution of Z. Conversely, if | Z]|, < 60| Z]||;, the

Paley-Zigmund’s argument (de la Pena and Giné, 1999, Proposition 3.3.1) shows
that, if p =P (|Z| > ko || Z]5),

121l < 0ol Zly = 00 (E[|ZI(|1Z] < ko 1Z]l,)] + E[IZ|I(|1Z] = ro [l Z]]5)])
<0 Zlly (ko +v/P) -
As one can assume that || Z]|, # 0, p > (65" — ko). ]
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Appendiz .2. Examples of Le Cam’s tests estimators

Le Cam'’s approach has been used by Birgé to define T-estimators (cf. Ba-
raud and Birgé (2009); Birgé (2006, 2013)) and by Baraud, Birgé and Sart to
define p-estimators (cf. Baraud and Birgé (2016); Baraud et al. (2017)). Baraud
(2011); Baraud et al. (2014) also built efficient estimator selection procedures
with this approach. It also extends many common procedures in statistical
learning theory, as shown by the following examples.

Ezample 1 : Empirical minimizers. Assume Tn (g, f) = {n(f) —£€n(g) for some
random function £y : F' — R and denote by f = argminsep {n(f) a minimizer
of the corresponding criterion (provided that it exists and is unique). Then it
is easy to check that Br, (f) = {f}, so its radius is null, while the radius of any
other point f is larger than d(f, f) > 0 (whatever the non-degenerate notion of
pseudo-distance used for d). It follows that f is the estimator (3). In particular,
any possibly penalized empirical risk minimizer

= argmin{ Py /s + re
f=arg m n{Pyls +reg(f)}
is obtained by Le Cam’s construction with the tests

Tn(g, f) = Pn(ly —{y) +reg(f) —reg(g) .

These examples encompass classical empirical risk minimizers of Vapnik (1998)
but also their robust versions from Huber (1964); Audibert and Catoni (2011).

Ezxample 2 : median-of-means estimators. Another, perhaps less obvious exam-
ple is the median-of-means estimator Alon et al. (1999); Jerrum et al. (1986);
Nemirovsky and Yudin (1983) of the expectation PZ of a real valued random
variable Z. Let Z,..., Zn denote a sample and let By, ..., Bx denote a parti-
tion of [N] into bins of equal size N/K. The estimator MOMg (Z) is the (empir-
ical) median of the vector of empirical means (Pp,Z = |Bi|™* > Z;)
Recall that

PZ = argmin P(Z —m)? = argmin max P[(Z —m)* — (Z —m/)?] .
meR meR ™ ER

i€By, “1) ke[K]"

Define the MOM test statistic to compare any m,m’ € R by
Tn(m,m’) = MOMg[(Z —m/)? — (Z —m)?] .
Basic properties of the median (recalled in Eq (6) and (7) of Section 4.1) yield
Tn(m,m') = (m')? — m? + MOMg[—2Z(m' — m)]

= (m)? — 2m'MOMg (Z) — [m* — 2mMOMg (Z)]

= (m' — MOMg(2))* — (m — MOMg(2))? .
Defining £ (m) = (m — MOMgk (Z))?, one has

Tn(m,m') =Ly(m') —ln(m) .

As in the previous example, Le Cam’s estimator based on Ty is therefore the
unique minimizer of £y, that is MOMg (Z).
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Ezxample 8 : “Champions” of a Tournament. In a related but different ap-
proach, Lugosi and Mendelson (2017) introduced median-of-means tournaments,
which are also based on median-of-means tests to compare elements in F.

31



	Introduction
	Setting
	Learning from tests
	General Principle

	Regularized MOM estimators
	Quantile of means processes and median-of-means tests
	Main assumptions
	Complexity parameters and the link function
	The estimators
	The sparsity equation

	Main results
	Basic risk bounds
	Adaptive choice of K by Lepski's method
	Application to MOM Lasso

	Proofs
	Lower Bound on the quadratic MOM process
	Upper Bound on the multiplier MOM process
	An isometry property of MOMK[] processes
	Conclusion to the proof of Theorem 1
	Conclusion to the proof of Theorem 2
	Proof of Theorem 3
	Discussion of the main assumptions
	Examples of Le Cam's tests estimators


