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The supplementary material is organized as follows:

e In Section 6, we provide the proofs of Theorem 1 and Theorem 2.

e In Section 7, we introduce minmax and maxmin MOM estimators
for the problem of learning without a priori regularization. We study
its statistical properties such as estimation bounds and sharp oracle
inequalities. We apply these results to the example of Ordinary least
squares.

e In Section 8, we state a minimax optimality of our results.

6. Proofs of the main results. Recall the quadratic / multiplier de-
composition of the difference of losses: for all f,g € F, x € X and y € R,

Cp(x,y) — Lo(m,y) = (y — f(@)* = (y — g(x))?
(15) = (f(z) — g9(2))* +2(y — g(z))(g(z) — f(z)).

Upper and lower bounds on Tk (-, ) follow from a study of “quadratic” and
“multiplier” quantiles of means processes. As no assumption is granted on
the outliers, any block of data containing one or more of these outliers is
“lost” from our perspective meaning that empirical means over these blocks
cannot be controlled. Let K denote the set of blocks which have not been
corrupted by outliers:

(16) K={ke|K]: B, CZ}.

If k € K, all data indexed by Bj are informative. We will show that con-
trols on the blocks indexed by K are sufficient to demonstrate statistical
performance of MOM estimators.

*Supported by Labex ECODEC (ANR - 11-LABEX-0047)


http://arxiv.org/abs/arXiv:1711.10306

2 G. LECUE AND M. LERASLE

6.1. Bounding quadratic and multiplier processes. The following lemmas
are the only two “stochastic tools” needed to control the performance of
minmax MOM estimators. There is in particular no need to estimate the
L12D geometry over F' to study minmax MOM estimators. The two following
lemmas have already been proved in Lemma 1 and Lemma 2 in [3] and can
also be obtained in the i.i.d. setup under similar assumptions using Lemmas
5.1 and 5.5 in [3], see [7]. We reproduce here the proof of these technical
lemmas for the sake of completeness. The first result is a lower bound on
the quantiles of means quadratic processes.

LEMMA 3. Grant Assumptions 1 and 3. Fizn € (0,1), p € (0,+00] and
let a,v,7vq, x be positive numbers such that v (1 —a —x — 1670bp) > 1 —n.
Assume that K € [|O]/(1 — ), Na/463]. Then there exists an event Qg(K)
such that P (Qq(K)) > 1 — exp (—K~x?/2) and, on Qq(K): for all f € F
such that |If — £ < p, if If — F*ll3, > ralp 1) then

(ke 1K) Po,(F = 1702 = (400) 211 — £13 }| > (1=K
In particular, Qu x ((f — f*)?) = (460) 72 || f — f*H%gP.

PrOOF. Define Fy = B(f*,p) ={f € F:||f — f*|| < p}. For all f € F},
let ny = (f — f*)/Hf—f*HL% and note that for all i € Z, Pi|ny| > 60"

by Assumption 3 and mec = 1 by Assumption 1. It follows from Markov’s
inequality that, for all k£ € I (K is defined in (16)),

1
P|[(Pp, — P)lngl| > ——=—= | < a
Vv a|By|

As P|nf| > 961,

1 1
P| P ln¢|=>—— >1l—a .
(> 55~ )
Since K < Na /462, |By| = N/K > 462/a and so
(17) P(200Pp,|nf| > 1) 21— a .

Let ¢ be the function defined on Ry by ¢(t) = (t—1)I(1
and, for all f € F) let Z(f) = ZkE[K] I(460Pp,|ns| > 1).
I(x>1) > ¢(x),

<tE<2)+I(t > 2),
Since for all z € R,

2(0) = 3 6 (460Pp,Ing ) -

kek
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Now, for any z € R, ¢(z) = I(x > 2), thus, according to (17),

E[Y ¢<400P3k|nf|>] > 3P (400Ps, Ingl > 2) > [KI(1 - a) |
kek ke
Therefore,

Z(f) 2 IKI(1 =) + Y (& (460 P, ng|) — E[6 (460 P, [ns])]) -
kel

Denote F = {f € F: [f = £ < oy I = Iz, > ralpra)}. By the
bounded difference inequality (see, for instance [I, Theorem 6.2]), there ex-
ists an event 2o(K) with probability larger than 1 — exp(—z?|K|/2), on
which, for all f € F,

sup | > (¢ (400 Pp, |ns|) — E [¢ (46 P, |nf\)])‘

FEF ke

<Esup |y (¢ (400Pp, |ny|) — E[¢ (400 Pp, |ny)])| + Kz .
FEF |kek

By the symmetrization argument,

Esup | > (¢ (460Pp,|nys|) — E[¢ (490PBk\”fD])‘
FeF lkex
< 2Esup | e (460Pp, |nyl)| -
FEF lkek

Since the function ¢ is 1-Lipschitz and ¢(0) = 0, by the contraction principle
(see, for example [0, Chapter 4] or [1, Theorem 11.6]), we have

> enPpIngl

kel

> e (460Pp, |nyl)

ke

E sup < 46pE sup

feFr

The family (ef|ny(Xi)| : i € Ugex B), where [i] = [i/K] for all i € Z, is
a collection of centered random variables. Therefore, if (€} )rex and (X))iez
denote independent copies of (ex)rex and (X;)ier then

> e Prlnyl

kel

E sup
fer

1
< Esup Z Bl Z exlng(Xi)| — exlnp (X)) -
FeF ek i€By,
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Then, as (X;)iez and (X]);er are two independent families of independent
variables therefore, if (€] )zeI denote a family of i.i.d. Rademacher variables
independent of (¢;), (€}), (Xi)iez, (X])icz then (ex|ns(X;)| — €)|ns(X))|) and
(€ (ex|nf(Xi)| — €|np(X])])) have the same distribution. Therefore,

E sup Z Z€k|”f )| = el g (X)]

fer kelC zEB

< Esup Z Z ” Gk\nf |_€k|nf(X/)|)
fer kEIC ZEBk

= [E sup Z Z ” ’nf ‘_‘nf( )‘)
fer keIC zeB,c

2K
< N E sup E eny(Xq)|.
fer 1€Ukekc Bg

By the contraction principle, on Qg (K),

160 K
(18)  Z(N Kl [1-a-a- T Esp| Y ang(X)

1€Ukex B

For any f € F, rq(p,yQ)ny + f* € F because F' is convex. Moreover,
lrQ(p:r@)nsll 2, = ro(pq) and

lrQ(e;Q)nsll = lre(p, Q) / IIf = iz 1If = FFl <o
Therefore, rq(p, vo)ns + f* € F and by definition of rg(p,vq).

E sup Z emns(X;)

fer 1€Ukex Bk

1

=——F sup ei(f = f)(Xi)
rQ(P1Q)  rerf-sli<e, 1F =112, =rq(pQ) ieukze;ch
KN
< T

Using the last inequality together with (18) and the assumption K >
|O|/(1—7) (so that || > K —|0O| > vK), we get that, on the event Qg (K),
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for any f € F,
Z(f) 2 IKI(1 —a— 2 — 16607q) = (1 —n)K .

Hence, on Qg (K), for any f € F, there exists at least (1—n)K blocks By, for
which PBk|nf\ > (4(90) . On these blocks, PBknf (PBk|nf|) (490)_2,
therefore, on Qg (K), Qy k[0 ] (400)~2. O

Now, let us turn to a control of the multiplier process.

LEMMA 4. Grant Assumption 2. Fiz n € (0,1), p € (0,400], and let

o, Y, Y, T and € be positive absolute constants such thaty (1 — a —x — 8ypr/e) >

1—mn. Let K € [|O|/(1 =), N]. There exists an event Qp(K) such that
P(Qu(K)) = 1 —exp(—yKx2/2) and on the event Qp(K): if f € F is such
that || f — f*|| < p then the number of elements k € KC such that

02
2(Ps, = P)C(f = £ < emax(f;a = Bl I - fHLz)

is at least (1 —n)K.
PrOOF. For all k € [K] and f € F, set Wy, = ((X;,Y))ien, and define

9f(Wk) = 2(Pp, = P) (C(f = [))

and 1662, K
() = emax (25T o, I - 113 )

Let f € F and k € K. It follows from Markov’s inequality that

i£ | (2P, — PG - f*>>)2]
B = s %

O Siem (G — 1) _ ol - Pl
N T P AT T

P [2]g;(W)| = w(/)] <
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Let J = Ugei By and let rpr(p) = rar(p, var). We have

E s a2 cop ap (P~ P)G(S — 1)
JEB(* ) Lk Vi (f) FEB(F*0) |jere emax(ry, (p), |If — f*HL%)
2 o
< E sup ex(Pp, — P) Q"M(p)i*

V sup
feB(f*vp)5‘|f7f*”L%)gTM(P)

S P, — P)(C(f ~ f*))‘

kek

9
3 E sup
ery(p) FEB( PN =11 3 <rarp)

N

)

> er(Ps, — P)(C(F = 1)

ke

where in the last but one inequality, we used that the class F' is convex and
the same argument as in the proof of Lemma 3. Since (e};)(¢;(f — f*)(Xi) —
PiGi(f — f*)) :i € Z) is a family of centered random variables, one can use
the symmetrization argument to get

9r(Wk)

E sup €k
TEB(f*:P) ke Vk(f)

4K
—5 o sup

ery (p)N FEBU* )= 11l 3, <rar (p)
4K

N
20 < — o=
(20) Kl

> Gi(f — (X0

icJ

<

Ay
= 7’K’ )
€
where the definition of rj/(p) has been used in the last but one inequality.
Let ¥(t) = (2t—1)1(1/2 <t < 1)4+1(t > 1). The function ¢ is 2-Lipschitz
and satisfies I(t > 1) < ¢(t) < I(t > 1/2), for all t € R. Therefore, all
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f € B(f*, p) satisfies
> I (gr(We)l < (1))

%KK%:CI(%%];) > > | — ,;chgf >
-1e1- S0 (S08) - 5 [ () g ()

>y (0= 0) -2 [ () - ()]

kel
()= (5]

kel

>(1-a)Kl— swp
FEB(f*:p)

where we used (19) in the last inequality.
The bounded difference inequality ensures that there exists an event
O (K) satisfying P(Qp(K)) > 1 — exp(—2?|K|/2), where

£ [ (o) = (5]
<E  sup

i, ) = ()

Furthermore, it follows from by the symmetrization argument that

sup
fFEB(f*,p)

+ K|z

W, W,
E sp |3 [1/1 <!9f( k:)|> Ry (\gf( k)|)}
FEB(f* ) | Fk Y (f) Y (f)
%%
c [ (B0)
FEB(1*.0) |jere Ye(f)
and, from the contraction principle and (20), that
W) W) 8
E s |3 e <|9f( k)\) <E  suwp 6k|9f( k)| M e
FEB(f*0) | Pk Y (f) res(ro i () €
In conclusion, on Qy/(K), for all f € B(f*,p),
> 1grWi)l < w(f) = (1 —a—z —8yu/e) K]

kek
>Ky(l—a—x—8yy/e) > (1—n)K .
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6.2. Bounding the empirical criterion Cg x (f*) Let us first introduce
the event on which the statement of Theorem 1 holds. Denote by Q(K) the
intersection of the events Qg (K), Qpr(K) defined respectively in Lemmas 3
and 4 for p € {kpk : k € {1,2}} and

(21) 1 7 1 1 1 1 d €
= vy=-,a=—,r = = €= —5 an = —
T=r7 =T 2" T 2079 T 3840, T 2 M T 192

for some absolute constants ¢ > 0 to be specified later. For these values,

conditions in both Lemmas 3 and 4 are satisfied:

3 3
Y1l—-—a—z—16796p) > 1—n= 1 and y(l1—a—z—8yu/e) > 1—n= e
According to Lemmas 3 and 4, the event Q(K) satisfies P(Q(K)) > 1 —

4dexp (—7K/9216). On Q(K), the following holds for all p € {kpx : Kk €
{1,2}} and f € F such that ||f — f*|| < p,

LAt [If = f*ll e, = rq(p: Q) then

(22) Quax((f = F)°) = IF = 1172,

L

(46¢)?

2. there exists 3K/4 block By, with k € K, for which
(23)

2
(Pey — P)[2C(f - )] < emax (r?mp,w) 3840,

Kr=r HLz)

Moreover, on the blocks By where (23) holds, it follows that all f € F
such that || f — f*|| < p satisfies

38402, K

Pay[20(f—F))| < PRC(—F*)] +emax (r?mmm Kr-r ||Lz>

It follows from the convexity of F' and the nearest point theorem that
P2¢(f — f*)] < 0 for all f € F, therefore, for all f € F such that

Lf = frll < e,
38462, K

(24) Quur(2C(f — 1)) < emax(rwfym RS fHLz)

Moreover, still on the blocks By where (23) holds, one also has that for all
f € F such that ||f — f*| < p,

38402, K

PL26(7-F)) < Pou (=267~ ) rema (s a0, 2 K 1 - 1)
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It follows that, for all f € F such that ||f — f*|| < p,
38402, K

P[=2¢(f = )] < Qujax[=2¢(f — f7)] + emax (7“]2\4(/),71\4) N = Hm)
<Quual(f = 2 =2¢(f = I+ AL = 1F1D

38492
K- ||L2> o

+ emax <7"12\4(Pa 1),
(25)

. 38492
<Ti(F f) + max (r%mp, o),

K= HLz) IV

The main result of this section is Lemma 5. It will be used to bound from
above the criterion Cx » (f*) = SUPgep Tr (g, [*). Recall that pg and A are
defined as

38402 K 'er?
(26) P(ox) = g y = €T 0K)
€

PK

where € = (cf2)~! and ¢, ¢’ > are absolute constants. We also need to con-
sider a partition of the space F' according to the distance between g and f*
w.r.t. ||-|| and ||-HL% as in Figure 2: define for all k > 1,

F ={ge Fillg— Il < mpic and g = f*llz, < r(npr)}
FP = {ge Fllg— 1 < woxc and g — ]l > r(spre) b
V={geF:lg— > rpx} .

LEMMA 5. On the event Q(K), it holds for all k € {1, 2},
sup Tra(g, f*) < (L+ w)er?(mpx),

(r)

geF]
1

sup Tra(g, f*) < | (L+Kk)e— — r2(kpK)
(%) 160
geF,

and

1 11ce 7ce
T e 2
sup. K9, f7) < fﬂnaX< w2t 00T 1o )7’ (PK)
geF; 0

when ¢ > 32 and 10¢/4 < e < ((400)72 —¢).

Proof of Lemma 5. Recall that, for all g € F', £y« —{y = 2((g— f*) — (g9 —
*)? where ((z,y) = y — f*(z). Let us now place ourself on the event Q(K)
up to the end of proof.
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Fic 2. Partition {Fl(”>,F2(K>,F3(K)} of F and the control of the multiplier MOM process
by either the quadratic MOM process (the “Q > M7 part) or the reqularization term (the
“R > M?” part).

Bounding sup ) Tk (g, f*). Let g€ Fl(”). Since the quadratic process

gng
is non negative,

Tr(g, f*) = MOMg (2¢(g — /) = (9= £)?) = A(llgll = 1171
Q3/4,x(2C(g — %)) + A f* =4l

Therefore, applying (24) for p = kpx and the choice of px and A as in (26),
we get

. , 38402, K .
Tra(g, f7) < emax | vy (kpxc, var), — 57 ||f f HLz + Akprc

< er’(kpr) + drer?(pr) < (1 + dr)er?(kpr) .

Bounding SUD, () Tk (g, f*). Let g € FQ(”). Given that Q1/s(z — y)
2
Q3/4(7) — Q1/4(y) for any vector x and y, we have

MOMK (2¢(g — f*) = (g — 1)) + X (IF*] = llgll)
Q3/4,K(2C(9 - f) - Q1/4,K((f* - 9)2> + Aepr -
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Moreover 2¢ < (46p)~2 when ¢ > 32, so it follows from (22) and (24) for
p = kpg that
Qs/axc(2(f" = 9)) = Quaxc((f* = 9)*)

384602, K If — 132

< ema (ropre. ), P - i ) - St

1 . 1
< (e ) 1 - £z < ( oz ) )

Putting both inequalities together and using that Arkpx = /ker?(pr), we
get

(o, £) < 1+ R)e = 5 ) 7o)

Bounding SUP,, () Tk (g, f*) via an homogeneity argument. Start with
3

two lemmas.

LEMMA 6. Let p >0, Tp«(p) = Ugpepet(p/2008(0 )y (cf.) section 3.3).
For allg e F,

gl =lf = sup  2"(g—f")— =

z*€l ¢+ (p)

PRrROOF. Let g € F, f** € f*+ (p/20)B and z* € (0 ||-||) =. We have

lgll = 171> gl = 171 = 15 = Fll > =" (g = ™) = 55
=g ) =Y =) - s 2 ) - 1

where the last inequality follows from z*(f** — f*) < || f** — f*||. The result
follows by taking supremum over z* € I'«(p). O

LEMMA 7. Let p > 0. Let g € F be such that ||g — f*|| = p. Define
f=1"+plg=1)/llg= . Then f e F, ||f = f*|| = p and,

MOMc ((9 — f*)* = 2C(g — f)) + A sup  2"(g— f*)

z*€l = (p)
lg — f*[l 2
> P

p <MOMK((f—f*)2—2C(f—f*)) +A Sup )Z"(f—f"))

Z*EFf* P
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PROOF. The first conclusion holds by convexity of F', the second state-
ment is obvious. For the last one, let T = ||g — f*||/p and note that T > 1
and g — f* =Y(f — f*), so we have

MOMk ((9 = f*)° = 2¢(g = f*)) + A sup  2"(g— f*)
2*€l ¢+ (p)

= MOMg (Y*(f — f*)? = 2Y¢(f = %)) + AT sup  2*(f - f*)
z*e€Tl f+ (p)

Z*Erf* P

2>T<MOMK«f—fU2—2df—fU)+A Sm(fo—fﬁ)

O]

(%)

Now, let us bound SUp ) T (g, f*). Let g € F3. Apply Lemma 6
3

and Lemma 7 to p = pk: there exists f € F such that ||f — f*| = px and

T (g, f*) = MOMk (2¢(g — %) — (g — £5)%) = Allgll = IIF*1)
<MOMk(20(g— f*)—(g— %) =X sup  2"(g—f*)+ AEPK
€T e (pxc) o
(27)
<Hg—f*H

PK

(MOMK@qf—ﬁ»—U—fU%—A sup fﬁ—fﬂ)+xﬁﬁ.
2*€l 4+ (pKc)
First assume that ||f — f*||L§3 < r(pk). In that case, || f — f*|| = px and
Ilf— f*HL% < r(pk) therefore, f € H,, . Moreover, by definition of K* and
since K > K*, we have pg > p* which implies that px satisfies the sparsity
equation from Definition 4. Therefore, SUD.- T px (o) 2 (f—=1" = Alpr) =
4pr /5. Now, it follows from the definition of A in (26) that

_4c’er2(pK)

—A sup (f-[f7) < 3

z*€T ¢+ (px)
Moreover, since the quadratic process is non-negative, by (24) applied to

P = PK,

MOM (2¢(f = f*) = (f = [*)?) < Qayax[2¢(f = f*)]

38402, K
< enma (rypae ). BTN = 1 ) < 2er o)
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Finally, noting that € — 4¢’¢/5 < 0 when ¢ > 10/4, binding all the pieces
together in (27) yields

T (g, f*) < ke (1 —4¢/5) r?(pi) + A”pK = ke (1 i‘g) r*(pr)

Second, assume that || f — f*||L2P > r(pK). Since ||f — f*|| = pk, it follows
from (22) and (23) for p = px that

MOMg (2¢(f — f*) — (f — f*)z) < Q34,5 (2C(f = 7)) = Quyar((f* — %
38407, K If = 1172
= 1) -

1
< (- a1~ me\(ﬁ o) o)

where we used that € < (166p)~2 when ¢ > 32 in the last inequality. Plugging
the last result in (27) we get

et 1) < EEL (= ) 20w + 30 ) 4275

PK
cllg—=rll e
X

L (e 1) o)+ G rom)

11 1
< 1 — | r?
(1455 ) o)

when 16(1 4 ¢)e < 6, 2.

< emax <r]2\/[(pK, YM)s

6.3. From a control of C x (f) to statistical performance. The proof fol-
lows essentially the one of [5, Theorem 3.2] or [3, Lemma 2].

LEMMA 8. Let f € F be such that, on Q(K), CKA(f) < (1+d)er?(pk).
Then, on Q(K), f satisfies

< 2px, L <r2ox) and R(f) < R(F)+(1+2+3)er(2pxc)

when ¢ = 16 and ¢ > 832.

PROOF. Recall that for any = € RE, Q1/2(z) = —Q1/2(—2). Therefore,

Crn(f) =supTrn(g, ) = Trea(f* f) = =T n(f. f7) -

gel
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Thus, on Q(K), f € {g€ F:Trx(g,[*) > —(1+)er*(pk)}. When ¢ =
16 and ¢ > 832,
1 11ce 7c’e>

1
/ / /
—(14c)e > 2(1+c¢ )6_7160(2) and —(14+c)e > 2max <e - —1698 + 0 ¢ 10

therefore, f € F1(2) on Q(K). This yields the results for both the regulariza-
tion and the L%-norm.

Finally, let us turn to the control on the excess risk. It follows from (25)
for p = kpg that

R(f) = R(f) = |-

2 ~
P = )

. 38462 K 1|5 |2
<T2(2:0K)+TK7)\(f 7f)+€max <T]2\4(2PK77M)762 f=r 12
P

2

< r?(2pK) + Cxa (f) + er?(2pK) + der(pr) = (1 + (2 + 3¢)e)r?(2pk) .
O

6.4. End of the proof of Theorem 1. By definition of .]?K,/\a

CK,A(fK,/\) < Cra(f*) =supTr (g, f*) < max sup Tx (g, f*),
geF €3] jep)

where {Fl(l), F2(1), F?El)} is the decomposition of F' as in Figure 2. It follows
from Lemma 5 (for x = 1) that on the event Q(K),

CK,/\(fK,A) < (14 )er’*(px) -

Therefore, for ¢ = 16 and ¢ = 833 the conclusion of the proof of Theorem 1
follows from Lemma 8.

6.5. Proof of Theorem 2. Define

@) N N
K= 19 g0 and = YO - N
1—x 205 966;

Let K € (K1, Ko and let Qg.., = {f* € N52Ry,,,} where we recall
that Ry., = {f € F : Csa(f) < (caa/03)r*(ps)}. Lemma 5 (for k =
1) shows that, for coq = (1 + )/¢, Qre,y, D ﬁf,(iKQ(J) Therefore, on
n52.Q(J), K.,, < K which implies that f.., € Rr,,,. By Lemma 8 (for
¢ =16 and ¢ = 833), this implies that
|Foua = 1 Jour = 1"

<7 (2pk)

< 2:0K7 ‘

L}
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and
R(feps) < R(f*) + (14 (24 3¢)e)r* (2px) -

7. Learning without regularization: minmax and maxmin MOM
procedures. All the results from the previous sections also apply in the
setup of learning with no regularization which is the framework one should
consider when there is no a priori known structure on the oracle.

We consider the learning problem with no regularization. In this setup,
we may use both minmaximization or maxminimization estimators

(28) fx € argminsup Tk (g, f) and gx € argmax inf Tk (g, f)
fEF g€F geF fEF

where Tk (g, f) = MOMg (ff — 59).

We show below that fK and g are efficient procedures even in situations
where the dataset is corrupted by outliers. The case K = 1 corresponds to
the classical ERM: fl =g € argminscp Pnly which can only be trusted
when used with a “clean dataset”.

Indeed, the ideal setup for ERM is the subgaussian (and convex) frame-
work: that is for a convex class F' of functions, i.i.d. data (X;, Y;)¥ | having
the same distribution as (X,Y) and such that for some L > 0 and all

f,geF,

(29) Yy, <ocand [lg(X) = f(X)lly, < Llg(X) = F(X)L, -

When F satisfies the right-hand side of (29), we say that F'is a L-subgaussian
class. It is proved in [1] that in this setup the ERM is an optimal minimax
procedure (cf. Theorem A’ from [4] recalled in Theorem 9 below).

But first, we need a version of the two theorems 1 and 2 valid for J?K and
gk (that is for the learning problem with no regularization). Let us first
introduce the set of assumptions we use. Then, we will introduce the two
fixed points driving the statistical properties of fx and gk .

ASSUMPTION 8. Foralli € Z and f € F, we have

1f(X) = F*(X)ll o = 17 (X) = (X,
1Y = F(Xi)ll 2 = Y - f( Iz,

)
var((Y — f( )(F(X) = F4(X))) < 67, /(X)) = F*(X)]I7e
o [[£(Xi) = f*(Xi)llL2 < 6o [l F(Xi) — ( Dlijae

The two fixed points associated to this problem are rq(p, 7o) and s (p, yar)
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as in Definition 3 for p = oo:

rQ(vQ) =inf¢r>0: sup E sup Z &(f — (X)) <vgrp
JCI|J=E, feF:IIf—f*HL%@ ‘
: 1 «
m(ym) =inf¢r>0: sup E sup T Zei(i(f — FYUX)| <y
ez serii-rlp < |1

and let r* = r*(yg,ym) = max{rq(vq), ram(vm)}-

THEOREM 7. Grant Assumptions 8 and let rqg(vq), rv(ym) and r* be
defined as above for vg = (3846p) ™1, var = €/192 and e = 1/(3263). Assume
that N > 384602 and |O| < N/(76803). Let K* denote the smallest integer
such that K* > Ne2(r*)?/(38462)). Then, for all K € [max(K*,8|0|), N/(9662)],

with probability larger than 1 —2exp(—7K/9216), the estimators fx and gx

defined in (28) satisfy
0, 384K
< - -
2 € N

N 2
RGx). R(Fi) < R(F) + (1420 ek

gk — £l

and

Moreover, one can choose adaptively K via Lepski’s method. We will do it
only for the maxmin estimators gx . Similar result hold for the minmax esti-
mators fK from straightforward modifications (the same as in Section 3.4.1).
Define the confidence regions: for all J € [K] and g € F,

—38462,J

Ry = F =
Ry {96 €s(9) N

} where €;(g) = inf Ty(g, f)
fEF

and Ty(g, f) = MOMJ(Ef — Eg) for all f,g € F. Next, let

. N
K:inf{KE [max(K* 8|0]), 9602} ﬂ RJ#@} and g € ﬂ Ry .
J=K

The following theorem shows the performance of the resulting estimator.

THEOREM 8. Grant Assumption 8. For ¢ = 1/(320%) and all K €
[max(K*,8|O|), N/(9663)], with probability larger than 1 —2 exp(—K/2304),

Om [384K 384602 K

9= Fleg <=\~ BO <RI+ A +26) =5



ROBUST MACHINE LEARNING BY MEDIAN-OF-MEANS 17

The proofs of Theorem 7 and 8 essentially follow the one of Theorem 1
and 2. We will only sketch the proof for the maxmin estimator gy given
that we already studied the minmax estimators in the regularized setup in
Section 6.

Proof of Theorem 7. It follows from Lemma 3 and Lemma 4 for p = oo
that there exists an event Q(K) such that P(Q(K)) > 1 —2exp (—7K/9216)
and, on Q(K), for all f € F,

LA If — s, > () then

1
*\2 *(2
(30) Q1/4,K((f_f ) )2 W Hf—f HL% )
2. there exists 3K /4 block By with k € K, for which

(31)

38402 K

(P~ P26( — ) < ema (s, gm0 17 = 18 )
Moreover, it follows from Assumption 8 that for all k € K, Pp, [C(f — f*)] =
P[C(f — f*)] and P[2¢(f — f*)] < 0 because of the convexity of F' and the
nearest point theorem. Therefore, on the event Q(K), for all f € F,

8 Qua(6(s — 1) < emax (), S g - )

and

P27 = ) € P =260 = 1)+ ema (), S22 7 — 2, )
< Qualls = 7 =267 = £+ emas (), 2 %* 15 - 71

(33)

38402 K
< T (f*, J) + emax (mm

Kr=r ||Lz)

Let us place ourself on the event Q(K) and let rx be such that r% =
384602, K/(€2N). Given that rx > r*, it follows from (30) and (32) that if
f € F is such that ||f — f*HL2 T then

T (f, f*) < Qza,x (2C(f — 7)) — Quya((f = f7))
3 < (em o) 1= U < () 19 - I
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for e = 1/(3262) and if ||f — f*”L% < ric then Tic(f, f*) < Qs/aic(2C(f —
f*)) < er?. In particular,

Cx(f*) = inf Tx(f*, f) = —sup Tx (f, f*) > —eri
fer feF

and since Cx (§x) = € (f*) one has €x (gr) > —er%(. On the other hand, we
have CK(gK) = inffep TK(QK,f) < TK(QK,f*). Therefore, TK(QK,f*) }
—er?.. But, we know from (34) that if g € F is such that [|g — f*HL% >
V32ehor then Tik(g, f*) < (—1/(3262)) ||g—f*\|%§) < —er?.. Therefore,
one necessarily have ||gx — f*”L% < V32ebprx = K.

The oracle inequality now follows from (33):

R(gx) — R(f") = |l = F*172 + Pl=2C(gx — 7]
<13+ T (f*, gx) + erte < (14 2€)r% .

Proof of Theorem 8. Consider the same notations as in the proof of The-
orem 7 and denote Ky = N/(9663). Tt follows from the proof of Theo-
rem 7, that with probability larger than 1 — ZZIJEK exp(—7.J/9216), for
all J € [K,Ks], €;(f*) > —er? therefore, f* € Ry and so K < K . The
latter implies that g € Rycwhich, by using the same argument as in the
end of the proof of Theorem 7 implies that |g— f*|| 3 S TK and then
R(g) — R(f*) < (1 +2¢)rk.

Example: Ordinary least squares. Let us consider the case where
F = {(-,t) : t € R%} is the set of all linear functionals indexed by R¢. We
assume that for all i € Z and t € R?,

1. E(X;,t)° = B(X,t),

2. E(Y; — (X;,6))? = E(Y — (X, 1)),

3. B(Y — (X, t*))2(X,t)* < 02E(X,1)°,

4. \JE(X,1)? < 0E|(X,1)].
Let us now compute the fixed points rg(y¢g) and raz(yar). The proof essen-
tially follows from Example 1 in [2]. Let J C Z be such that |[J| > N/2.

Denote by V' C R the smallest linear span containing almost surely X. Let
©1, -+ ,@p be an orthonormal basis of V' with respect to the Hilbert norm
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[t = E(X, t>2. It follows from Cauchy-Schwartz inequality that

E sup &(f —f)(Xy)|=E sup 0; > e Xi, 0;)
JEF =1l 2, <r ; ' ' S g2 | Z ; il 5
D 2\ /2 D
<rE Z (Z 6i<X¢,g0j>> <r ZZE<XZ-,%.>2 =rv/D|J|.
j=1 \ieJ J=1ieJ

As a consequence, rg(vq) = 0if yg|J| = /D|J|, i.e. if vg = \/D/|J|. Using
the same arguments as above, we have

E sup
fGFin—f*IIL%@

ZEZCZ(f fr )(

ieJ

Therefore, mar(Yar) < O/ var)/ D/ < (O /var)\/2D/N and K* = D.
Now, it follows from Theorem 8, that if N > 2(3846y)?D and |O| <

N/(76863) then the MOM OLS with adaptively chosen number of blocks K
is such that for all K € [max (D, 8|0]), N/(9663)], with probability at least
1 —2exp(—K/2304),

(35) /—t oy /384K

A consequence of (35), is that if the number of outliers is less than D/8 then
the MOM OLS recovers the classical D/N rate of convergence for the means
square error. This happens with probability at least 1 — 2exp(—D/2304),
that is with an exponentially large probability. This is a remarkable fact
given that we only made assumptions on the L? moments of the design
X. Moreover, this result is obtained under the only assumption on the in-
formative data that they have equivalent L? moments to the one of the
distribution of interest P. Therefore, only very little information on P needs
to be brought to the statistician via the data; moreover those data can be
corrupted up to D/8 complete outliers. Finally, note that we did not assume
isotropicity of the design X to obtain (35). Therefore, (35) holds even for
very degenerate design X and the price we pay is the true dimension of X
that is of the dimension of the smallest linear span containing almost surely
X not the one of the whole space R

ZZEQ Xi, 053 < r0m\/DIJ].

j=114eJ

8. Minimax optimality of Theorem 1, 2, 7 and 8. The aim of this
section is to show that the rates obtained in Theorems 1, 2, 7 and 8 are
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optimal in a minimax sense. To that end we recall a minimax lower bound
result from [4].

THEOREM 9 (Theorem A’ in [1]). There exists an absolute constant cg
for which the following holds. Let X be a random wvariable taking values in
X. Let F be a class of functions such that Ef?(X) < co. Assume that F is
star-shaped around one of its point (i.e. there exists fo € F such that for
all f € F the segment [fo, f] belongs to F'). Let ¢ be a centered real-valued
Gaussian variable with variance o independent of X and for all f* € F
denote by YI" the target variable

(36) Y= (X)) + ¢

Let 0 < 6y < 1 and r% > 0. Let fn be a statistics (i.e. a measurable
function from (X x R)YN to L?(Px) where Py is the probability distribution
of X). Assume that fN 1s such that for all f* € F, with probability at least
1—0n,

. 2
e

L}

where D = {(X;,Y;) : i € [N]} is a set of N i.i.d. copies of (X,Y'"). Then,
necessarily, one has
plog(1/dn) 1

73 > min (coa o gdiam(F, LQ(PX))>

where diam(F, L?(Px)) denotes the L?*(Px) diameter of F.

Theorem 9 proves that if the statistical model (36) holds then there is a
strong connexion between the deviation parameter dy and the uniform rate
of convergence r?\, over F': the smaller dy, the larger 7’]2\,. We now use this
result to prove that Theorems 1, 2, 7 and 8 are essentially optimal.

In Theorems 7 and 8, the deviation bounds are 1 — ¢; exp(—c2K) and the
residual terms in the L% (to the square) estimation rates are like c3K/N.
Therefore, setting oy = ¢1exp(—c2K) then Theorem 9 proves that no
procedure can do better than
min <000210g(1/61\7) L

K 1
T 2 — i o4 1. 2
N 4d1am(F, L (PX))> min (040 N 4dlaum(F, L (PX))> .
Given that one can obviously bound from above the performance of fK and
g as well as those of f and g in Theorems 7 and 8 by the L%—diameter of
F (because f* and those estimators are in F'), then the result of Theorem 7
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and 8 are optimal even in the very strong Gaussian setup with i.i.d. data
satisfying a Gaussian regression model like (36). The remarkable point is
that Theorem 7 and 8 have been obtained under much weaker assumptions
than those considered in Theorem 9 since outliers may corrupt the dataset,
the noise and the design do not have to be independent, the informative
data are only assumed to have a L? norm equivalent to the one of P and
may therefore be heavy tailed.

Given the form of the deviation bounds in Theorems 1 and 2 and given
that r(px) ~ K/N and that r(2px) ~ K/N (if one assumes a weak regu-
larity assumption on the class F') then the same conclusions hold for Theo-
rems 1 and 2: there is no procedure doing better than the MOM estimators
even in the very good framework of Theorem 9.
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